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Measurements have been made to investigate the mechanism of the breakdown in 
high vacuum and of the discharge preceding the breakdown. The results of the measurements 
have been at variance with the theory of VAN DE GRAAFF and TRUMP as well as with that 
of CRANBERG and have clearly shown that the mechanism of a breakdown in high vacuum 
is identical with the events observed by BoyLeE and al. at very low voltages. Thus it was 
found possible to form a uniform picture by which many already wellknown phenomena can 
be explained. 


1. Introduction 


When reducing the gas pressure in a discharge tube it is observed that 
at very low pressures, where the free path of the electrons is greater than the 
electrode distance, the character of the discharge changes fundamentally. 
This type of electric discharge is generally known as vacuum discharge. The 
character of the discharge is actually independent of the quality and pressure 
of the gas at an electrode distance of a few mm, resp. cm for pressures of less 
than 10° * mm Hg; dependence on these being observed only when surface 
qualities of the electrodes are effected. This gas discharge without gas” 
makes it possible to examine the electrode events of a normal gas discharge 
on the one hand, and is of great practical importance when designing accelerat- 
ing electrodes of electrostatic accelerators and when operating X-ray-blitz 
devices, on the other hand. 

A vacuum discharge may occur at low voltage (a few kV) as well as at 
high voltage ; the phenomena in the two groups being explained by different 
mechanisms. The problems in connection with discharges at high voltage are 
the most controversial and unclarified. The present paper contains a critical 
analysis of theories dealing with the latter effect. An attempt at interpretion 
of the phenomena leads to the conclusion that there is no essential difference 
between the breakdown at low or at high voltages. 


2. The theory of the electron-ion exchange 
The most natural explanation as to the mechanism of the phenomenon 
would be to attribute the vacuum breakdown to the cold emission electrons 
* Prepared for the press by L. Keszthelyi 
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produced by the strong field occurring at the cathode. Measurements have 
been made by VAN DE GRAAFF and TRUMP concerning the breakdown occurring 
between a stainless steel ball and a plane electrode at voltages up to 700 kV [1]. 
They found that the field strength at the cathode producing a breakdown was 
more than 3 MV/cm at 0,1 mm distance of the electrodes, where as it was lower 
than 100 kV/cm at 70 mm distance. Thus it was assumed that the critical 
condition for breakdown depends not only on the field strength but also on 
the absolute value of the voltage. According to the assumption of these authors 
each electron emitted by the cathode produces a positive ion when impinging 
on the anode, these ions releasing in their from secondary electrons by their 
impact on the cathode. The critical state sets in when the number A of ions 
produced by one electron and the number B of electrons released by one ion 
fulfill the condition A - B= 1. In such cases chain multiplication of the 
process initiates a breakdown. 

VAN DE GRAAFF and his collaborators as well as other authors have made 
many measurements to determine A and B [1], [2], [3], [4] and [5]. The 
results of all these measurements contradict the above theory namely AB 
always proved to be much smaller than 1. All the same this theory has not 
yet been abandoned. 

In order to check the correctness of the above assumption we have made 
measurements to determine the ratio of electrons and positive ions produced 
in a vacuum discharge. For this purpose we have perforated one of the two 
plane electrodes providing it with a grid; the particles passing through 
the grid. were then captured by an insulated dial target (Fig. 1). Alternating 


Fig. Ja. Apparatus for measuring electron/ion ratio. 1. High-voltage electrode, 2. Grounded 
grid electrode, 3. Target electrode 


the polarity of the electrodes alternately positive ions and electrons were 
captured by the target. The distance between the electrodes was about 1 mm, 
the voltage 20—30 kV. In order to prevent a breakdown from destroying the 
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electrodes, we inserted a protective resistance of 100 MQ in the circuit. The 
voltage was adjusted to obtain equal current at both polarities (e. g. 100 wA). 


As a result of the measurement the proportion of negative to positive particles 
was found to be 1000: 1.4 


1b. Photograph of the grid electrode 


The result of this measurement is in accordance with the published 
measurements of the coefficients A and B [1], [2] and [3] and disagrees with 
the theory of exchange. Theoretically the low values (10 4—10°%) of the 
coefficient A are quite acceptable too since it is difficult to explain an energy 
transfer by an electron impinging on a metal ion about 10° times its mass 
which would force the ion to depart from the metal. 


3. The clump theory 


Cranberg’s theory gives an entirely different explanation of the pheno- 
menon of vacuum breakdown. According to his assumption owing to the 
strong field at the electrode surface macroscopic pieces are torn from the 
electrodes and these colliding with the other electrode produce there a 
high local rise in temperature. This would explain the critical condition of the 
breakdown being dependent both on the voltage and the field strength. 
To prove his statement CRANBERG has shown that the measurements of [1] 
and also other measurements can be interpreted by this theory. His assump- 
tion seems to be supported by measurements, where a material migration 


has been found before [7] and during [8] the breakdown. 


1 In the meantime a paper was published by Bourne [9]. He measured the electron - 
ion ratio in a different way and obtained in respect of steel electrodes results in agreement 
with the above. 
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The main difficulty of this theory lies in the fact that very small electro- 
static forces are at play, hardly capable of overcoming the cohesion forces 
of the material. For instance in measurement [1] a breakdown occurs at 
100 kV/cm with a corresponding power density F = 1/,¢) E? = 4,4 g/cm’, 
but even supposing that at some part protruding due tothe surface unevenness 
of the electrode the field strength increases 100 times we do not get more 
than F = 44 kg/em®. This value is very small compared with the strength 
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Fig. 2. 1. High-voltage terminal, 2. Porcellan insulator, 3. Iron yoke, 4. Magnetic coil, 
5. High-voltage electrode, 6. Adjustable grounded electrode, 7. Vacuummeter 


limit of the electrode materials (~ 1000 kg/cm?). Since, however, the theory 
gives a satisfactory explanation for the results reported in [1] we considered 
it worth while to carry out a control experiment. 

The principle of measurement is the following. Using steel electrodes 
a magnetic field from a coil parallel to the electric field causes an effect opposite 
to the latter. The magnetic field makes the iron pieces stick to the electrode. 
If Cranberg’s assumption is correct, breakdown must not occur, when applying 
an adequate magnetic field ; or at least it should occur only at higher voltages. 
We calculated both the forces acting on a ball placed in an electric and a magne- 
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tic field, respectively and in respect of the latter verified our results experi- 
mentally. The magnetic field applied was about 350 Gauss, which compensates © 
a tearing force produced by an electric field of about 10° V/cm. There was, 
however, no difference in the results from the measurements effected with 
and without magnetic field, nor in the currents preceding the breakdown or 
in the values of the breakdown voltage. The electrodes were similar to those 
used by VAN DE GraarrF and Trump with the difference that the non-magnetiz- 
able stainless-steel electrodes had to be exchanged for normal steel electrodes. 
The measuring arrangement is shown in Fig. 2. 

With the same arrangement we made the following measurement : 
the dark discharge prior to the breakdown is followed by an X-ray radiation. 


32 Counts 


mn 
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Fig. 3. Counts versus current curve 


For a fixed voltage the flow of current varies with the electrode distance. 
The potential being constant the efficiency of producing bremsstrahlung, 
the geometry, etc have no effect, thus when measuring with a G. M.-counter 
the intensity of the X-ray radiation will be proportional to the number of 
electrons involved in the discharge. Results of such measurements are shown 
in Fig. 3. It can be seen, that the number of electrons is proportional to the 
current. These measurements while rendering the clump theory improbable 
at the same time also support our result, according to which the electrons 
are present in the discharge in an overwhelming majority as compared to the 
positive ions. According to some authors [10] the negative ions also play 
an important part in the discharge. This assumption too is contradicted by 
our measurements. Namely, it is hardly acceptable that the probability of 
electron emission and clump-tearing and ion emission, respectively should 
all depend in the same manner on the electric field (causing the change 
of the current). 
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All our measurement prove, in accordance with our assumption, that 
only the electrons play an important part in the phase of the discharge prior 
to the breakdown. 


4, Investigation of the pre-breakdown 


Experience gained in investigations concerning the breakdown of acceler- 
ating electrodes in static accelerators shows that the breakdown is mostly 
preceded by the deterioration of the vacuum. This suggests that the pre-break- 
down discharge involves to a high degree the release of gases and vapours 
and that the effective breakdown takes place in this gaseous space. Thus the 
breakdown can be divided into two independent sections. 

1. Pre-breakdown discharge which consists in the release of the electrons 
from the cathode. 

2. The pre-breakdown discharge releases vapour and gas from one (or 
both) of the electrodes, the pressure between the electrodes increases and 
thus the actual breakdown becomes a common gas discharge. 

In order to study the mechanism of the pre-breakdown discharge we 
first examined’ whether the critical field strength decreases when greatly 
increasing the electrode distance. Critical field means here the gradient at the 
cathode at which a given current flows. The measurement was made with the 
equipment shown in Fig. 2 with electrodes similar to those in the above ex- 
periment. In the course of several measurements it has been proved that 
reproducable results could only be obtained at low intensities when the measure- 
ment was of short duration. Typical curves are shown in Fig. 4. It can be 
seen that the field intensity required to produce a given current shows first 
a tendency to decrease and later becomes nearly constant. This is in complete 
agreement with the work of BoyLe, Kistiuk and GERMER [11] whose paper 
has been published while our measurements were going on and who made 
similar measurements in connection with the problem of electric contacts 
at much lower voltages (< 2000 V). As is also indicated by these authors such 
a small value and decrease of the field strength does not contradict the as- 
sumption that the current is of cold-emission origin. Owing to the unevenness 
of the cathode surface the maximum field strength produced at the emitting 
peaks is f-times the macroscopic cathode gradient E, f increasing first rapid 
then more slowly with growing electrode distance. 

To prove, however, directly that the pre-breakdown discharge has in 
fact the character of a cold emission, we have to show that the relation between 
the field strength and current intensity follows the Fowler-Nordheim law. 
For this purpose we plotted the current-voltage function at a given electrode 
distance, taking care that the recording of each point should take a short time 
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only as otherwise the results could not have been reproduced. In case of cold 
emission the curves In J —f(1/E) have to be almost linear [12], [13], [14] 
and [15] (Fig. 5). As we may notice this condition is fulfilled, the difference 
being that in case of high current intensities the curves deviate downwards 
from the linear. We shall return to the cause of this later on. Quite similar 
curves have been obtained by Boye and al.[11] at otherwise absolutely 
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Fig. 4. Voltage (———) and cathode gradient (- - - - - ) at constant current as a function 
of electrode separation 


different conditions. The curves can be evaluated as usual. Assuming for work 
function V, = 4 eV, at d=0,1 mm we obtain f = 60 and at d=1,0 mm. 
' B = 190 from the slopes of the straight lines. These values of / are too great 
in comparison with those obtained by ScuotrKy who estimates them to be 
of the order of 10 [16]. His calculations however, are very rough and we have 
to take into consideration that among the million or so micropeaks that having 
the highest 6 will emit ; certainly statistically even very pointed peaks must 
occur. There might also be places where V, is considerably smaller than 4 eV 
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due to the impurities. The values reported here, however, are within reasonable 
limits. ' 

On the basis of the curves we have an other further possibility for check- 
ing the estimate for the f-s. The ratio of the f-s belonging to two different 
curves can also be obtained by plotting the ratio of the E-s corresponding to 
the points of the curves at J = const. (Here it was assumed that the area 
of emitting surfaces was identical for both curves.) This control also fully 
supported our statements. 

From the intersection points of the straight lines with the 1/E axis we 
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Fig. 5, Lnl versus 1/E curves with different electrode separation as parameter 


may drow conclusions as to the area of the emitting surface. The order of 
magnitude of the surfaces thus calculated is ~10 1" cm?. This result indicates 
that the emission takes place from very pointed peaks and thus the big values 
for 6 are justified. 

The systematic deviation of the curves from the straight line is easy 
to explain on the basis of the above results. 10-5 A means a current density 
of 107 A/cm? on a surface of 10°12 cm?, where the emission is already limited 
by the space charge. This has already been observed on single well-defined 
peaks [14], [15]. 

Using the above results many phenomena which have up to now re- 
mained unexplanied may now be accounted for. It is obvious for instance why 


in order to obtain reproducible results it is necessary to restrict oneself to. 


small currents and short times of observation. As a matter of fact high current 


density is sufficient to melt the micropeak in consequence of which its surface. 
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and form change. The emission in this case may be transferred to another 
peak, or it may continue on the same peak, but with a different value of £. 
The result of a measurement of longer duration (about half a minute per point) 
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Fig. 6. Voltage versus electrode separation at constant current, obtained by prolonged 
measuring of every point. The arrows show the order of obtaining the individual points. The 
solid lines belong probably to different emitting peaks 


is plotted in Fig. 6 which shows how the characteristic of the emission changes. 
The peaks flatten in general after the melting, the same current requires a 
higher voltage, the cathode gets better’. This is one physical reason for the 
long-used conditioning of electrodes of accelerating tubes. 


5. The mechanism of the breakdown 


On the basis of the mechanism of the pre-breakdown described above 
the process of the breakdown can be outlined as follows. The electrons pro- 
duced by a small emitting peak hit the anode causing there a great local rise 
in temperature. Calculating for instance with a current of 100 uA and a 
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voltage of 100 kV one obtains an output of 10 W which affects a very small 
area of the anode surface. This is quite sufficient to produce local outbreaks of 
gases and vapours. In the gaseous space thus produced the electrons are ioniz- 
ing and the produced positive ions on the one hand increase the field intensity 
at the cathode by forming a space charge [11] while on the other hand they 
increase the electronic flux by inducing secondary electrons. The process 
multiplies automatically and soon generates so much gas that a regular gas 
discharge occurs. Thus we have a picture as to how the material of the anode ~ 
migrates to the cathode and this explains why a smaller cathode gradient is 
needed to initiate a breakdown at higher voltage. In such cases small emission 
currents produce greater output on the anode, thus a release of gas starts al- 


Fig. 7. Surface of an electrode after several vacuum breakdowns 


ready at lower fields. Fig. 7 shows highgrade melting and destruction of the 
electrodes after a few breakdowns the electrodes originally showing a finely 
polished electrode surface. 

It is interesting, however, that VAN DE GRAAFF and TRUMP have reported © 
breakdown at very high voltages even at a very small cathode gradient. But a 
thorough examination of their curves shows that they did not plot the field 
strength occurring at the cathode but the mean field produced by the relation 
U/d. In case of a sphere and a plane electrode the maximum field strength 
on the surface of the sphere is higher at great distances than the one plotted. 
The corrected curve together with the original one is shown in Fig. 8. It is of 
interest to notice that the curves show an ascending tendency for greater 
distances. This can have several causes. First more gas is needed at a greater 
electrode distance, on the other hand the conditons of gas conductance, its 
pumping off by the pump are much better. Another cause way be higher 
scattering of the electrons emerging from the cathode at a greater electrode 
distance, thus impinging on a larger anode surface. For heating a larger anode 


; 
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¢ 
surface, however, a higher output is needed i.e. at greater electrode distances 


it is important to impart higher energy to the electrons. Evaluation of this 
problem requires further work. 
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Fig. 8. The plot of TRuMP-VAN DE GRAAFF and the corrected critical cathode field strength 
curve. (———) voltage, (----- ) field strength, (-.-.-.-.-) corrected field strength 
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SJIEKTPHYECKHE PA3PAbI B BbICOKOM BAKYYME 
lr. WIMUAT 


Pe3swme 


TlpousBoaMsuch U8MepeHUA [IA UCCHeAOBAHHA IIEKTPHYeCKUX PaspAOB B BbICOKOM 
Bakyyme. PesyJIbTaTb! H3MepeHHA NIpOTHBOpeyaT TeopuH Ban jo Ppada, Tpymna u Kpanoepra, 
V ABHO MOKA3bIBaIOT, YTO MEXAHH3M Pa3sPAXKEHUA B BbICOKOM BAKYYMEC HJCHTHUCH C ABJICHHAMH, 
oOHapy>KeHHbIMM Boiin0m vu Ap. Mp MasOM HalIpsAKeHHU. ITO NOSBOIMIO PaSBUTb eMHY!0 
TeOPH10, KOTOPaA MOoKeT OOLACHUTL M APyrHne, XOPOWO M3BECTHbIe ABJIEHUA. 
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calculated position on account of a fringing field. We have calculated the lateral displacement. 
This has been compensated for in actual measurements by altering the field intensity. The 
calculated alteration of field intensity has been checked experimentally. 


Most mass spectrographs deflect the ion beam by means of a homo- 
geneous sectorial magnetic field ; some beta-spectrographs are built with a 
field arrangement, where both the source and the detector are outside the 
deflecting system. In the latter case the particle beam enters the homogeneous 
field by passing through a stray field, and similarly it travels again through 
a fringing field when leaving to reach the detector. The effect of the stray 
field is taken into account by a virtual increase dof the dimension of the 
magnet (Fig. 1). In the increased part of the sector one calculates with the 
total field intensity B,, the rest being taken as 0. This pole increment d which 
is proportional to the gap separation k is determined in a way to leave the 
total angle of deflection unchanged, while the position of image relative to 
the object alters. Calculations as to the stray field correction for various 

locations of image have been made by CoccrsHaut [1] and BatnsripcE 
[2], [3]. Other stray field corrections have been calculated by Pxiocw and 
Waxcuer [4]; they have shown at the same time the part played by stray 
fields in the aberration of the location of image. With a given arrangement 
the actual location of image with its defining slit can be made to coincide by 

moving the magnet in the direction marked in Fig. 1. 
All methods, of course, postulate knowledge of the fringing field distri- 


In case of sectorial magnetic fields the location of image shifts from its geometrically 
| 


B 
bution h(é) = Roe (For meaning of E see Fig. 3.) This can be determined 


0 
either by actual measurements, or by some theoretical assumption of its 


course. COGGESHALL, for instance, determined it for poles of infinite dimensions 
without shielding by using the Schwartz-Cristoffel transformation. However, 
if shielding is applied h(£) has to be measured in any case. 

It was shown by Herzoce [5] that the effect of the substituted virtual 
field will never be equivalent to that of the actual one. This is to say that by 
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choosing the substituted field to give a deflection angle corresponding to the 
geometrical angle (deflection of the idealized path), the object, resp. its image 
will not be located on the ideal path but will be shifted outwards. This has to 
be corrected by a corresponding adjustment of the geometry. 

In most of the simple arrangements, however, the object and the location 
of image are fixed, and the image can be brought into the position determined 
by the image slit by increasing the magnetic field intensity. For this case, 
however, (B, +7) ~ (By): (T%)), where (B)- ro) is the particle momentum } 
(ion, beta-particle, etc.), 79 the deflection radius determined by the geometrical 
dimensions and B, the field intensity required for deflection ; (Bp) - (r9) 
means the product of the values By and ro, measured independently, while 
(Bory) is measured directly, for instance by means of beta-rays. 


\ 
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V 
Fig. 1. Adjusting of magnet 
The present paper deals with the quantitative determination of the 


deviation of (By ro) from (Bo) + (ro). For simplicity’s sake we shall restrict our 
considerations to the entry and exit of the ideal path normal to the virtual pole 


fr - 


boundary, and we shall consider the beam travelling in the plane of symmetry ™ 
only. In order to have a general case, we shall not assume a substituting field 
as determined by HErRzoc’s method, thus any exit angle of the actual beam ~ 
is allowed. We do not stipulate anything as to the relation between the path 
lengths travelled in a homogeneous and a fringing field. As the virtual pole 
boundary may be chosen arbitrarily, the region lying between the straight 
lines drawn from the center of deflection to be normal on the ideal path (the 
enclosing angle being then the angle of deflection) will be taken for the virtual 
pole boundary. 

Like Barnspripce [3] we shall start by determining the location of 
image. The location of image shifts from its virtual position both in lateral 
and longitudinal direction. As for the longitudinal displacement we assume 
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that for the location of the image, as first approximation, the laws for location 
without fringing field hold. 
According to HEerzoc [6] for ¢, = 0 


pate hel nughs rycen (2 seotilt Nn wil * 
ome? L, tan (Q — e”) — ry — [tan (Q — e") ry + 1] tane” 


(1) 


Q being the geometrical deflection angle, 1, and 1, the distance of object resp. 
image from pole boundary (see. Fig. 3) and «” the exit angle of the homo- 
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| Fig. 2. Field intensity plot 


geneous field. In the above equation the exit angle — ¢; of the actual path, 
measured at the location of image, has to be substituted for ¢’’. ¢; can be ob- 


tained from equation (14). 

Now let us consider the lateral displacement. By determining h(é) along 
the trajectory we obtain the curve shown in Fig. 2. The boundary of the field 
which inside the required accuracy of measurements and calculations is to be 
considered as homogeneous, may be chosen arbitrarily. In any case it is useful 
to regard the field as a stray field up to the values of h(&) ~ 0,98—0,99. Thus 
the particle travels in a fringing field from the point of the object to point 2 
(ef. Fig. 3) and from point 3 to the point of location of image, whereas it travels 
in a homogeneous field in the section from point 2 to point 3, 

The differential equation for the trajectory is 
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u 


1 = " in Abs ” 
Tr (1 + ial we if Bit <i" 


; (2) 


where r is the radius of deflection and 7 the lateral displacement of the beam — 
(cf. Fig. 3). As ‘ 


mv 
ih) = 


~ e@ By 


(in MKS-units system), where mv is the momentum of the deflected particle, ” 
e the particle charge and B, the field intensity measured in the homogeneous — 


field : 
ro) =— | (3). 


Knowing A(é) this differential equation can be solved by numerical © 
calculation for the given initial conditions. Starting from the point of the 
object and from the point of the image, respectively, 7’? < 1 on a long section, 
hence 


and thus 


n= 1 [fawae. (4) 


As will be seen from the following, the deviation is the difference between. 
large values; it is therefore, better to calculate with the exact differential 
equation for 7’ > 0,1. 

Let be A,, 4,, A;, 4; the deviations of the real path from the virtual one~ 
and &,, €5, €3, €; (Fig. 3) the deviations of the deflection angles. In Fig. 3 the 
continuous line represents the ideal and the dotted line the actual trajectory. 
The deflection angle in a homogeneous field measured on the virtual path is. 


P25 Pin 


where y is the deflection of the virtual path in the stray field. By taking the 
fringing field effect as equal on both sides, an equal distance of object and image 
from the pole boundary is assumed, or if this is not the case, object and image 
may be assumed to be at distances from the sectorial field large enough to give 
h(S) <0,01 and thus there is no appreciable difference in the values of 7, 
and 7, as calculated from equation (4). 
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Between object and location of image an infinite number of trajectories 
are possible depending on the exit angle and the applied field intensity. We 
have to select one of them. This can be done by means of a defining slit which 
determines at the same time the angle of aperture. In the following the defining 
slit will be located at the beginning of the curvature of the virtual trajectory 
(point 1). Then 4, = 0. 
A, can be expressed in the following way : 
Q) § 
yi wes fade +eoh, (5) 


To 
60 


where & is the angle enclosed at the point of the object by the actual and the 


Fig. 3. Ideal and virtual paths 


virtual paths. By numerical integration we obtain a value which is negligible 
as compared with the width of the defining slit. Consequently our above 
supposition means that we consider the trajectory for which ¢, ~ 0. From 


this follows further (sec Fig. 4) 


& = Y — arc tan 7, (2), (6) 
A, Bees To (1 a cos ?) me it (2) : (7) 
cos P 


In the sector 2—3 even the real path is circular. In Fig. 4 we have taken 
the origin of the coordinate system to be in the center of the virtual trajectory. 
The center of the real circular path is 0, ; by neglecting the second and higher 


7a a A 
order terms of &, | > aed, etc., the equation for the circular path be- 
te Te 
comes (cf. Fig. 4) 
wet y? —eg2r9x—A,2y =7G- (8) 
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t " 
By introducing m= un) — Plat point 8, the equation becomes 


x (1 + m®) — 2 a (rp 8 + m4) — re 0. 


For the deviation at point 3 from the virtual trajectory, by neglecting 
again the second order terms, we obtain 


ro &y + mA, 
‘ ; 9 
. V1 4m 0) 


In order to determine ey we derive equation (8): 


Pig, 4, Seeter UL from Big. 3 


. _ ® = tok 
yo aly 


If we want to caloulate more accurately than with 1°, accuracy the rela- 
tive values of the second order terms have to be less than 1°. when expanding 
the series, therefore the condition 


A | 
_ 2 <0) (10) 
y ry COS | 
has to be satisfied, Then 
x xl Ts 
y= = 2 ani a) 


y y* ¥ 


x 


It is evident that 
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; y/ = tan [x — (® — e)] = —tan(® + &), 
ent an? (12) 
Bf 


From (11) and (12) we obtain using the relations between circular functions 
and by further approximations 


ls Z o © 
&, = sin P—" — cosPe,. (13) 
ro 


As indicated before, going from the location of image towards point 3 
we have to carry out the same integration as going from the location of object 
to point 2, Denoting the angle of any given deflection measured from the image 
by », the deflection angle of the location of image is represented by — ¢;, 
which is at the same time the angle formed by the actual and virtual trajecto- 
ries at the location of image. 


y = —e) + are tan n (&) (14) 
and hence 
& = — p+ e+ are tan n (3) (15) 
and by (14) and (15) 
y =P — &y — are tan yy (3) + are tan my (E,) . (16) 


For 
ny (3) = 7, (2) and 7’ tan (ey — &) <1 


this becomes 


4 
\ tan pd é& = (€, — é) (lg + ro 8in P) + Np (3) 
i 

and thus 


(i) 
A, = | tanpdé + A,cosy — ry) (1 — cos 7). (17) 
t 


The image of the object thus does not coincide with the location of image 
on the virtual trajectory and for a A, of positive sign it falls farther away from 
the center of curvature, 

By altering the magnetic field intensity from By to Bo, the image shifts 
in a certain measure in the direction normal to the path. Introducing 


B, — By 
By 


= 


1. 
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and hence 
ri, (1 -+ 8) ry 


the lateral displacement will be for an ideal sectorial field 


4§ = r48(1 — con) +h = ein. (18) 
( 


In order to bring the image located with deviation 1; from the ideal 
position into the image slit that determines the location of image, the intensity 
of the magnetic field has to be increased in such a measure that 4; —Aé, 
From this 6, and eventually By) may be determined, 

The accuracy of the calculated increase in field intensity is limited by 
field intensity measurements, exactitude of calculations and approximations 
the latter may be taken in general to be 0.51%, 

At the Department for Atomic Physics of the Central Research Institute 
of Physics we have built a magnetic deflector of 90° [7] for energy measure- 
ments of electrons accelerated by our free-air type Van de Graaff accelerator 
of 1 MeV. The magnetic field was measured by means of a ballistic galvano- 
meter and the deflector calibrated by the K-line of Cs’, With the value of 
3381 Gsem known from the literature we should have obtained By $75.5 -| 
- 15 Gs for a deflection radius of 9 em (the half-width of the K-line on account 
of the resolving power being about 0,8°,), the result of the direct measurement, 
however, has been Bo 400,0 - 3,0 Gs, (The measuring coil coupled to the 
ballistic galvanometer had been calibrated by magnetic nuclear resonance.) 
By means of the above calculations this difference may be explained as follows 
In designing the deflector the effect of the stray field was taken into account 
by a virtual increase of the poledimensions of 0,7 k. [In order however to elimi- 
nate the effect of the surrounding iron components and of other disturbing 
fields, the electrons travel in a shielding iron tube outside the pole pieces of 
the magnet, Although the magnet was moved toward the center of deflection 
during calibration, the above mentioned stray field effect could only partly 
be corrected, Using equ. (18) we find for d the value, 


which is in agreement with the measured 6,5 -- 1°, inside the limits of measure- 
ments accuracy, 

Minally we have to note that the measured deviations from the virtual 
trajectories are rather appreciable on the exit side of the deflector e.g. y= 
= 4,55 mm, dj 11,3 mm, If in order to obtain better resolving power and 
determination of trajectories, slits are introduced here too, the increase in the 
field intensity results in bringing the actual path nearer the virtual one, how- 
ever the intensity of the beam might then decrease, 
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The conditions under which the equation (By ry) = (By) + (ry) is satiefied 
give at the same time a criteriom for the best adjustment of the magnet. 
I am indebted to Professor K. Simonyt for helpful discussions. 
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BIMAHWYE PACCEAHUA MAPHUATHOPO MOA HA AUSOBPAACEHME 
B AMEPHbIX CHEKTPOMETPAX 


VW, BE PE 
Peswme 


B CHYYAE COKTOPHIAK MALHMTHUIX HONEK WCNEACTHME BAKANMA PACCEANNOLO MArHUTHOLO 
HONA NONOMEHKE nA00PAaKCHUA OTAMNACTCA OT pPaccunTannoro na reomeTpn4ecKunx CO06~ 
pancunk, B crate BAMncneN *TOT 6owonok cimur, B wamepennax yraganninl cunur KOM- 
HENCAPORAH VAMENEHKEM HaNpAKENHOCTH f01A, Heobxosnmoe namenenne nalipaAncennocrn 
NOMA GANG MPOBEPEHO SKCHEPUMENTANDHO, : 


TOMONAGA’S INTERMEDIATE COUPLING THEORY 
USING CONFIGURATION SPACE METHODS 


By 
K. L. Nacy 


INSTITUTE FOR THEORETICAL PHYSICS OF THE ROLAND EOTVOS UNIVERSITY, BUDAPEST 


(Presented by K. F. Novobatzky — Received: V. 24. 1957) 


With the intermediate coupling theory — using the configuration space methods of 
the quantum theory of fields — we determine the state vector characterizing the real nucleon. 
We carry out our calculations for the case of interaction of the nucleon field described by the 
_ Dirac equation and the scalar, resp. pseudoscalar meson field. Pair creation is completely 
disregarded. Remaining within the frameworks of the configuration space method the recoil 
_ of the nucleon is considered. With the aid of the state vector we also calculate the mean value 
of some characteristic physical quantities. The use of the configuration space method — 
_ particularly in connection with the computation of local physical quantities — makes possible 
to form a very clear picture about the real nucleon. 


Introduction 


For the quantum theoretical treatment of the interacting fields the 
covariant perturbation method proved to be very succesfulin quantum electro- 
dynamics but it cannot be applied in case of strongly coupled fields. The 
results calculated with its aid do not agree with the experimental results 
owing to the bad convergence. Recently it has been becoming more and more 
obvious, that the renormalization method which can be unambiguously 
- formulated with the aid of the S-matrix is not satisfactory, as after the renor- 
malization physically inadmissable results occure. It is for this reason, 
that consideration of methods, other than the theory of the S-matrix, is of 
considerable importance. 

In the following Tomonaga’s intermediate coupling theory [1]—[21] 
: is dealt with in the case of a nucleon field, described by the Dirac equation, 
being in interaction with the scalar resp. symmetrical pseudoscalar meson 
field. The state vectors characterizing the real nucleons are determined in 


an adequate approximation. Our calculations are based on configuration 
space methods, and throughout the interaction picture is made use of. 
The four-momentum of interacting fields is 


P, [o] = P? — ; { H (x) do, (x), (1) 


where P? is the sum of the four-momenta of the individual interacting fields 
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and thus the operator of the infinetesimal displacement for the interaction 
picture operators. 
According to (1) the energy-momentum eigenvalue equation is 


P, [o]|o>=I,|o>, (2) 


where in case of a neutral scalar coupling 


H (x) =g:9 (x) p(x) D(x):. (3) 


In case of the symmetric pseudoscalar field pseudoscalar coupling according 
to the Dyson-Fotpy theorem [22], [23] 


i e ; ™ “2 
H(@) =: PY n¥sV2T— Y9,D + Py nys V2 Tr YO, O* + Vu s TY 9nDs| ¢ + 


2 
+12 py (2B O* + O3):, (4) 


where 0-like interaction terms were neglected, A serves for the pair suppression 
suggested by Brickner and others [24], [25], according to BRUCKNER its 
most probable value is 0,2. Here: : denotes, as is usual, a normal 
product. It is known that the pseudoscalar coupling is preferred as against 
pseudovector coupling owing to its renormalizability. Recently the possi- 
bility of the renormalization of pseudovector coupling was also suggested 
[26], [27]. Thus the substitution 2 = 0 is justified too. 

The state vector of the field according to the configuration space method ~ 
[28], [29] applied here (detailed literature in the latter) in case of a nucleon 
and neutral scalar meson field is 
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in case of a nucleon and symmetrical pseudoscalar meson field 
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The state vectors and through them the amplitudes are defined by 


Ne I tia Se co gi el (EE m!)—* pF) (x1)... pO) (x), 
pr (x2)... GO (x) BO (yA)... BOI(y™)|0>. (1) 
resp. 
We he es Et ene syt og OO > = 


= (n! n’'! m+! m—! m3!)- 4. pO) (at), 2. pe) (x2)... BO" (EN)... 
PCA GF) IOC 1 0 
resp. 
yP (a) [0S =yH(2)|0>=G8H~)|O>=0, <0jo>=1 (8) 
where 0 > is the vacuum state: 


w(x) |O> =y'H(x) |O> = D(x) |0> = GCO*(x)|0> =0, <0/0>=1, 


Solving the eigenvalue equation (2) just means the determination of all 
the amplitudes < x1, ...|o > occurring in (5) resp. (6). In the following 
weshall determine these amplitudes in a suitable approximation. With 
the help of these amplitudes we may — since they have a direct probability 
meaning in the coordinate space and at the same time determine also: 
the number of mesons — form a clear picture about a real nucleon. Our picture 
can be completed by determining the mean value of some physical quantities 
characterizing the system. From this point of view the local quantities are 
of particular interest. Thus in the environment of the real nucleon, the mean 
values of the meson potential, the electric charge density, as well as the 


energy density will be determined. 


The intermediate coupling theory 


The intermediate coupling theory is the variational method in the 
quantum theory of fields. According to this instead of the exact solution 
of the eigenvalue equation (2) only the mean value of —ic<o |P,[o] o> is 
minimized, satisfying the condition < ¢ | o> =1, with the help of suitable 
trial functions. In this paper pair creation is disregarded throughout ; thus 
in (5) resp. (6) — and everywhere, where this may occur in the course of 
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o> 


the calowlations = zero is written for allamplitudes < #!,,..5 #4, ... 


Comin At least one antinueleon, 

In the following we examine such states in which a specified number 
of real nucleons (say A) is contained, Then owing to the neglect of pair creation 
Hi the wtate vectors only such amplitudes can oceur which characterize (apart 
from possible mosons) exactly A bare nucleons, We carry out our calculations 
first for the case the nucleon and the sealar field, 


1, The nucleon and the neutral scalar meson field 


Our aim is now to determine the state vector describing A real nucleons 
and to caloulate for this state the values of some characteristic physical quan- 
tities, Neglecting pair creation, from (1), (3) and (5) using the formulae (7), 
(4) as well as the propertios of the funetions S and 4 occurring in the com- 
mutation relations we obtain: 
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g 
where M | Pd, DO do, is the operator of the meson number, Similarly 
en 
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<o|B(e)lo> =P (45. SE} Se fltUys< oleh. Pray" 
a o v o oe 


o 
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Ty 
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TT yd a; (x!) TT dyjd on; (y!) Kat, 6. WAS YL OD. (11) 
joa 
The normalization condition is now 


<a|o>=1=2 (i). Spal fod r= ena”, Sa 


A n 
IT YS) doy; (x!) TT dyjyd on; (y!) <<, oo. Aryl wi ytle>. (12) 


In the above expression o is not affected by the differentiation, Later when 
going over to the plane o >t = const., the substitutions 


d,—>2(—d + p*)" 
—th8,—>ihyy p98; + iA yy 
—ihd,—>ik(—d + yu) (13) 


may therefore be introduced to advantage, According to (7) and (8), because 
y and @ are operators in the interaction picture, these are permissible, 


a) The intermediate coupling theory without considering the nucleon recoil 


Disregarding the pair creation our equations are yet exact, In the fol- 
lowing a single real nucleon is investigated and we assume 


<axzyt,...y"|o> =C, (2) 9 (2) p(y). (14) 


The functions g and f may also depend on o, which can be chosen arbitrarily, 
however, we do not especially denote this dependence. Substituting (14) into 
(9) we obtain 


<6 | Py [7] | o> = PY a Gr [o] C “nm [7] {Puc n k,,\ 7 
+2 S (n+ UV) CK [a] Ch, [o] a 


+ Yn Clo] Cy, [0]B0 (15) 
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where 


Pux=il\ py, (—ith)d,pdo,, i | gy, pdo,=1 


Pak ale 
ky = * SF Atal Sys rh Sanh dla 
a, = — " J do, of, b= er { do, pef*. (16) 


The normalization condition < o | o > = 1 is fulfilled if 


bye anes © (17) 


We now go over to the plane t = const. and change denotation, so that x, 4 
y... etc. are now the vectors of the threedimensional space; dx = dx,dx,dx,. 
Besides, the mean values of operators at an arbitrarily chosen time will be — 
denoted instead of by <t | Q|t> frequently by <2>. Neither will the — 
dependence on time following from the transition o—>t in (14) be denoted. — 

Taking into account the condition (17) and varying — ic< P,> with ; 
respect to C, we obtain 


Cr {E =P née — wi + Ch+1 (n a i a a Cit néa* = ce (18) 
where 


E=“p,=(9 (he 8, + Me) pdx, 
L 

e =k =2(ft(—d+pfdy, 
i} 


a= = a,=g | opfdx. (19) 
i 


— =. 


Transforming equation (18) according to the method of GLAUBER and Lut- 
TINGER [3] to the problem of the harmonical oscillator, it can be easily solved. — 
The solution is 


* 
gi aay ering sae (20) 
C2) 
CO = oe SOU (SD (at 
5 AUNe—Dia—v+Di le 


n—-v+l 


(21) 


With the aid of the solution thus obtained the mean value of the meson 
aumber operator (10) can be calculated in the »-th state. From (14), (16) and 
(21) we obtain 
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(My) == 49. (22) 
é 


Now we determine the meson amplitude in the ground state (vy = 0). 
For this we vary W°) with respect to f. The condition (16) need not be taken 
into consideration when varying, because f is determined by (20) except for 
an indefinite constant. Varying (20) we obtain 


Jee oer errr 


the solution of which is 


f(x) =a(—4 + w)* P(x) (@)- (24) 


From here we can already calculate the mean value of the meson potential 


: VP 


in the ground state. Substituting into (11) and (16) the quantities deter- 
mined above, we finally obtain 


@(x)) = —g(—A + 12) G(x) (x) (25) 


as expected. Using (24) the mean value of the meson number operator in the 
ground state according to (22) is 


2h Tey. 3 
(My = 8 —[o9(—4+ 1)? pede. (26) 
2ic 


The energy of the fields from (20) and (24) is thus 


wo =E— © (pg (—-A +H) Pode. (27) 


Finally minimizing this with respect to y and taking into account the norma- 


lization condition (16) referring to g we obtain that the energy of the fields 
is minimal, assuming 


(hey, 7,0; +ysMe2—g?y,(—4 +h’) pe) p=Ae. (28) 


According to (7) here and further on for similar equations only solutions 
giving positive frequency are to be taken into consideration. 

As regards the interpretation of the above formulae the following 
idea is due to G. Heuser [12], [13], [20], [21]. It seems to be clear at 
once from (27) — at least qualitatively — that for some suitable g, 
W has a minimum in case of a concentrated p packet. This has of course 
to be determined from (28). Thus the following idea may be formed about 
the real nucleon: each real nucleon consists of a core concentrated into a 
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small volume which is swarmed around by mesons. When the nucleons are 
treated in other calculations as plane waves, then these plane waves have 


nothing to do with the present y — this is always concentrated into a small — 


volume — but it describes simply the centre of mass of the y packet. 
The working out of the qualitative picture requires naturally detailed 


calculations. The result of such calculations does not seem very convincing. | 
Ensurance of the nucleon concentration requires an unusually high value of | 
¢ and on the other hand as was shown later by HEBER the recoil of the nucleon — 


Oo 
also counteracts concentration (see further below). 


The other more common possibility is the renormalization. Indeed, the 
interaction Hamiltonian [3] completed by the term —dMc?py can be easily 
checked to give back formulae (24)—(26) unchanged, expression (27), 


however, is modified 
Woy — EK — . { pp(—4 +4) 'pydx—6Me? \ ppdx, (27’) 
where now in E the experimentally observed mass occurs. Assuming 
6M =— 5 ¢o(-4 +)" ppdx| fonds (29) 


the energy of the fields is just E, which has a minimum if @ satisfies the energy 
eigenvalue equation 


(Acy47:9; +%,Me?)p=Ap (28’) 


containing now already the real mass. 

The mass correction 0M, however, depends strongly on the form of the 
bare nucleon, showing that our solution is not exact, the trial function (14) 
is too simple. Nevertheless accepting the normalization as an approximation, 
according to the foregoing we may form the following picture about the real 
nucleon in a coordinate system moving with the nucleon. According to (20) 
and (27) the total energy of the field is Mc*, where M is the real mass of the 
nucleon. According to (26) if the state function g of the bare nucleon is nor- 
malized to the volume V the mean value of the meson number is g2/2Ac u3V. (25) 
gives the mean value of the meson potential as —g/u? V. The mean value of the 
energy of the mesons surrounding the bare nucleon is from (16), (19) and (24) 
me”, their momenta are zero. From (15) follows that the mean value of the 
momentum of the field is also zero and from (29) that the mass correction 
is 0M = —g?/2c?V pw. 


* Ok ox 


Our method may be applied without encountering difficulties to the case 
of many nucleons as well. For the amplitudes, similarly to (14) we now assume: 


i ee A re 
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MA Bs Vo oy be eG, P(x, .. x4) ITf (y'). (30) 


Owing to (7) m must be antisymmetric. Repeating our calculations with the 
trial function (30) instead of (24) we obtain 


f(*) =a(—4 +)! A (x) P(x), 


(ye (x) = {...( p(x, 27,... eA) x da?... pd x4 p(x, x7,... 24) (31) 
from which the mean value of the meson number operator becomes 


M wg a ole 2\-3 @ 
CMe ge \ pp(—44+ ) 2 pydx (32) 


and the mean value of the energy of the field 


ies ae Eek 


{pp(—4+/)'pgdx. (33) 


For atomic nuclei in zeroth approximation gy = 1/V = 3/476 a A. 

In this case W® is indeed proportional to A and the avarage meson number 
(32) becomes. 

mB 2 


CMS = s* we 


ie NY Se 
Zhe Vie Anxhe eee 


b) The intermediate coupling theory considering the nucleon recoil 
Now the recoil of the nuclon will be considered. This may be done: 


remaining within the framework of the method, by the modification of the 
trial function (14). Considering the recoil be now 


KM ty 2. it > == G,@ (x) IT f(y" — x). (34) 


Taking into account the normalization conditions 
as 2h ¥, 
NCEC,=1, | oypdx=l, a \ f*(—4 4+ w)*fdx=1 (35): 


[compare equ. (16)] and calculating the mean value of the momentum of the 
fields from (9) we obtain 


<P.) =SGrs(— iA) 8,pdx. (36) 


SZ K. L. NAGY 


i.e. while according to (15) the total momentum of the field depends also on 
the momenta of the mesons, here the mean value of the total momentum of — 
the field is determined only by the bare nucleon. Hence we may say that 
when a meson is emitted the momentum of the bare nucleon decreases to Just 
the necessary extent (see Appendix). 
Let us calculate the mean value of the energy. Using (9), (34) and (35), 
we obtain 


1 


: - 


—<Py> = CRC, (E+ n(e —)) + X CRC, (m+ Va + S CHC, m4 a* 5 

: : : : anh 

Where [compare (19)] | 

E= | o(hey,8,+ Me’) pdx, 

e=2 6 ft(—A +p) fade, 

a=gf(0) { pydx, 

p =he | o(x) 7,9 (x) ax | f* (y)8,f(y)dy = —ihil f* V fay. 
(38) 


Repeating the calculations carried out in the first part we obtain successively © 


4 


W =E+(e—p)——2*, (39), 

e—fp 

(v) — 5 Se \ (v!)* (e)a(—1ye rs" | a* aioe i 
CY) == @ > SOD! neo ht | ee > (40) * 
(MyM = 2 _ yy, al 


(e — BY? 


Varying (39) with respect to f we obtain in the ground state 


f (x) = Si) 6 (x). (42) 


In the following only nucleons at rest will be dealt with (i = 0). From (39) 
and (42) the total energy of the field is obtained as 


WE © (Sp pda)? fd(a)(—A + wh) 4 (ada. (48) 


Completing the interaction Hamiltonian (3) for the sake of mass re- 
normalization the second term of (43) can again be made to vanish if 
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- J pydx | 6(x)(—4 + w) d(x) dx. (44) 


ie 


Because 6M is yet weakly depending on the form of the bare nucleon, the 
solution is exact only for particles of infinite masses, in other cases it is an 
approximation. 

The mean value of the meson potential from (11) and (42) is thus 


<D(x)>= —g J ppdx(—4 + Ww) p(x) ¥4@ (x) (45) 


and the mean value of the meson number 
2 . 3 
(M>= 5 (S peday? f(x) (—4 + ot) * 8 (ade, (46) 


Summarizing the results : after renormalization in case of a real nucleon in a 
coordinate system moving with the nucleon the total energy of the field is 
Mc? and its momentum zero. The mean value of the meson potential is —g/u2V 
and that of the meson number infinite. 

For the determination of the meson-mode belonging to the »-th excited 
state of the nucleon we obtain from (39) (i = 0): 

* = 
Cl | prares Geeat ereee ee 
| Acag 


as es 


where A is the Lagrange factor belonging to the normalization condition 
referring to f. Incase of strong coupling the present f agrees with (42), namely 
then only the second term of the bracket remains (a ~ g). 

Let us finally examine the energy distribution in the environment of a 
real nucleon in the ground state. Let us thus determine the mean value of 
the energy density: 


EE eee Eee 8 ee ee eEeeeeeEOeeeeeeeEeEeEOeeeEeEeEeEeEeEeEeee eee ee ae 


1 é be 
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Similarly to the preceding methods we obtain with the aid of the state vector 
determined before 


<e@> =£ (Sede) [one @){9 (—4 + yy 15 (x24) V (—4 + 
fb w8)1 8 (a — 22) + 2 (—A + pt)1 8 (x — 23) (— + 2) 18 (x — xd at + 


+ hep (x) (7; 9; + %) 9 (x) — Al p pdx. p (x)p(x) (—A’ +m)" 6 (*') |r=0 — 


= © Sp pax (x) pa (—A' + p2)-1 8 (x) 


xag — 9M 29 (x) p(x). (47) 
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According to (44) the last two terms just cancel each other. It can be — 
similarly seen, that forming fod x, the first and third terms also become 
zero. Compensation of these terms, however, does not takes place locally, thus — 


finally 
(0 (x)> = he G(x) (7:8; + ole) +© Sopdet [ppds [He 149 (3) 


| ae el + | -(—A + p?)-16 (x — x1) (—A + pw)! 6 (x—x1) dx! — | 


— 9 (x) p(x) (—A’ + py)" 5. (x) |x-<of - 


Hence the energy density depends — with the exception of g — only on the 
form of the bare nucleon. If this is prescribed, then from the above equation 
the energy density can be determined. 

Earlier Buasna [30] carried out calculations concerning the theory of — 
cosmic showers assuming, that the energy of the nucleon is concentrated into 
two regions, in an internal region of the order of a nucleon Compton wave 
lenght and an external meson region of the order of a meson Compton wave — 
length in the proportion of (l—«e)Mc? resp. eMc?. Let us examine now how 
much energy falls — according to our calculations — in the case of our present — 
model into the individual regions. Let us suppose as an approximation that 
the bare nucleon is pointlike : ¢(x)y4y(«) = 6(«) and \gpdx = 1. We then obtain 
a lower limit for the energy falling into the external region. Thus (m is the 
zu meson mass, g = 5e, M = 6,8 m): 


2 a6 2 
= G(s) oe : (m + M) c? ~-—°— 0,43 Mc? = 
esa ( iN Anthe 2 4a fic 
(iz) 
=0,08Mc?. 
* * * 


Let us deal now with the many-nucleon problem. As a generalization _ 

of (34) let us take the trial function in the following form : 
n 
CE a ge eS ey eee A awe 


Sy¥oi—xyl. (48) 


J—s 


Here according to (7) g is antisymmetric. The normalization condition (12) 
is now 


VCLC, Un) =1, 
A 
I(n) = (...{ B(at,... x4)" p(x, ... 2A) I yd spa, .... x4), 
hoy = 1; (49) 
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where 
Biel 24) = = E §F" (9) (—4 + 22)% f(y) dy + 


+ 2S f(y — 2) (—4 + fly — Se le ae 
izi 
According to (9) the mean value of the total momentum of the field is 
<P> = 2 GLC, Bae hoes. wre kag (er on, 04°) 
Tago %_8 1 A 
vq) d x) — S' —__ (a, ... x4). (51) 
i 


Let us determine the mean value of the energy. From (10) we obtain 


<6 Puy = NHC, (AE (2) + me (n)) + NCR pas (m+ 1) a (n) + 
+ )CRC,_,n”* a* (n— 1) 


A 
E(n)=(... { B(x, ... x4)" p(x... .04) Ty dx 
ey 6 8, + M8) p (aty. 4) 
A 
é(n)=2)... WEE (oer aA) estroge iT fd 2 p(x}, <.. 44) 
PO eS 6 Ly — mh dg 


a(n) =Ag)...{dx B(x, 2%... «4)"p(x, x?, ... 4) IT yf) da® p(x, x3, ... x4) 


Ws =A 


i 


[Si@—*) +40). (52) 


where the terms corresponding to / of the expression (37) were omitted. Con- 
sidering the normalization condition (49) and varying we obtain 


= (I). 


n 


ee) ec, @ eye 2c, ns) 
ea a net I(n) i 


Now the coefficients of the C,-s depend yet on n. The coefficients will all be 
independent of n, if it is assumed that when substituting (50) into any integral 
of (52) b may be neglected against D. Further be f normalized: D=1. Thus 


3* 
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Be cape VA CCE) it yOd xO (heyP y 0; + yp M c*) p (x},...x4) , 
I(n) 


é (n) tel A) Hh od 2'@ Oe A 
(ae a eae dag ac. 4) 
n 


a(n) acer AT td Oil A 
>a=Ag)...[dxip(xi,... x4) IT yf da” p (xi, ... x4) 
ind 


ve a* (n —1) 
I(n) 


Using these expressions the solution of equation (53) is as before 


Sie —=) +f), 


* 
WO =AE— "446, 


é 
C®) = ae v (vt) (n!)4(—1)"-"+! 2 
ino U(y—D!(n—v+D)! 
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f can be again determined by the variation of W. Thus the solution is for the 
ground state 


f(x) =a(—4 + #*)* 6(x), 
if only 97,~9 
Using this the total energy of the field becomes 
2 A 
WO = AE— it {...§ dag (x, 2%, ... x4) HT yfOd xO (x, x4, ... x4) 
i=2 
A 
ja 


here the self-energies were left out. Finally varying W°° with respect to 
we obtain, that the total energy of the field is minimal, if 


J cis 
ixj 


PEO 8) (8 ae 


at. (54). 


(55) 


S(-44 w)18(e—2!), (56) 


3 * cyP ya + yO | Mc — = (A eee (a ~)|| p(x}, ...%4)= 


== A Gietyes oe) 5 (57) : 


where / is the Lagrangian factor belonging to the normalization condition — 
(49) [1(0) = 1]. In the equation resulting from iterating (57) as it has been | 


shown by G. Marx and G. Szamost [32], [33] relativistical repulsive and many- 
body forces occur which might result the saturation. 
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The mean value of the meson number from (11), (48), (49) and (55) is 


a* a 


<m)>= 


Ee faye ay 85) 
= Qke (y) ( + p?) (y) y~ ACM Done nucleon » 


E2 


hence our approximation used in this part means essentially the omission of 
the mesons giving rise to the interaction between the individual nucleons, 
against those belonging to the self-fields of the nucleons. 

According to the foregoing the divergent self-energies can be approxi- 
mately eliminated by mass renormalization, other quantities, however, remain 
divergent. For the elimination of these the usual method is the cutting-off 
method. This can be explained according to the considerations of part a) by 
attributing to the bare nucleon a finite extension. As against this from the 
calculations performed taking into consideration the recoil, it is evident that 
if the cut-off is to be justified, (3) cannot be of general validity. 

Thus we obtain from (46) for a nucleon at rest if the cutting-off is carried 
out at a value 6u =x ~ 6,8 mw with g = Se 


<M) =0,09. 


2. The nucleon and the symmetrical pseudoscalar meson field 


In our calculations here we consider only the recoil of the nucleon, 
simplest calculations not taking into account the recoil can be carried out 
similarly. Let us first of all consider the mean value of ¢o | P,, [2] |o>. 

We obtain from (1), (4) and (6) similarly to (9) 


<o|P,[o]|o>= i| oe ene ee ea MEN ses or itd saalls | Ped dager co ihe 
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C05 ees. 5... OM o> + 2 re (a= 1/4: 
Ces Gl, .., Sts x, gl, ... gt 301,... Pl o> + 7, (nn — Lye 
dws GR sh gts 04, eM lo> b+ ec — 


i £-2/2)| de, Gls || MeL wet 
— Oye — meh nt 
2M c2 J ; Pal J } 


o 


ROA S Ks S25 ote Mea ey, ys Goons sea 


nt fim ns 
IT d,, d 6,; () I dv,do,;(n/) I dy doy, (C4) « 
ta} : 


Ginny wy E2,i. te yap peee ans Ce 0 | Case (58) 


+ analoguous terms for n~ and n* + 2 mesons more +2 mesons less. Here — 


8 | 
the exclamation mark over -—— indicates, that the succeeding amplitude 


Xo 


should be differentiated with respect of the meson coordinate only. Further — 


on the last two terms of (58) which are there not given explicitly are 
everywhere omitted, because they contribute nothing to the approximation 
to be dealt with below. In (58) x, &, 7, ¢ etc. are again four-dimensional 
vectors. 

Before making an assumption concerning the trial functions, it is worth 
while to consider the following. A bare nucleon can be characterized by its 
parity, isotope spin and spin and these values remain the same for the real 
nucleon. 

Earlier for a scalar field these requirements were fulfilled automatically, 
here in the choice of the trial function special attention has to be paid to these 
considerations. The only possibility to avoid the difficulties encountered in 
the calculation owing to this fact is not to allow around the real nucleon an 
arbitrary number of mesons. 

Calculations were also carried out by taking into account several 
mesons [17]. To illustrate the configurational method we go only as far 


’ 


as the one-meson states, however, the recoil as well as the term of the form — 


py®* of the interaction energy are taken into account. Accordingly, only the 
following amplitudes can be chosen as differing from zero (again in the case 
of a t = const plane and by changing notation) : 


<x|#> = Cy Ps, % (Xs a5 */a) 
er Fl =G]/2 }|/ 5 fos Cor) Mea 


“he /2 faa (é — *, 1, 1) P%,—% (x, at =1/,) 


TOMONAGA’S INTERMEDIATE COUPLING THEORY USING CONFIGURATION SPACE METHODS 39 


<x30|t> =¢,|/ 2 || 5 foe» 190) G3 4 Cele; /) + 


‘2 = / 
a + Be tN en tl a) (9) 
for a proton and 


<x |t>) =Cy oy, —% (%, 7/25 "/2) 
oT Vek 
t>=C, i: Wha (n — x, 1,0) py, % (%, "ey "/2) + 
2 | 


7 
+r \3 fu-1(n — %,1,1) py, % (% Me» —"la) 


<x30 


hl he 
<x;C|t>=C, Bigs (€ —x, 1,0) py, —y (%, To» "/2) + 


etal 
$ |S fio 85 Ll) P15. (Yr —Y) (60) 


for a neutron. Here the outher indices of g and f mean the isotope spin and 
its third component for the nucleon resp. the meson. By our choice the 
problems related to the isotope spin have been solved. The inner indices of 
refer to the angular momentum and its projection, and have in the usual 
representation of the y-s the following form 


Pe, Ye (Xs "los My) = Pr, % (% "Yes —',) = Pe 


eocoococ ot Ss 


Py,» — y, (%, %) and gy, _y (%,—%) are the same, but their elements 
differ from zero at the lower 4 places. g, and gp, are arbitrary spherical sym- 
metric functions. Each ¢ is normalized to 1, and they are orthogonal to each 
other. For given g;, the values py, G74 p and {@ (Acy; 9; + Mc?) p dx 
are independent of the indices of the g-s. This will be made use of later on. 
It is to be expected that the inner indices of the functions f will refer also to 
the angular momentum and its projection. For the moment let us consider 
them simply as distinguishing indices. Be the f-s normalized and the functions 
with different inner indices orthogonal to each other: 


= [tt -4 + ys fda=1, 
Ac 


—. 
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(ft (1,0) (—A + 42)" fio (x, 1,1)dx=0 ete. (61) § 
In this case the normalization condition <t | t> = 1 is the following : 


C¥Cy + CEC, =1. (62) 


Substituting (59) into (58) and making use of what has been said about the © 


g-s and f-s we obtain 
; 


© (Py =CIC, E+ C8C, (E+ 2) +C#C,a+C#Cyo* + CHC, y, (63)% 
; : 


where 


E= (p(iey,8;+ Me) gdx. 


: ma Ss fee 0) (—A+H)fio (150) +55 Stn (al) (—4-+ 44) fio (lal) + 


5 Kil A + b*) fia (1,0) + oth (1,1)(—4 +) fia lide, 


& Ee IE a, (1, 0); S faa, 1,0) 8,6 (x) dx + 


ae 2 \/2 a,, (1, 1); § far (x, 1, 1) 9,6 (x) dx + 


+/2 Ie (1,0); { fio (x, 1,0) 9; 6 (x)dx + ' 


ey 
ae |/2 00 1); S fio (% 1,1) 0, d(a)de| > 


ay, (1, 0); = {i 0, /2} ’ + 
a, (1,1), = {/2, —i 2, 0}, 

ay» (1, 0); = {0..0, 1}, 

a9 (1,1); = {1, —i, O}, 


vy 


2 Dy ye 
Saber ek: ; (ts (1,1) fia 141) 8 (a) dx + 


Ziel 
ty og fits 1) fi (1,0) 9 (0) de + 
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[to (1.0) fn 1,0)9 (2) dx + 


ft ( (x, 1,1) fro (m1, 1) (2) ax], 


b= (pdx. (64) 


Here it has been used that { @rayspdx~ 0, and also the term correspond- 
‘ing to the f of equation (37) has been omitted. 
Varying (63) with respect to C*, and considering (62) we obtain 


C.(E-—W)+C,a=0, 
Coat +C,(E+e+y—W)=0. (65) 


This system of equations has a nontrivial solution if Det £ 0. From this the 
lower energy value is 


haat 
ery—etn f+ tee 
(e+)? aa" 
W=E + wz E — (66) 
2 £1 p 
_and the amplitudes belonging to this state 
* 
C= weep a , G=—-— Cy. (67) 
| aa* de sal 
1 + ——— 
(y +6)? 


From here it may be seen, that the approximation used in (66) for the ex- 
traction of the root does not make use of the small value of g, but of the fact, 
that the probability of single-meson states is small, compared with the bare- 
nucleon state. On the basis of the conclusions to be drawn from the preceding 
paragraph we may, however, hope that by permitting arbitrarily many mesons 
we would obtain essentially the same energy. 

The determination of the f-s remains to be carried out. We determine 
the f-s also here from (66) by variation. The auxiliary conditions (61) should 
also be taken into account for the variation. However in our present approxim- 
ation they are disregarded, although the f-s obtained as solution are to satisfy 
the conditions. 

The solution of the set of equations obtained by variation is 


fan (% 1,0) = as \T A+ +a bo) | at, (1,0);3; 6 (x), 
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a 


2 =I 
fii @,1,1) = ls + ilar b9(0)| ay‘, (1, 1); 8; 6 (x), 


2 =! 
fio (1,0) =a[—4 ut +28 O9(2)| ato (150),8, 96) 


a 


y 


fio (* 1,1) = aro (1,1);5; (x). 


2 
LY ise Ey ee 96) 
| Saad cask (x) 


(68) 
‘The normalization factor a can be determined from any f and we obtain always 
the same value. Similarly we may satisfy ourselves about the fact that the f-s | 
of different inner indices are orthogonal. 

Using (68) finally the energy of the field is in case of one proton 


“Ff aa@) 


2 = 
Ae 4 2 eo eae 
Bika Ye ey arg AAC) (x) 


69) 


For a neutron the calculations can be carried out in the same way. Finally 
we receive back the functions (68) (f,,—> f;,_;) and the energy (69). 

Formulating the state vector of the total system from (6), (59), (60) 
and (68) it may be seen, that the determined state is the eigenstate of the total 
angular momentum and its projection, further on because the mesons are 
created in the p state also of the parity with correct eigenvalues. 

In the present approximation the state vector characterizing the real | 
nucleon has already been determined, so that now the value of an arbitrary 
operator characterizing the field can be determined. Below the magnetic mo- 
mentum of the nucleon is calculated. The operator of the magnetic momen- 
tum is 


A fo Sees te 
yee. <8 gwd @[x, V] O* — G* [x, 7] G) dx: 
Pi) os ee zt sea {( Is V] [% WAP) de 
(70) 


From the obtained state functions we obtain the relation found by Sacus [45] 


eh 4 
— == i) ee Oke ° i 
<M>p + (Mn red 3 ze (71) 


The numerical values of the magnetic momentum with a cutting off at du 


2 
become in case of 8 =15:3 
4ahe 
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Bd 


<M )p = 0,98 Syed 0,40 C#C,=0,32 if 6=4 
= 1,04 == = 0,29 = O19 as 
= 1,04 Snes = 0,08 =) 


In case of A = 0,2,: 
<M>p = 1,02 «Mn = —0,20 CFC, = 0,14 , 6=3. 


These are in accordance with the earlier statements of SACHS: permitting 
only single meson states we obtain for the anomalous magnetic momentum 
of the nucleon wrong results. Taking into account the term of the interaction 
energy proportional to 4 does not alter this fact either. 

Let us determine now the electron charge distribution of the nucleon. 
Let us form with the determined state vector the mean value of the charge 
density-operator 


1+, e 
@* d,PD: 
2 bang - 


o (x) = se PVs 
Similarly to our other methods we obtain by considering what has been 
said about ~ 


u Wee s : : 
(0 (2) 2p = C§ Coe (x) 249 (x) + CEC. (H) 72 712) +aras {I 


2 fy (21, 0)2(—4 +18) fin @— 210) + Sa LD) 


2 (A+ 2)" fia (e— 24,11) \y (x) 749 (2) dat, 


oy = 2 1] 
£0 (2) w= CPC (x) 49 (x) —— CFC, — f| fia —44,1,0)- 
3 3 Ac R 
2(—A + wh) fa — 41,0) += ft ALD) -2(—4 + wy 


- fi, -1%¢ — 04,1, 1)) (=) 7a (x1) dx. (72) 


From here making use of the fact that the g-s with the same inner indices are 
identical functions, it can be read that the mesonic charge cloud of the real 
proton and neutron, — disregarding the sign — are the same. 


{0 (x) >p + <0 (*) nw = eG (Xx) V4 (*) - 
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Finally from (72) in case of A = 0 with the determined quantities the mesonic 


charge cloud becomes 


2 
eCéC g P J 


‘ ra) evitr | 3) K, (u|* — «1|) | 
" Awhe 822 x2 


Q 4; | — | 0 x; |x — x3 | 


Let us finally calculate the mean value of the energy density of the field. — 
With the aid of the determined state vector and in the approximation used ~ 
in equation (66) we obtain that the energy density of the meson field is in the — 


environment of the real nucleon 
Cel (*1) Yap (x1) {8; 0 (—4 + 2)! 4 (x—a1) 
ale) - i 


8, 8;(—A + pi)-146 (x — at) + Y= 4 + #* 8,(— A+ 2) 
5 (x — at) —4 + pP 8; (—4 + pe) “15 (x — a1) + 


cot @)> = [| 


+ p28, (—A-+ut)-¥8 (x— a2) 8, (—A-+p2)-20 (ea!) Jd. (13) 


Indeed its integral over the whole volume agrees apart from the sign to the 


self-energy term of expression (69). In analogy with (47) it may however be 


assumed that taking into account the many-meson states the energy density 
of the field can be better approximated by the expression 


<o™ (x) >= ia] = 
» (-A-+p2)-16 (x-at) +28, (-A+p?)-1 6 (x-21) 8, (-A+-p2)-16 (x21) dat , 
(74) 


Je (2) 74.9 (2) {8, 8 (—A+m2)-16(x—al) 8, 8;- 


the integral of which taken over the total volume agrees also with the 
second term of (69). From (74) in case of a point-like nucleon with 
g?/4a he =15 we obtain 


f Lola) dtc: —2%-0,00.M Aa1148 Mots 
A \2 Anhe 
“2(ra) 

namely only the energy of the meson field extends to the considered part of 
the space. Since the total energy of the field is (neglecting the kinetic energy 
of the Dirac field) Mc?, thusinsuch cases the energy present in the internal 
region is — 13,8 Mc?. It might be of interest to repeat the calculations of 
Buasua by considering our present results. 

My thanks are due to Dr. G. Marx for his advices given during the 


preparation of this work and for his continuous interest. Similarly I am in- 


debted to Prof. Dr. G. Hesper (Jena) for his valuable remarks. 


| P(x") Ya P (x1) dxt. 
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Appendix 


Earlier the recoil of the nucleon was taken into consideration. Here the 
calculations taking into account the recoil are carried out in the momentum 
space. The present discussion shows clearly why the choice of trial function 
(34) means just the consideration of the recoil of the nucleon. Let us write 
(34) in the following form 


<msy,...¥ |= 


-) |. aa 

1 1 i ib n | A2¢c2 ] fa 

= G. (2. A)°!2 Bane Pn (p)e* PX dp TI] | oa f (ki) en dk ‘ (1) 
i=1 i 


where the recoil has to be taken into consideration by 
n . 
on (P)= a p + S#) x (p). (2) 
5 {=i 


u; (p) is owing to (7) an unit spinor characterizing a nucleon with mo- 
mentum p, polarisation s (spin, isotope spin) and positive frequency, its 
explicit form is in the usual representation of the y-s 


Fyne tissht By 


EMTE) 
E+Mcé 
ZS (7 P)as 


E+Me 
0 at the lower 4 places. 


0 (3) 
0 
gay 


='J a3 (p)4,(p) 4p =k, 
wo = Ve2k® + mict 


S ft ()f(k)dk=1. (4) 


From (2) and (3) it can be seen, that neglecting the small components of the 
u-s (1) just agrees with (34). From the normalization condition <t}t> =1 


Ges Ver 


in case of s = 3,4, elements ~ 0 are 


(E+ M2) 


it again follows that 
Yn, = 1. (9) 


Let us first calculate the mean value of the momentum of the field. 
From (10) on the basis of the above we obtain 
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Cy oe J pk (p) a, (p) dp. 


Similarly the mean value of the energy of the field is 
c a : 
~(P.>= ERC, ¥ J..-J af (p) f* (e) (VE (p — SRL MBE + 

U n s 


+e +t C8C.y Y |. fae (ppt bi) f (bi) aki. 
n sis’ "7 
1 h2 2 
| — f(g dqdp +C-C. 


(QQxAy? | 2a, 
(7) 


4+ SV@k? + mee) «a, (p) If (bi) dpi d ki + 


n 7 n i 
-u; (p— 2’ k/) uy (p—q— dk’) ay (p) 
Here the terms under the integralare still depending on n, thus GLAUBER 
and LurrincEr’s method cannot be applied to the solution of the equation 
obtained after the variation, therefore further approximations are used. 


By expansion we obtain 
e2(p — ki)? + M2ct 2 Ve2 pp? + M2ct + 1 ¥ igf)2 — Sil, 
B= P aM P2 


Assuming further that a(p) and f are spherical symmetric, then the first 


term is 
ke 
YGC,|B +nfe+ 47 |], 
n 2M 
J af (p) Ve? p? + M24 a,(p)dp, 


of course here 
Le 


(f* (k) Ve? k? + m2 ct f (k) dk, 


Ee = 


B= Sf* (k) k2 f (k) dk. 
In the second term using the approximation (compare [5]) 
u,(p— 3 k/) uy (p —q— Xk!) > u, (p) uy (p) = 
ray c2 p? 
E+ M c?)2 
C2 p2 ) 05,5’ rate! (p) 05,5! 
thes e 
(E+ Mc?)2 
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we obtain from (7) in such an approximation 


“(Pi = SCHC,/E+n 
U 


ree +2 (n + 1)% CRC, 44 


4+ \n%C# C,-1 0" 


pelea tess 
0= 8 gcprs || $e (q)dq, (8) 


Our method is from here already the usual one, thus in the ground state we 
obtain 
aa* 
k2 
E€ ——— 
T 2M 


Wo — FE — 


(9). 


This also minimizing with respect to f we obtain the solution for f 
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Heer, Ann. d. Phys., (6), 17, 102, 1956. 


ii 1 
f(k) =a——- =i (10) 
Yo, ke 
On 
2M 
From here the energy of the field is 
2 ny 2 2 1 
W — E— 8 g(p)? = ; a ak. (11) 
2 Cx) (a, + | 
2M 
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METO] CPEQHEM CBA3H TOMOHATA, TIPH UCMOJIbBOBAHHH KOH®MTYPA- 
LIMOHHO-ITPOCTPAHCTBEHHbIX METOJIOB 


K. JI. HADb 


Pe3swme 


OnpefenAwTcA BEKTOPbl COCTOAHHA, XAPAKTePH3yIOWIHe PeabHbIe HYKJIOHbI, METOOM — 
CpeaqHeH CBA3H, HCNOb3yA MeTOAbI KOHHrypalMOHHOTO MpoOcTpaHcTBa B KBaHTOBOM TeOpHHu 
Tiome. PacmaTpuBaeTcaA B3auMOselicTBHe Me)KAY HYKJIOHHbIM MOM, ONMCHBaeMbIM ypaBHe- 
HHeM J[Mpaka, M CKaJIAPHbIM WIM MCeBAOCKANAPHbIM Me3OHHHM T1OsemM. OOpas0BaHHe nap 
lipeHeOperaetca. B pamKax KOH®urypalMOHHOTO MeTOJa YYHTbIBAeTCA HM OTAAYa HYKJIOHOB. 
‘C MOMOLMbIO BEKTOPA COCTOAHMA ONpeseNAIOTCA CpeqHHe 3HAYCHHA HEKOTOPbIX Pu3H4eCKHX 
BeJIM4HH B COCTOAHHM peasbHOrO HyKI0HAa. M3-3a KOHurypauMOHHOrO MeToya, — ocobdeH- 
HO MPM pacueTe NOKAJIbHBIX MUSHYCCKHX BeMYHH — NOsyuaeTCA OYeHb HArIAGHaA KapTHHA 
‘peasIbHOro HYKJIOHA. 


‘PRODUCTION OF HEAVY UNSTABLE PARTICLES IN 
EXTREMELY ENERGETIC NUCLEON-NUCLEON 
COLLISIONS 


By 
G. Domoxos 


CENTRAL RESEARCH INSTITUTE FOR PHYSICS, DEPARTMENT OF COSMIC RAYS, BUDAPEST 


(Presented by L. Janossy. — Received: V. 24. 1957) 


The problem of multiple production of heavy unstable particles is analyzed. Possible 
reaction schemes are established on the basis of Gell-Mann’s theory. In order to apply the 
Fermi-Landau thermodynamical model to the production of heavy unstable particles, their 
interaction with pions is investigated. Some characteristic quantities of the two-proton system 
are calculated by making use of the aforesaid model. The results seem not to contradict ex- 
perimental results. 


1. Introduction 


In recent years several publications have been appearing on the production 
of heavy unstable particles in extremely energetic nuclear collisions. Although the 
statistics of experimental data is rather poor, and there are already some theo- 
retical papers on the subject’ we hope it may not be superfluous to carry out 
some investigations concerning the production mechanism of these particles. 

Choosing a simple model, we shall deal with central, totally inelastic 
collisions of two nucleons at very high energies. (For the justification of this 
model, see the work of FEINBERG and CuERNAvskI [1]). We assume further, 
that the nucleon has a pionic proper field, the linear dimensions of which are 
~ 1/m (u stands for the mass of pions ; in the course of the present paper we 
put 4 = c = 1) and similarly a K-mesonic proper field with linear dimensions 
~ 1/m (m = mass of K-mesons). During a collision the two nucleons are assu- 
med to form an intermediate state with highly excited proper fields. The 
latter ones give up their energy by emission of several quanta of the pionic, 
nucleonic and K-mesonic fields respectively. If the lifetime of the “intermediate 
state” is sufficiently long, we are allowed to assume that in the proper fields 
a statistical equilibrium exists and we may try to calculate the number of 
different particles produced by methods of statistical physics. This idea of 


‘Fermi [2]? was modified by Lanpau [3], [4], who states that during the first 


1 We mention only the early work of Haper-Scuamm, YEIVIN and YEKUTIELI, Phys, 
Rev., 94. 184 (1954) applying Fermi’s theory and BELENKI!’s papers, quoted in ref [4]. 

2In Fermi’s and LANDAU’s papers only the pionic proper field of the nucleon is dealt 
with. The above-mentioned model seems to be a natural extension of the former. We do not 
introduce, however, hyperonic proper fields ; we shall regard for sake of simplicity hyperons 
as ‘“‘composite particles” — e. g. according to the model of GyOrRcYI [5]. This assumption 
does not affect seriously our later considerations. 


4 Acta Physica IX/1—2. 
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stage of its decay, the intermediate state consists of a continuously varying- 
number of particles, since, because of strong interactions the number of par- 
ticles is not a “good quantum number”. Only at a later stage, when the par- 
ticles have got out of the influence of each other, may we speak of a fixed 
number of particles and apply formulae of statistical mechanics. LANDAU 
defines a “‘critical temperature” of the system at which we can consider the 
particles as free. 

According to LanpAv’s calculations, the latter temperature for pions 
and nucleons is given by 


TY =a-y 


in energy-units, where a is a numerical factor near to unity. 

Now the following problems arise : 

a) Do multiple processes play a role in the production of K-mesons and 
hyperons, and if so, which are the reaction equations. 

b) If we want to describe the production of the heavy unstable particles 
by means of the Fermi-Landau model, what is the critical temperature for 
the latter. 

In connection with a) we remark, that if multipe production of heavy 
unstable particles takes place at all, then conservation laws allow the follow- 
ing reactions : 


( N+N 
A+N+K 
X+N+K 
£4 N+ 2K ---KtK -.-54 N+ 2K 
N4No! Bae Aa 3K t i Nae i eo Hee 
iat Ks = AA owe, ET SEK: =e = ae 
24 D4 3k Brn ote (+ ch - conj.) 
oa 
22' + 2K 
| 254 4K 


Concerning problem b) we expect that either the interaction of K-mesons 
and hyperons with pions and nucleons is weak in relation to that of pions and 
nucleons or it is nearly of the same strength. In the first case the critical 
temperature would be T( ~ m, while in the second one we expect that 


f iess) pis, T 


In sections 2 and 3 in order to answer problem 6b) we deal with the 
a, %) and (K, 7) interaction ; while in the fourth and fifth sections we calculate 
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se 


different observable quantities on the basis of the Fermi-Landau-model and 
try to compare them with experimental results. 


2. The (x, 2) interaction 


The (x, x) interaction seems to be an experimentally observable fact. 
Although we have no direct experiment yet. the analysis of the reactions [6] 


a+N>x+24+N (2.1) 


carried out by Ivo and Mrnamt [7] gives indirect evidence for the existence of 
such an interaction. 


From a theoretical point of view, this interaction is similar to the photon- 
photon scattering, scil, it also is a vacuum effect and is described by the same 
types of Feynman-diagrams. Photon-photon scattering has been investigated 
theoretically in detail by Karpirus and Neumann [8], [9]. We want to give 
here a rough estimation of the (z, 2)-cross section for high energies. using 
ps(ps) meson theory and lowest order perturbation approximation. We neg- 
lect isobaric variables, and consider a neutral pion field only. In such a rough 
calculation this simplification seems to be justified. The basic interaction 
diagrams, describing the process are given in Fig. 1. 

To each of these diagrams corresponds another, equivalent one, with 
the nucleon loop in the opposite direction. 

In order to estimate the behavior of the cross section, we shall calculate 
the S-matrix element corresponding to diagram a) only, since interference 
terms will not affect seriously the order of magnitude. 

In the center-of-mass system and momentum representation we obtain 
apart from numerical factors 


4* 
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5 ae > (p—k)? + M? 


: > eee F iy(p+k)—M 
(p —ky—k)? + M2 °° (p+k,)? + M? 


where M stands for the nucleon mass, k; is the momentum four-vector of the 


i-th pion (choosing the signs in such a way as if all the pions were outgoing 
ones) G is the dimensionless coupling constant between the pion and nucleon 
field; yp =p, 7" and o? = k? + w?. We perform the integration in (2, 1) 
using FEyNMAN’s method [10] . Having carried through the transformations, 
quoted above, we find, that there is occurring a logarithmically divergent integ- 
ral, namely 


plaka 22 
(p? + a) (2,2) 


(After having taken the trace, we can neglect odd powers of p since they give — 


zero in a symmetrical integration over the angles in the p-space; cf. 
FEYNMAN, loc. cit. or JAucH’s and Rowriicu’s Quantum Electrodynamics [11].) 
We separate now the physically meaningless divergence in a well-known 
manner. 


Using the identity 


Pe es se * n (a — f) dz 
[(@—A)z+ pt 


(2,3) 


we find 


(p?Pdtp_ _(_(p*dtp ip M?) (p*)? oy, 
(p? + a?)4 eer er ry ‘fe uf tae u-+a?(1 — u)}° ( ) 


The second integral on the right side is already convergent. The first one 
is divergent, but can be removed e. g. by the formalistic regularization method 
of Pauti and Vitiars [12]. We have chosen the latter method for sake of simp- 
licity ; we do not attribute to it any physical interpretation, but regard it as 
an invariant cut-off procedure only. 


Calculation from here on runs along the same lines as the one by Kar- 
pLus and NEUMANN, loc. cit. We calculate the asymptotic expression for high 
energies of the forward-scattering amplitude. The total cross section is then 
obtained making use of the well known “‘optical theorem” 


a (0) = = Im (a (o)), (2,5) 


where a() is the forward-scattering amplitude. 
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The calculation yields, apart from some numerical factors 


Ge > wo |? 
Onn (@) ~ -——— —— |n— 2,6 
(0) ~ oe (eay| (26) 
The form of this expression agrees with that of the cross section for high- 
energy light quanta, and was obtained first by AcHIESER (see KARPLUs, 
NEUMANN, loc. cit.) 


3. The (K, 2) interaction 


We turn now to the investigation of the interaction between K-mesons 
and pions, assuming an “elementary” interaction between (K, N) and (z, N) 
fields only. 

We neglect again isobaric variables, and treat a scalar K-meson field 
with scalar coupling. The interaction-operator between the K-meson and nuc- 
leon field then will be of the form 


W = gim (py) (x2), (3,1) 
where y is the field operator of the nucleon and x that of the K-meson field, g is 
the dimensionless interaction constant. Both wand x are isospinors of the first 
kind.} : 

The basic graph in lowest, non vanishing order for an interaction is 
shown in Fig. 2. The corresponding S matrix element, — again apart from 


numerical factors — reads : 
ape 6 (~ pi) © : 1 -|s ; iy (k + p,) —M ; iy(k+Pa = Pye ‘ 
Vo, 2050, 4m (k + pa)? + M? *(k + py — Pi)? + M? 
; tyke — M dtk (3.2) 
k? + M? 


Taking the trace under the integral, one can transform the denominator accord- 
ing to the standard method, indicated in the preceding section, and separate 
a logaritmically divergent term 


S hd? k 
| (k2 + M?)3 
which can be removed by the Pauli-Viniars regularization procedure. 
All further calculations are carried out in the same manner, as has been 


shown in the preceding section. They give for the high-energy limit of the 
(K a) cross section : 


1, An interaction Lagrangian of this form has been proposed by Gy6reyt, loc. cit. 
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Jee ee | (3,3) 


m w2 


Compared with the (x 2) cross section, and taking some reasonable value 
for the coupling constants [17], we see, that o,,is comparable with o,, with- 
in a factor of the order of unity. (In this comparison we have taken into ac- 
count some numerical factors, not written down explicitly in (2, 6) and (3, 31). 

The consequence of this for the following thermodynamical calculation is, 
that the critical temperature for K-mesons will be nearly the same as for pions. 
Since the critical temperature varies rather slowly with the cross section [4], 
we shall choose both temperatures for sake of simplicity, exactly equal. 


os 


Fig. 2 


We want to call attention once again to the very rough character of our 
calculations : we have used the high-energy limit of the cross sections, calcula- 
ted by peturbation theory in the case of moderate energies and rather strongly 
coupled fields. Indeed, there are some indications [13], that (a z) cross section 
may have a different energy dependence than obtained by us. We hope, 
however, that the ratio of these cross sections is of the correct order of magni- 
tude, and the qualitative conclusions drawn from the calculation are not false. — 


Y a 


4. Thermodynamical model of particle production 


According to the programme outlined in sec. 1 we are going to calculate 
some observable quantities of the two-nucleon system, on the basis of the 
Fermi-Landau-model. We shall follow — as far as possible — the notations 
of [4]. 

From secs. 2 and 3 we conclude that at high energies — where thermo- 
dynamical approximation has any meaning at all — K-mesons and — pos- 
sibly — hyperons interact strongly with pion and nucleon fields. Therefore, we 
choose in the Fermi-Landau-model 


TH =TW =p. (4,1) 
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(The value of the constant factor before is obtained by means of a graphical 
estimation, based on the results of [4]). 

The density of particles of type 7 is given by 
* don p? dp|(22)8 
n= |e Pi(2n) ——, (4,2) 
exp (\/p? + m3/Tc) + 1 


where w; is a weight factor arising from summations over spin, isobaric spin 
etc. m; is the mass of the particle ; the sign in the denominator depends on the 
statistics followed by the particle. 


The latter formula can be written in the more convenient form 


n; = w,/20? T? FF (&;), 
> 2 
f=miTa Fr @=e{ ae 
exp (z 1 +22) = 1 


(4,3) 


(F* (z) and similar functions are tabulated in reference [4].) Conservation 
laws can be taken into account by means of the multiplicator method. If there 
is one integral of motion, then F'* (z) should be replaced by 


oo 


Prete y) = | 


x? dx 


exp (z)/1 +a2—y)-1 


s (4,4) 


where y is the corresponding multiplicator. (5, 4) can be generalized for the 
case of several integrals of motion in a straightforward manner. For small 
values of y 


F= (é, y) ~e” FF (é). (4,4a) 


The multiplicators can be determined from the equations expressing the 
conservation of the quantity in question. These can be written in the following 
form. If i, j are two kinds of particles, and the numbers of particles are denoted 
by capital letters, so, if T® = TY, then Ni/N; = nj/nj- 

Further, if the conserved quantity is w, its value for particle 1 is @;, 
then the conservation equation reads 


On, 43 on,|N; maar a Ny @,/1; ‘ (4,5) 


(N,, N, stands for the two colliding nucleons.) 

We consider as an example the collision of two protons. Denote by y, 2, u 
the multiplicators, corresponding to N, T;, U respectively. (It can be shown, 
that the neglect of the conservation of T introduces a very small error.) 
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Regarding the N, T,, U-values of the different particles and (4, 4a), the 
conservation-equations are found to be, 
(N) : n2,/Na, =n sh(y + 2+ u) +n sh(y — 2+ uv) +79 shy + 
+ntsh(y +2—u)+n%sh(y —z—u) +n$sh(y + 2z)+ 
+n%shy + n& sh(y — 22); 


(275) : nz,/Na, =n sh(y + 2-+u) — nh sh(y — z+ u) +n sh(z—u) + & 


+n sh (z+ u) +nbsh(y +2—u) —nbsh(y —2—u)+ 
+ 2n® sh 2z + 2n3 sh (y + 22) — Zn} sh (y — 22); 
(u) : na0/Nao = n?, sh (y + 2+ u) + nh sh(y — 2+ u) + 
+ n$ sh (z+ u) — n? sh(z — u) — nbsh(y + 2—u) — 
—ntsh(y—z—u). 
Here we have chosen neutral pions as “‘reference-particles” and ny = w;/2702 - 


- T3F* (&)). 
The approximate roots of the system (4, 6) are :1 


¥ = 7,667/Nno, %=0,2131/N,0, u=0,8407/Nao. 
We see, that for very high energies, as a rough estimation, we may put : 
n,~n. (4,7) 


As another important quantity, the average energy which is carried away by a 
definite kind of particles is calculated. The energy-density is given by 


oo 


rE) = 8 sto Ma a 
0 


exp (€,/1 + x2) F1 


(4,8) 


and a corresponding function, if some conservation laws are taken into account. 
Similarly, as in (4, 4a) and (4, 7), we may put 


D> (zy) 0D (2). (4,9) 


The result of the calculation, outlined here, without making use of the approxi- 
mations (4, 7), (4, 9), is plotted in Table I. Columns 2—3 give the density, resp. 


1 The relative error of the approximation decreases with energy as (Nx0)?. Since the 
most important role is played by the conservation of N, our further considerations apply 
— at least qualitatively — to (NN, P) and (P, P) collisions as well. 
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energy density of the particle, indicated in column 1, divided by a common 
factor. Column 4 gives the average energy of one particle in the c. m. system, 
according to the approximate expression (FE c. m. ) ~we/n. Column 5 gives the 
fraction of the total available energy, carried away by the particles in question ; 
while the last column gives the relative number of emited particles. In columns 
5 and 6 the approximation (4, 7) and the similarity give; is used. 


Table I 
$$ —————————————————sFs—— TT dtr? 
1 2 3 4 | 5 6 
Particle n (T?/, 2?)—1 | eatin") 2 * ite ae wey ea a 
70° | 
ae crib, ee 1,78 |t- 5,90 Lie. | 0,28 0,19 
Ee exp (—0,462/N.0) | 
Ko exp (0,628/Nx0) | | 
K° exp (—0,628/N.0) 0,478 |'. 2,39 1,71 0,062 0,078 
E+ | exp (1,054/Nao) | | 
ea exp (—1,054/Nzx0) 
N° exp (8,29/Nz0) | 
N° exp (—8,29/Nao) '_ 9.0714 |'- 0,606 2,88 | 0,009 | 0,020 
P+ exp (8,72/Nz0) | 
P= exp (—8,72/Nas) 
Ao exp (767/Nz0) ; 0,023 \ ae? 3,34 0,003 0,074 
A exp (—7,67/Nx0) j 
a+ exp (8,09/N.0) 
Pa) exp (7,67/Nx0) 
Zaeee | exp Ci24iNa) 0,015 |'- 0,15 3,40 | 0,002 | 0,0048 
Dan exp (—7,24/Nz0) 
> exp (—7,67/Nz0) 
De exp (—8,09/Nz0) 
io exp (7,04/Nx0) 
=i) exp (—7,04/Nz0) 0,007 0,076 3,69 0,0009 | 0,0024 
z- exp (6,61/Nz0) 
E+ exp (—6,61/Nz0) 


* The figures of column 3 have to be multiplied by the same exponential factor as the 


corresponding fi 
** Columns 


res in column 2. 
5 and 6 are calculated in the high-energy limit : 


Nx ~ 09 
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The number of a definite kind of particles is obtained by multiplying its: 
density with the interaction volume. 

The latter is expressed by Nin, where NN; is the total number o 
emitted particles. Thermodynamical calculations show (cf. [2] [4]), that, N; 
is proportional to the fourth root of the primary energy in the L-system : 


N,~ 2(E,/M)u4. 


So the average number of particle i becomes 


N, ~ 2n;/ Xn, (E,/M)4 (4,10) 
j . 


and in particular 


Ngo ~ 0,38 (E,/M)14. 4,11) 
P 


Consider an example. Let be, E, = 105 BeV, then our calculations give 
the results N, ~ 35; we quote the average numbers of some ‘interesting’ 
particies : 


Nyo =2,3; NR°=1,9; Net =2,4; Ng-=1,7; Ny =0,31; 
Nev RNS ANS A022 NS 2 Ne 007. 


(The latter figure indicates, that the correction to the counted number of neut- 
ral pions due to the y-decay of 5°-cf. Brispour et al.’s work, quoted later — is — 
very small.) One observes further that the number nucleon-antinucleon 
pairs is rather small. 

Similarly, the number of antihyperons is considerably smaller than that of | 
their charge-conjugate pairs. 

The fraction of energy, carried away by heavy particles (heavy mesons, 
nucleons, hyperons) is about 50%. 


5. Comparison with experimental results 


Now we try to compare our results with the experiments ; we do not 
intend to give a full account of experiments and discuss the experimental 
procedure, but we aim rather at obtaining some information about the power 
and limitations of our model. 

A measurable quantity is the ratio of neutral pions to charged shower 
particles. 

Measurements have been carried out by several authors (of [14]—[19]). 

Some of their results are summarized in Table II. 

We see that the R-values agree within the — rather large — statistical 
errors, and further that R is approximately constant in a large range of pri- 
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Table II 

Ratio R of neutral pions to charged shower particles injets 

Author R = Nyo/N, 
[Pramse Une t atl afi || cots, oats ape ee eratels\ eta ote:> 0,33 +0,07 
Wisi e94 1 as ce oenirod Yank cocaeor 0,25 +0,1 
Naugle et al. [16] .........-\---.-+- 0,44 +0,14 
[Sev eats oats By hid eS Ase eee 0,46 0,09 
(bath Gingilled WED (ees ese eeaneses aaa 0,40 +0,08 
Brshout et all. [LON tcc cs cies eelegsles « 0,383-+0,044 
Weighted average ...........--...-- 0,375 0,029 


mary energy (50<E,<3000 BeV/nucleon). The possible variation of R is 
obscured by statistical uncertainties. 

From R we obtain the ratio of the non-pionic charged shower particles to 
charged pions, if we assume that N,o/N,+ = 0,5, which is a very good 
approximation. 

The above-mentioned ratio from the weighted average of Table IT is 


ste IN es 
Niz+ 


f= 


) = 0,33 -- 0,10. 


Our calculated result is (summing over charged particles, which are not pions) 
Si Os 8k? 


Concerning the ratio of charged to neutral heavy unstable particles, we 
quote the works of Lercnton and Tritxine [20] and of Graccont et al. [21], 
who have carried out measurements with cloud chamber and lead absorber. 
According to their measurements this ratio is approximately 


Nu 
Nt 


= 0521 + 0,03 , 
while Table I yields 

Ni 0,9 
Nu 


in significant contradiction with the experimental result. We mention, 
however, that the quoted measurements were carried out with Pb target 
nuclei, so, the possibility of explaining the discrepancy between theory and 
experiment by secondary effects, does not seem excluded. 


1 Our model predicts a variation for f of about 10% in the energy-range 50 BeV < Ep < 
< co; this — if it really exists — is completely obscured by uncertainties of present experi- 
ments. 
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9. Discussion and conclusion 


We want to stress once again the main assumptions, made in this paper # 

a) To consider collisions to be central collisions only. 

b) To regard interaction between heavy unstable particles and pions 
resp. nucleons as strong. 

c) To consider it possible to apply thermodynamic calculations. W 
believe, that the validity of hypothesis a) is rather doubtful, but as long as aj 
correct field theory is not constructed, we cannot consider non-central collisions., 

Hypothesis c) is partly dependent on b) ; we do not want to discuss its’ 
validity in detail, but refer the reader to the works of FERMI and the LANDAv- 
school, already- quoted. 

Looking at Table I and (4, 10), one observes, that the multiplicity of 
heavy unstable particles is not too high; therefore, the application of ther-- 
modynamics may be a very rough approximation. 

Bearing the aforesaid comments in mind, it might appear strange, 
that this model could give an — at least qualitative — agreement with experi- 
ment. 3 

We believe this in great part to be due to the uncertainties of the experi- 
ments. We only mention here, that even the estimation of the primary energy | 
of a jet from the angular distribution is a procedure of rather doubtful accuracy. 
Further, we do not have sufficient information as to the mass spectrum of | 
shower particles. The above-mentioned experiments give only a ratio of non- 
pions to pions or similar “‘composite”’ ratios. 

We try to point out some features of our model, which it will perhaps 
be possible to test experimentally. 

a) The variation of che ratio of the numbers of different particles with | 
primary energy might be investigated. In our model this depends apart from 
the exponential factor arising from conservation equations — on the variation 
of interaction cross sections in the “cloud” around the nucleon. (Variation” 
is ed dey 

b) The fraction of energy, carried away by heavy particles, decreases — 
although rather slowly — with primary energy. Its variation becomes faster 
at primary energies of the order of ten or hundred BeV. In this region, however, 
our model breaks down, and we cannot make quantitative predictions. (In the 
region of only a few BeV-s, one can easily understand the increase of the big 
fraction of energy, carried away by nucleons: there the elastic part of the 
cross section becomes large, and the energy is carried away by the original 
nucleons.) 

Concerning the problems mentioned in the introduction, we cannot 
assert definitely, that multiple production of heavy unstable particles really 
does take place, but this uncertainty might be due to the fact, that at energies 
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‘ 
vailable at present, their multiplicity is rather low; so, we might expect, 
hat extension of experiments to the region of still higher energies, will yield 
definite answer. 
A simple model, assuming excited self-fields around the colliding nucleons 
is not in qualitative contradiction with present experimental data.! 
We hope to have the opportunity of returning to some of the problems 
oncerning this subject. 
The author has the pleasure to express his thanks to Prof. L. JANossy, 
or his valuable critical remarks, to Dr. E. Fenyves, for several interesting 
discussions on the subject, and to Miss M. Gomsost, for having performed 
numerical computations. 
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1 After this work had been finished, the author got acquintanted with a paper, report- 
ing of the multiple emission of heavy unstable particles, from stars in photographic emulsion. 
(Tsa1-Cnt, Moranp, Phys. Rev., 104, 1943, 1956). The reported event is not a Jet. The 
authors assume a reaction 

N+N> S++ 3-+K- 430° 42+ 
or 


NLS STE KT + ON 


leading to the emission of heavy unstable particles. A further question remains, however 
namely, whether the quoted events may not be explained by two separate reactions, each 
of them being a "’simple’”’ associated production. 

Recently, DEBENEDETTI et al (Nuovo Cim., 4, 1142, 1956) reported the value of R (see 
p- 27) to be 0,426 -+ 0,06, measured on a single event. The author is indebted to Dr. Tsal-Cauv 
for information about their event and the Turin-group for having sent him a reprint. 
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POKOEHHE TA)KEJIbIX HECTABHMJIBHbIX UACTHL] B COYHAPEHHAX HYE-. 
JIEOHOB BOJIbINOM SHEPIUU 


Tr, HOMOKOIU 


Peswme 


PaccmarpuBpaeTca mpoOmemMa MHO)KeECTBEHHOFO POIKMCHHA TAKEIbIX HeCTAOMJIbHBIX 
yacTHY. YCTaHaBIHBaIOTCA BO3MO)KHbI€ CX€MbI peak Ha OCHOBe TeopHu Tenmu—Mann. — 
Uccnenyerca B3auMoelicTBHe TADKeIbIX HECTAOMMbHEIX YACTHI C 7—Me30HAMH, Ha OCHOBAHHH - 
KOTOpOrO OOpas0BaHHe TA)KeIBIX HeECTAOHJIbHbIX UACTHIL paccCMaTpHBaeTCA MpHmMeHeHHeM ~ 
TepMOAMHAaMMYeCKOH Mogenu Depmu—Jlangay. C MOMOLIbIO STO MOAN BLIYHCMAIOTCA HEKO- 
TOPbIe XAPaKTepHCTHYeCKHe BeUIMYMHEI CHCTEMBI, COCTOAMeH U3 AByX IpOTOHOB. Pesyauiany 
NOBHAMMOMY He MpOTHBOpeyaT JaHHBIM OMBITOB. 


‘SHOWER PRODUCTION AT SMALL THICKNESSES 
OF ABSORBER 


By 
L. Nacy 


CENTRAL RESEARCH INSTITUTE FOR PHYSICS, DEPARTMENT OF COSMIC RAYS, BUDAPEST 


(Presented by L. Janossy. ~ Received: VI. 20. 1957) 


We have investigated the shape of the first part of the Rossi curve in the case of Al 
Fe, Cu and Pb absorbers separating showers generated by mesons, electrons and photons 


Introduction 


It has been established experimentally by several authors [1—3], that 
the production cross section of showers, generated by the soft component of 
the cosmic radiation, is proportional to the second power of the atomic number 
of the material in which the shower is produced. Hu Cuien Suan [2] expressed 
the thickness of an absorber in terms of nZ?, where n means the number of 
atoms per cm? and Z is the atomic number of the absorber. He found that the 
numbers of showers observed with different absorbers, lie in nearly a straight 
line, when plotted as a function of nZ?. 

According to the calculations of Arey [4], and the experimenital in- 
vestigations of Trumpy [5] concerning the photon component, however, the 
Rossi curves for different materials do not coincide but separate at already 
very small thicknesses. 

In ARLEY’s opinion, the curves obtained by Hu with different materials, 
may have coincided, because Hu did not investigate showers produced by the 
soft component only, as in his experiment showers were generated by the 
meson component as well, and this may have made separation of the curves 
indistinct. 

JAnossy [6] has explained the contradiction by the fact, that the 
calculations of ARLEY and the experiments of TRuMPY relate to small showers, 
while showers, observed with the usual GM-counter arrangement contain many 
particles. 

The above-mentioned contradiction led us to investigate anew the prob- 
lem sketched above employing an apparatus which was used already in earlier 
investigations concerning the Rossi curve. 


64 L. NAGY 


Experimental arrangement 


The geometry used in our first series of measurement is similar to that | 
of Hu, i.e. five GM-counters were placed under an absorber in the vertices of f 
a pentagon, the area of the absorber being 42 x 120 cm?. At least three ioniz-_ 
ing particles were necessary in order to make all the five counters to respond { 
Such showers were registered by a five-fold coincidence arrangement. 

The arrangement used in the second series of measurement was — apart ' 
from minor modifications — identical with that described in detail in an earlier 
paper [7], so that we may confine ourselves here to a short description. | 

The arrangement of absorbers and GM-counters is to be seen in Fig. 1. 
The simultaneous response of the five counters B indicated that in the absorber 
S, above them, a shower had been produced, such that at least one ionizing” 
particle passed through every counter B. Coincidences (B,B,B,B,B;) were 
registered by a fivefold coincidence arrangement. Counters A placed on the 
two sides of S, and connected in parallel with each other were connected in 
anticoincidence with the fivefold coincidence arrangement. 

Thus the anticoincidence arrangement registered those fivefold coin- 
cidences, which were not accompanied by a response of counters A4,i. e. when 
no ionizing particles arrived simultaneously with the shower-producing par- 
ticle, which could have made respond counters A. By this arrangement dense 
air showers could be eliminated [7]. 


Results 


As absorber S,, in both series of experiments, were used aluminium, iron, 
copper and lead. 

The results obtained in the first series of experiments are plotted in 
Fig. 2. Ordinate values are the numbers of fivefold coincidences per hour, 
the abscissa gives the thickness of the absorber. The number of fivefold coin- 
cidences includes the showers produced by both the soft and hard components. 
Our result, as can be seen from the Figure, is identical with that of Hu: the 
points obtained at small thicknesses of absorber lie on the same straight line. 
Further on the curves separate: they lie the higher, the greater the atomic 
number of the absorber. 

The results of the second series of experiments are summarized in the 
following table. 

The significance of the letters at the heads of the columns of the Table 
is as follows : 
K’ = fivefold coincidences (B,B,B,B,B,), i. e. the sum of the number of 

showers per hour, produced by the soft and hard component. Here the 
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same events have been registered, as in the first series, the only differ- 
ence being, that here the counters P were placed above the absorber. — 
K = anticoincidences (B,B,B,B,B;— A), i.e. the number of showers regist- 
ered without simultaneous response of counters A. 
I = twofold coincidences (KP), i. e. the number of showers per hour, pro- 
duced by ionizing particles. 


© Pb i ; 
o Cu | 


S o Fe 
z= AAl 
700 

ms 

= 

g 

= 

> 

8 

9S 


50 


150.10""nZ 


Fig. 2. Curves obtained in the first series of measurement: showers initiated by the soft 
and hard component. Z is the atomic number of the absorber, n the number of atoms per cm? — 


M = twofold coincidences (KR), i. e. the number of showers per hour, _ 
generated by mesons. 
E = difference between I and M, i. e. the number of showers per hour, 


generated by electrons. 
F = difference between events K and J, i. e. the number of showers per 
hour, generated by photons. 

The numbers of the various events listed in the Table are plotted in 
Figures 3—8 as function of the absorber thickness in nZ?. 

One can see from the Figures, that the points, obtained for different 
absorbers, fall on the same straight line, when the thickness of absorber is 
small, while the curves separate for greater thicknesses of absorber — except 
curves M and F — and lie the higher, the greater the atomic number of the 
absorber. 


67 


SHOWER PRODUCTION AT SMALL THICKNESSES OF ABSORBER 


70 + 8°6 6'0 + 6'8F v0 + 6 OI + ‘8s | It + 1°89 el + 166 19 Z SST L‘0 

COe Ly Eee ove ¢0 FLL 80 + S‘SP 8°0 F 9'%S OT + 0'9L 08 8°OIL S‘0 

Gila Gk S‘0 F 8°82 COOLS S‘0 + SE 60 F S*8E L°0 ¥ 3°09 ZS L‘88 v0 qa 

10 ¥ €‘¢ v0 + 6°42 Z0 0S +0 F 662 v0 + Z‘Ee c‘0 + PES 681 S*99 £0 

10 + 8‘I 0 + L‘9T Z0 + &‘¢ S‘0 F 0°02 S‘0 F 8°12 L‘0 + OLE 98 €PP Z0 

TOM oo ¢‘0 + 6OIT SOT 9S 70 + SFI ¥0 + OST papi btire 601 GiGG 10 

20 + H'8 S‘0 + 2S ¢‘0 + 8°8 9°0 F Ob 9‘0 + e°2S Oe LS) 81 im Gal ie 

€°0 + 6°9 SO--w Le €0 F2‘8 9‘0 + 9'6E L‘0 + S‘OF 8°0 + 8°89 OI 60ZT BT 

20 +6? 9°0 F H'82 ¢0 + £9 9°0 + 8°FE , SLD 72k Ge 8°0 + S‘6S 18 8°00T ST 

ZO Gy SO + PF ¢0 FS‘sS 9°0 + 6°62 90 + I've 8°0 + 8°ZsS 88 9°08 oT ny 

20 + 0°E v0 + 8°81 Z0 + 0°F S‘0 F 8°%e S‘0 F 8°Sz L‘0 + 8°GP £6 S*09 6‘0 

1aOise 8 v0 + 8°F1 20 + SE v0 F E81 FO F 0°02 9°0 + 0°9€ III €0F 9°0 

10 F 60 ¢0 + ¢‘OL 10 + ¢°% 0 + OCT Or SEL v0 + F192 8ST G0 €0 

eer EL s‘0 F s‘0¢ ¢‘0 + $8 9°0 + 8'8E 150 “eels. 8‘0 + ¢'89 €0T SIéL ne 

Z‘0 + 8°S £0 + £82 2-0 sao S*0 F O°SE S‘0 + 8°0F 9‘0 + 1'29 SSI 9FII 0% 

ZOTITS S‘0 F 3S ¢0 F2°9 90 + S‘TE 90 + 9°9E 8°0 + 69S €6 VL6 ai 

ZO +Ee¢ 70 + L‘Zs G0rm Ss r0 + 0°82 S‘0 F ZTE 9‘0 + 9'0S 61 208 VT aq 

20 + VS 70 + OLT Z0F 6S V0 + SIZ G‘0 F 6°&% 9°0 + 66 LOT SLs OT 

LOcr LE PO + LST ZO r0 + OLT v0 + L‘8I 90 + L‘E¢ LOT L0V L‘0 

‘0 + 60 €°0 + 26 TO +61 Se [a a! 70 + OCT S‘0 F S*EZ 26 Gul £0 

Z‘0 + 0°S ¥0 + 69L Z0 + 9'S 60 F S°Zz 90 F HLS L‘0 + 6°&7 06 L‘Z01 0°OT 

aaa ats ¢‘0 + I‘9T ZOTTS 70 + FIZ 70 + 1S S‘0 + L‘OF 61 O'LL S‘L 

ZO + eo 0 + PEL C0 + th TO + LAT S‘0 F 0°02 90 + ers £6 €1S 0°S IV 

TO + 60 eo + ¢‘0L Z0 +9 10 + 6S ¥0 + 8°S1 S‘0 F 8°SZ 06 L‘SZ hd 

10 + 9'0 ¢0 + S‘8 10 = 05% ¢‘0 + S‘OT 0a kel CO S°Ze 16 €‘01 OT 

70°0 + 30 | 20 + 8°9 1.02000 ¢0 + F'8 ¢'0 F 9°8 40 + €°61 601 Jeqiosqe mMoyiTA\ 
(smoy) = 
5 q WwW S| Ma qustwernsvour| 501/220 10 meg aee 

jo owt, any 


“e 


I 48. 


lod 


68 L. NAGY 


8 
©) 


8 
> 
= 
\ 


COUNTING RATE / HOUR 
8 
2 


50 100 


Fig. 3. The number of showers, generated by the soft and hard component obtained in the 
second series of measurement 
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Fig. 4. Number of showers, generated by soft or hard primary. The¥primary falling onto 
the absorber is not connected with a dense air shower 
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Fig. 5. Number of showers generated by ionizing particles 
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Fig. 6. Number of showers generated by mesons 
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Fig. 7. Number of showers generated by electrons 
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This result renders it probable, that ARLEyY’s calculations are valid at 
most for small showers. 

We note in particular that the counting rates of showers initiated by 
mesons lie for the various absorbers on one curve (Fig. 6). The definite pro- 
portionality to Z? is demonstrated in this case by Fig. 9, where absorber 
thicknesses are plotted in nZ3/ units, instead of nZ?; the curves separate 


already at small thicknesses, and the separation is significant. 
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_ Fig. 9. Number of showers generated by mesons. The thickness of the absorber is expressed 
as a function of nZ*/* 


Control of the apparatus 


In the second series of measurements a great number of GM counters 
and electron tubes were used and thus continuous control of the apparatus 
was of particular importance. 

Two of the checking methods may be briefly described. 

Into the electronic units of counters P and R were fed the signals of 
two counters B (e. g. B, and B,) instead of their own pulses. If, at the same 


72 L. NAGY 


time the voltage of counters A is under operating voltage then all the output 
stages ought to count the same rates in this case namely, together with every 
coincidence pulse (B,B,B,B,B,), the twofold mixers belonging to counters 
P and R receive a pulse from counters B, and B, resp. and because of the 
non-operation of counters A, as well from the anticoincidence arrangement, 
which is connected to the coincidence arrangement. 

As a further check instead of counters A one of the counters B was 
connected as well with the anticoincidence stage. In this case the latter and 
consequently the twofold mixers belonging to counters P and R must not 
count, 

The author is greatly indebted to Prof. L. JANossy for his valuable 
advice. 
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POXKQEHVE JIUBHEM MPH MAJIbIX TOJILUMHAX Al, Fe, Cu, Pb 
JI, HAJ{b 
Peswme 


Uccneqosan xog nepspol yacru KpnBoit Poccu mpm pasHbix mornoTuTrenAX. Boreenbs 
JIMBHH, BbISBAHbI Me3OHAMH, 9NeKTPOHAMM M oTOHAMH, 


” 
EINE ANALYTISCHE FORMEL FUR DIE THEORIE 
DER BILDUNG DER ELEKTRONENGRUPPEN 
IM PERIODISCHEN SYSTEM DER ELEMENTE 
Vou 
T. Tres 
YASTETUT FOR THEORETISCHE PHYSIK DER UNTVRRATTAT LODE, POLEN 


(Vorgelegt vou P. Gombas, — Bingegangon s 4 1X, 195%) 


In dieser Arbeit geben wir eine analytische Pormel fir die watere Grenze der Z- Werte, 
i dor sy ps, ds PRlektronen orstmalig in Brecheinung treten, Unsere analytische Forme! 
timmt gut die Ordaungseahton, bei welohen mit dem Binban der s\ p, &, PRektronen- 


grappen degonnen wird, 
; 


Wie bekannt, werden die K—L—M-—N—, .. .Schalen mit den Haupt- 
quantonsablon n= 1,2, 3, 4,5, .. nicht durchweg sukgessiv mit Elektronen 
bosotat, sondern das neu hingukommende Elektron bevorsugt an einigen Stel- 
Jen einen s» oder p-Quantengustand mit hdherer Hauptquantenzahl, obwohl 
in don Schalon mit tieforen Hauptquantensablen noch freie d- oder FQuanten- 
gustiinde vorhanden sind, Diese Unregelmassigkeiten im Atombau des perio- 
dischon Systems der Elomente finden sich #, By bei der M-Schale (der Einbau 
der p-Eloktronen der M-Schale beginnt nicht bei Kalium, Z = 19, sondern 
erat bei Soandium, Z <= 21) wad bei der N-Schale (die Besetaung der N-Schale 
mit PElektronen boginat statt bei Indium, 2 = 49, erst bei Cerium, Z = 58), 

Diese Unrogelissigkeiten im periodischon System hat suerst Fermi [1] 
aut Grund des statistischon Atommodells sehr befriedigend erkhirt, Fermi 
leitete eine Formel fiir dio Gesamtaahl Nx der Elektronen eines Atoms mit der 
Ordnungssahl Z fir die Quantonsustande s, p>, d+, fab, Die Fermische Forme! 
file Nyx ist 
Nyaa [SP RO) a= | . RX. (1) 
; wt 3nZ 


Tn dieser Formel ist K die asimutale Quantensahl, welche fiir die s, p> d-, 


he hat iat 
FQuantonsustinde nue dic diskroten Werte Sy Sey y annehmen kann, 


Die von Fwratt cingefihete Funktion @ (a) welche in der Formel fiir Nx vor 
kommt, hat folgende Form : 


. tw 4 a8. 
(a) = wp (a) ap mit a= | | KR’, 2 
(a) \| (x) «| mit ¢ Sak ( 
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Das Integral in (2) ist tber alle positiven x-Werte zu erstrecken, fir die der 


Ausdruck unter der Wurzel positiv ist. In der letzten Formel ist gy (x) die — 


‘Thomas-Fermi-Funktion des neutralen Atoms. Zum Vergleich mit der Erfah- 


rung hat Fermi die Funktion @ (z) tabelliert und weiter die Gesamtzahl der | 
Elektronen mit der azimutalen Quantenzahl K als Funktion von Z graphisch 
dargestellt. Um eine analytische Formel fiir die Nx zu erhalten, ersetzen wir | 


in der Formel (2) die Thomas Fermi-Funktion gy (x) durch unsere Approxi- 
mation [2], 


go (a) = asics mit a = ier 4 (3) 


Mit diesem einfachen Ausdruck kann man das Integral ®( ) exakt lésen. 
In unserem Falle hat die Funktion ® (a) folgende Form 


D (a) =f i ES ca® x? + (1 —=—2 a) x = a]? 


dx (4) 
x (1 + ax) 
x1 
mit 
1 — 2aa — V1 — 4aa 
Ca , 4 
= 2a? a (4) 
1 =8ac 21S Fax 
y= 
202 a 


= gl 
Fir gd verschwindet die Funktion ® (a), weil in diesem Falle der Aus- 
a 


druck unter der Wurzel im Integrand von (4) negativ ist. Fiir den Fall a = 0 
ist in (4) x, = 0 und x, = co zu setzen. Eine ziemlich lange aber leichte Rech- 
nung zeigt, dass fir 1—4a a < 0 
—2a-+ (1—2ax)x 

x V1 — 4aa 


(1 — 2aa) — 2a? ox 


1 
@ (a) =| — Heese sin 


+ et Ad sin ~- 
i / 1 — 4aa 
ax — 1 | X2 
— arc sin : 6 
+75 1+ ax)\/1 —4ax |x, (6) 


Setzt man weiter in der letzten Formel fiir x, und x, ihre Werte gemass Formel (5) 
ein, so bekommt man fiir die Funktion ® (a) folgenden Ausdruck : 


Oo)=— tart 2, fir o<ach, © 


a 4a 
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Zuerst vergleichen wir unsere Werte fir die Funktion ®(c) mit den 
numerischen Werten von Fermi. Den Vergleich zeigt Tab. I. Aus der Tabelle 


Tabelle I 
Die Funktion @ (a) 


@(a) nach FerMt 3,2 2,2 1,48 0,88 0,36 | 0,00 
@(a) gemiss Formel (7) | 4,3 2.3 1,48 0,85 0,32 0,00 


ist ersichtlich, dass nur fir a = 0 ein grésserer Unterschied zwischen unseren 
und den Fermischen Werten besteht. Der Unterschied rihrt daher, dass 


N« 
35 


30 


unsere Approximation (3) der Thomas Fermi-Funktion nicht das richtige 
Verhalten im Unendlichen zeigt. Zum Vergleich mit der Erfahrung stellen wir 
Nxals Funktion von Z graphisch dar. Wir bringen unsere Resultate in Abb. 1. 
In dieser Abbildung ist Nx als Funktion von Z fir die s-, p-, d- und f-Elektro- 


1 3 5 a 
nen, also fir K = —, G 5 dargestellt. Die Funktion N,, hat in unse- 


2 2 2 


rem Falle folgende einfache Form : 


N, =4(6Z)#8K|1 — Eales (8) 


Die Abb. 1 zeigt, dass der Verlauf unserer Kurven sehr befriedigend ist. Unsere 
Kurven geben einen sehr guten Mittelwert der mehrfach gebrochenen Linien, 
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die sich erfahrungsgemass aus den Stonerschen Tabellen ergeben. Unsere 
Kurven zeigen weiter praktisch denselben Verlauf wie die von Fermi gezeich- 
neten Kurven. 

Bei Anwendung der statistischen Theorie zur Berechnung der ver- 
schiedenen EHigenschaften der Atome hat man sich standig vor Augen zu halten, 
dass die statistische Theorie ihrem Charakter gemass den von Element zu 
Element stark schwankenden Atomgréssen nicht folgen kann, sondern tiber 
diese hinwegmittelt. Das ist der Grund, warum in unserem Falle die Formel (8) _ 
feinere Einzelheiten in der Bildung der Elektronengruppen nicht wiedergeben 
kann. In Tabelle II haben wir einige Werte fiir unsere Nx als Funktion von Z 
angegeben. 


Tabelle II 


Die Gesamtzahl der Elektronen Nx mit der azimutalen Quantenzahl K als Funktion 
der Ordnungszahl Z 


Z Nt, N34), N®), Ny), No), 
3 3,2 0 0 0 0 
4 3,8 0 0 0 0 
5 4,2 0,7 0 0 0 
6 4,8 1,8 0 0 0 

16 1,2 9,5 0 0 0 

20, 8,0 11,6 0 0 0 

21 8,0 12,1 0,1 0 0 

22 8,2 12,6 0,91 0 0 

24 8,5 13,8 2,4 0 0 

30 9,3 15,9 6,5 0 0 

40 10,4 19,3 12,1 0 0 

50 11,4 22,2 16,9 0 0 

55 11,8 23,5 19,1 0 0 ; 

58 12,1 24,2 20,3 0,5 0 . 

59 12,1 24,4 20,7 1,0 0 

65 12,6 25,9 23,0 4,3 0 

10 13,0 26,9 24,9 6,8 0 

80 13,7 29,0 28,3 11,6 0 

90 14,3 30,9 31,4 16,0 0 

100 14,9 32,6 34,3 20,0 0 

103 15,0 33,1 35,2 21,3 0 


Weiter geben wir in Tabelle III die untere Grenze der Z-Werte, bei der 
s-, p-, d- und f-Elektronen erstmalig in Erscheinung treten. Diese Zahlen sind 
diejenigen Z-Werte der Abb. 1 und Tab. I, fiir welche die N, der Wert 1 anneh- 
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men. Tabelle IIT bestatigt sehr gut den empirischen Befund fiir die untere 
Grenze der Z-Werte, bei der die s-, p-, d- und f-Elektronen erstmalig in 
Erscheinung treten. 

Fiir die d- und f-Elektronen ergibt sich allerdings eine geringe Abweichung 
von der Erfahrung, da, wie die Erfahrung zeigt, die d-Elektronen schon bei 
Scandium (Z = 21) und die f-Elektronen bei Cerium (Z = 58) beginnen. 

Unsere Formel (8) gibt hier etwas grissere Werte, es ist aber zu beachten, 
dass unsere theoretischen Werte, Z = 22 und Z = 59 den empirischen Werten, 
J —21 und Z = 58 bedeutend niher liegen als Z = 19 und Z = 47, wo man 
bei einem vollstandig regelmissigen Aufbau das erstmalige Auftreten der p- 
und f-Elektronen erwarten sollte. 


Tabelle D1 


Die untere Grenze der Z-Werte, bei der s-, p-, d-, und f-Elektronen erstmalig in Erscheinung 


treten 


Die untere Grenze der Z-Werte fiir 


s-Elektronen | p-Elektronen d-Elektronen f-Elektronen 


Erfabrung.........ssseeeeeeeeeees 1 5 21 58 
mach FERMI...........eeeeeeseeee 1 5 21 55 
nach Gleichung(8) ......++++++++++ 1 5 22 59 


Herrn Prof. F. J. Wisnrewsk1 danke ich fiir sein Interesse an dieser 
Arbeit. 
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AHAJIUTHUECKOE BbIPAYKEHHE 1A TEOPHUM BOSHHKHOBEHHA SJIEKTPOH- 
HbIX FPYMM B MEPHOQMYECKOM CHCTEME 9JIEMEHTOB 
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B orolt paGore alOTCA AHANMTHUCCKHE BbIPAKCHHA [WIA TAKUX MUHMMA@JIbHBIX 3HaYeHHH 
Z, Tipu KOTOPHIX MepBbili pas BCTPeUaloTcs S, P, d, f-aneKTpoHbl. YKASAHHOe AHATUTHYECKOC 
BbIPAKeHHe XOPOMO oMpemeAeT TE ATOMHDIC HOMepa, Y KOTOPbIX HAYMHAOT ZaNOTHATHCA 
s, p, d, f rpyttbt s1eKTPOHOB, 
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(Presented by P. Gombas. — Received : IX. 7. 1957) 


A new method is developed for the determination of the energy band spectrum of 
metal electrons. An essential advantage of the method is that it applies plane waves. This 
is made possible by the introduction of a “repulsive” potential, which takes care of the high 
kinetic energy of the eigenfunction oscillating in the neighbourhood of the nuclei. Thus the 
valence electrons can be treated as if they filled the Brillouin zones gradually from the lowest 
Brillouin zone. This also means that in this model the eigenfunctions of the metal electrons 
can be well approximated by the linear combination of a few plane waves. The number of 
the rows and columns of the secular equations arising at the degenerate points in the neigh- 
bourhood of the boundaries of the Brillouin zones is low. The problems associated with the 
repulsive potential in the matrix components of the secular equation are investigated in 
detail. It is shown that these matrix components are such that they do not alter the qualitative 
structure of the secular equation. The value of the matrix components of the Hamiltonian 
varies in the Brillouin zone from place to place. This fact considerably increases the numerical 
work as compared to the older free-electron model. As compared to the newer methods, howe- 
ver, this disadvantage, is not peculiar to the method presented here as they, although for 
other reasons, also involve tedious numerical work. . 


Introduction 


In the electronic theory of solids the quantitative determination of the 
energy spectrum presents a very important problem, a satisfactory solution 
of which has up to now been obtained only for a few metals. The method 
of Wiener and Se11z [1] is simple and yields good results for the lower edge 
of the energy band of metal electrons. However, the generalization of this me- 
thod given by StaTER [2] can be applied to alkali metals only, because, as was 
shown by SHockLey [3], the method involves an error, which makes the quali- 
tative results doubtful already for the upper edge of the highest filled band. 
Although the recent extension of the method by Lace and Betue [4] increased 
the accuracy it also involved a considerable increase in work. Another method 
by Sater [5] is easier to apply to higher energies, but it is very tiresome. The 
method described in the present paper is a generalization of GomBAs’s [6] 
method and is based partly on the statistical theory. Thus it can be well used.. 
particularly for the treatment of heavier metals and can be regarded as a 
natural supplement to HERRING’s method [7] which is mainly applicable to 
lighter metals. The chief advantage of the method to be described is that it 
proceeds on a mathematically well prepared way and is thus easy to apply. 


80 R. GASPAR 


1. Electronic structure of solids and the valence electrons 


If we want to draw a comparison between the electrons of free atoms and 
those of solids (excluding solids, which contain transition elements) we 
have to classify them into two main groups, namely 1. the core electrons, — 
which form a noble gas like (ns)? (np)® or a (nd)! shell and exhibit — 
to good approximation, an identical distribution in the free atom and in the 
solid. 2. the valence electrons, the possible energy values of which in the station-~ 
ary states of the free atom show the characteristic distribution of a discrete _ 
spectrum. In the solids the energy of the same electrons have a band spectrum. : 
A further essential difference between the two groups is that whereas in solids 
for the core electrons the grouping according to the orbital quantum number 
can be regarded as a good approximation just as for the core electrons in the 
free atom, no definite orbital quantum number can be assigned in solids (in good 
approximation) to the valence electrons apart from some exceptional cases. 
The physical reason for this is the following. In solids it is a common property 
of the electrons that in principle none of them belongs to a definite atom, they 
wander from atom to atom. The essential difference between the core electrons 
bound in the inner shell and the valence electrons is that the density maximum 
of the former is in the neighbourhood of the nucleus and thus the probability 
for these electrons to approach a “foreign”? atom is small. For the valence 
electrons the outer density maximum is in the region midway between the 
atoms and thus they cannot be localized around an atom not even for a short 
period. One of the consequences of the properties mentioned here is that the 
electrons in the inner shel's keep the quantum numbers assigned to them in 
the atom in the solid too and these play an essential role in the description 
of their eigenfunctions, while for valence electrons these quantum numbers 
may have but symbolic significance if any. The classification of the core 
electrons according to the orbital quantum number plays an important 
role in the statistical theory of metallic bond and thus it is absolutely neces- ~ 
sary to investigate how the theoretical determination of the energy band 
spectrum of valence electrons can be carried out with regard to this fact. 

In most solids, owing to the high constancy of the potential field, the 
eigenfunctions of valence electrons can be described by few plane waves in the 
7/8 th of the elementary cell. In the 1/8 th of the cell around the nucleus the 
eigenfunctions of valence electrons have nodal surfaces and oscillate intensely, 
which is due to their orthogonality to the eigenfunctions of the electrons of the 
ionic core. This intense oscillation increases the kinetic energy and thus the 
total energy (the sum of the kinetic and potential energies) is comparatively 
great ensuring that the valence electrons remain in the very high-lying valence 
band. Thus itcan be seen that the region around the ionic core, which is 
at equilibrium nuclear distance about 1/8 th of the elementary cell is very signi- 
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1 
ficant. Ifthe energetical conditions of the valence electrons of solids are to be 
treated the above mentioned increase of the kinetic energy must be taken into 
account. Here we restrict ourselves to the cases where the initial eigenfunctions 
are plane waves. This condition ensures namely that the eigenfunction with 
any arbitrary wave number vector can be set up readily and besides in 7/8 th 
of the elementary cell already the zeroth approximation yields excellent values. 
In this connection we may refer to two methods, that of orthogonalized plane 
waves developed by Herrine and the one to be developed here, which is not 
orthogonalized, i.e. it works with simple plane waves, but investigates the 
motion of electrons in a modified potential field. As in the construction of the 
modified potential field the classification of electrons according to their orbital 
quantum numbers plays an important role, we shall investigate the behaviour 
of an electron represented by a plane wave from the point of view of classifi- 
cation according to the orbital quantum number. 

Be the eigenfunction of the electronic state in a space of volume 2 


he" 
We = Qe el(f t) (1) 


with the wave number vector f, and the kinetic energy of this electron 
“ : 
E=—|T/, 2 
aid @) 


where t is the radius vector. There exists a close relation between the plane 
wave (1) and the spherical harmonics occurring in the classification of electrons 
in the centrally symmetrical potential field of the free atom. The plane wave 
can thus be expanded in a series 


i(ft,) © 
pr=———- S (+ ij (br) P; (cos 8) (3) 

Qry2 70 
[s];r= | r—tn|, 0 and ¢ are polar coordinates around the n-th nucleus as 
centre and have an axis parallel to the direction of f- ci | f |, tn is the radius 


vector drawn to the n-th nucleus, P, (x) is a Legendre polynomial and 


ie) =(Z) Neh (4) 


Ji,4(%) is a Bessel polynomial. From (3) we obtain after multiplication 
by the conjugate complex and averaging over all possible values of the 3 


6 Acta Physica IX/1—2. 
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and » the weight of the electrons of orbital quantum number / at a distance 


r from the nucleus 


a, = (2 + 1) ji (Br). (5) 


Or, by introducing the normalized probability a; corresponding to the assump- ' 


tion > a; = 1 we obtain 
7 


aj = (21 + 1) 72 (kr). (5’) 


Fig. 1 shows the probabilities a, plotted as functions of kr. It is clear that a 


Fig. 1. The quantities aj occurring in the expansion of the plane wave in terms of 
spherical harmonics. The quantities in the figure are given in atomic units 


small values of kr the s states prevail, whereas at places near the edge of the 
elementary cell, especially at higher values of the wave number vector, the 
states of higher orbital quantum numbers predominate. 


2. General characteristics of the matrix elements of operators in the valence 
electron states in solids 


The most important problem of the electronic theory of solids is the 
determination of the energy spectrum. With the aid of the latter the other 
data can be obtained by direct methods. To determine the energy spectrum the 
average values and matrix elements, respectively, of the operators must be 
evaluated. We now want to discuss the problems associated with these. 

The situation is the simplest in the cases where the operator to be averaged 
over is spherically symmetrical a1ound each of the nuclei, i. e. it depends on r 
only (the potential energies are mostly of this kind, e. g. the Coulomb interac- 
tion with the nucleus, the average field of the other electrons etc.). In such 


~ 
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a case averaging over the angles can be carried out immediately and the matrix 
elements can be obtained by a single integration over r [9]. 

A more difficult case is where the operator also depends on the angles 
and contains just the differential operators with respect to these angles. An 
operator of such a type is e. g. that of the kinetic energy and that of the square 
of the total angular momentum. Consider a prototype of such operators in 
detail. Be our operator, which we denote for brevity by ~, defined by the 
equation 


jee Wrnak, 


| 0, ff r>R, 


2 
me? = | 9 (iO | + | 
sind? ob ao sin? ? dg" 


is the operator of the square of the total angular momentum. Thus the operator 


Lo 


(6) 


where 


essentially is one of the square of the total angular momentum within a sphere 
of radius R, whereas outside this sphere it is the operatoi of the multiplication 
by the constant 0. Let us form the average value of the operator % over a 
sphere of radius rp (R < ro). [In the theory of solids this sphere is as a rule the 
so-called elementary sphere (see later)]. With (6) and (3) we obtain 


%= YA MLE+1), (7) 


where 


32 21-+1/(R)\? 
eer s. \- |) kR) — kR kR 8 
4 kro | } |r! ) {oem yd, 3 es (8) 


To 


In the detailed examination of the weight factors A, we take into account the 
dependence of the wave number factor on rp. As the wave number vectors are 
defined in the reciprocal lattice, we may write 


ae (9) 


To 


where b under the normal conditions is a number of the order of 1. With 
the aid of (9) (8) may be written in the form 


2 
4a (El ha 1pS]-4_1(6 4 


4 b T; a\ To =A Nada 


eal (10) 


Ue aE To 


It is obvious that (10) can be regarded as a function of the quantities 


R 
b——=y and b, where b solely depends on the type of lattice and the place 
To 


6* 
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occupied by the valence electrons in the band but does not depend on the lattice 
constant. The dependence of A,;on the lattice constant as well as on the radius 
R in the definition of the operator x is involved in y. In Fig. 2 the so-called nor- 
malized Aj-s are exhibited in accordance with the representation of Fig. 1. 
The normalization was carried out in such a way that 


Aj (y) =1. 


Thus we only want to know how the ratios of the s, p, d, f, g, ... -states vary, 


kR 


Fig. 2. The auxiliary quantities A; necessary for the determination of the matrix 
element for the operator x. The quantities in the figure are given in atomic units 


for the time being the variation of the absolute value of the weight factors 
not investigated. Accordingly 


Atte SU alee 11) =F, ial (1, (11) 
4 BY | ns sea ee | 


which is already a function of y only. 

Under the Figure there are several scales with arrows showing the places 
corresponding to various values of 6 at various values of R/r,. The arrows 
marked 1, 2, 3 ete, indicate the radii of the Fermi sphere at 1, 2, 3 etc. electrons 
per atom, It is clear that at lower values of R/r, the weight of the states of 
lower orbital quantum numbers (mainly that of the s-state) are great. This is 
very important from the point of view of the repulsive potentials because 
(see later) these take values different from zero only within the ionic core, 
which is a region of small radius near the nucleus. R, which can be defined 
in connection with the repulsive potentials, is smaller than 1/2, which 


ee 
or 


PLANE WAVE METHOD WITH A MODIFIED POTENTIAL FIELD 
se 
makes it plausible that the weight of these states greatly increases. This was 
confirmed in the case of the Al metal [10] that carrying out the calculation 
associated with the metallic bond, even with the aid of an s type repulsive 
potential, results not very different from the experimental data were obtained. 


3. The free electron method and the difficulties involved 


In principle the theory of the electronic structure of solids [11] can be 
developed simplest by building up the total eigenfunctions of metal electrons 
of plane waves of the form 


y= ei( 4 (12) 


where fis the wave number vector of a free electron. In the periodic potential 
field 

V= a V pet! r) (13) 

hy, Ma, My 


2 


the eigenfunction of an electron can be written in the form 


y= \ ay ef (@ + 2xbh),r) , (14) 
hh, Nay Ma 
In (18) and (14) 
H=hy, by + hy bg + Ay bg (15) 


is the lattice vector of the reciprocal lattice and b,, bg, bs are the basic vectors 
determining the axes of this lattice, The eigenfunction y satisfies the Schri- 
dinger equation 

2m 


Ay + = (E—V)p=0, (16) 


if the a,-coefficients satisfy the homogeneous linear equations 


y A® © ’ r a 
|e —Vooo — = | E4- 2erg |* [ag = ~ ayy Vy- (17) 


(17) has a solution only if the determinant which can be formed from the 
coefficients vanishes. The determinantal equation thus provides a defining 
equation for FE which so far is unknown; the solution of this equation thus 
immediately gives the energy of the electron belonging to the wave number 
veetor f. Inserting the value of J into (17) and solving this equation for the 
a, coefficients we obtain the unknown coefficients of the eigenfunction. In 
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the course of the actual determination of the energy eigenvalue we cannot 
of course take all Fourier coefficients V,into account but have to select 
those the order of magnitude of which is relevant for the secular equation. 
According to (17) those Fourier coefficients for which the condition 


Fong —E,>|Vo| (18) 


is fulfilled can be neglected. In (18) 
h2 

Eng = — | 27g |? + Vigo - (19) 
2m 


For metals occuring in nature E,,,—E, ~ 20eV, when for g its smallest 
possible value is taken into account. If the potential is the potential of the 
ionic core and that of the valence electrons without any repulsive potential then 
there are many Fourier coefficients V,the order of magnitude of which agrees 
with that of E,,, — E, and thus the free electron method in this form is not 
suitable for the determination of either the energy or the eigenfunction. 

Let us consider the real reason for the inapplicability of the method in some 
more detail. Retaining in the system of equations (17) but a few coefficients, 
(the largest of them), the smallest root of the secular equation gives a rough 
approximate value for the energy of the valence electrons. Taking more and 
more coefficients into account the lowest root of the secular equation does 
not approximate the energy of a valence electron but that of a core electron of 
smaller energy, while the energy of valence electrons is approximated by a larger 
root of the seculax equation. Thus the above formulation of the problem is 
too general, demanding, that the method yield the energy and eigenfunctions 
of the core electrons too. This is, however, not necessary at all, since we 
already know these to an accuracy satisfactory for our purpose. The excessive 
generality of the method becomes still more obvious if the situation is examined 
from the standpoint of eigenfunctions. The assumption of the eigenfunction 
in the form (14) is based on the assumption that the approximate eigenfunction ~ 
can be well approximated at least partly by plane waves. This is the case for 
electrons in the valence band and in the conduction bands. For the core 
electrons, however, the case is essentially different. The eigenfunction of the 
core electron keeps its atomic character and is no plane wave, it is expo- 
nential far from the nucleus and oscillates inside near him. To approximate 
such an eigenfunction by plane waves is of course very difficult and most 
of the difficulties associated with the method treated above are due to this 
fact. The solution is obvious: the method has to be modified so as to be 
applicable to valence electrons and conduction electrons only, which are inte- 
resting for us in any case. 
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Let us now proceed to investigate the eigenfunctions of valence and conduc- 
tion electrons in some more detail. As has been mentioned above the eigenfunc- 
tion of these electrons can be well approximated by a plane wave in the greater 
part (about 85%) of the elementary cell, as there the potential is constant. 
Significant deviation from the plane wave eigenfunction can only be experienced 
in the immediate neighbourhood of the nucleus where the eigenfunction begins 
to oscillate just like the atomic eigenfunctions. What is the immediate reason 
for this? In this region the potential changes very rapidly and near the nucleus 
tends to infinity as Ze/r. Owing to the smallness of the average value taken 
over this region the potential energy of the electron is very small (its absolute 
value is very large). The valence electron is in a state of higher energy; this 
is made possible by the average value of the operator of the kinetic energy 
taken in the inner region for the oscillating part of the eigenfunction. The 
situation can be described in this way if the energy relations are considered 
only in a formal manner. 

It is due to the Pauli principle that the electrons in the atom occupy 
states of higher and higher energies. It has to be considered in detail how the 
difficulties associated with the eigenfunction can be overcome, if the kinetic 
energy increase due to the Pauli principle is taken explicitly into account. 


4. Reduction of the problem to the treatment of valence and conduction electrons 


As has been shown above the most obvious solution of the problems would 
_ he to eliminate the core electrons from our treatment and to simplify our method 
to such an extent that it becomes suitable but for the treatment of valence and 
conduction electrons only. As the eigenfunctions of the core electrons are 
practically the same for the free atom and the solid, these could, if necessary, 
be used for the above simplification. 

For this simplification several methods present themselves. Among these 
we mention those which aim at the correction of the plane wave. HERRING 
orthogonalized the plane waves to the eigenfunctions of the core elec- 
trons and achieved thus the appropriate behaviour of the eigenfunctions 
in the neighbourhood of the nucleus ; further the orthogonality secures 
the necessary smallness of the matrix components of the potential energy. 
The second possible method was suggested by SLATER [13]. The essence 
of the method is to retain the plane wave far from the ionic core and to replace 
it inside a sphere of radius R around the nucleus by the linear combination of core 
electron solutions having the energy of the plane wave. Whereas HERRING’s 
method has already been tried out in the theoretical treatment of several metal 
and semiconductor SLATER’s method has not been applied yet. 
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Both these methods require an essential modification of the plane wave — 
eigenfunction in order that the matrix components satisfy relation (18). This — 
results in the loss of the most desirable property of the older methods, their 
comparatively simple structure and easiness to handle. We shall attempt to 
modify the free electron method in such a manner which makes possible to 
start from the plane wave eigenfunctions of the free electrons when treating 
the valence and conduction electrons. 

The solution of the problem is made possible by the fact that for the 
valence and conduction electrons a modified potential field can be given 


Vie Vii y (20) 


which possesses several important properties. 

1. The operator Min (20) is such that if the density and the wave function 
of the core electrons of the free atom are given, the operator can immediately 
be determined with their aid. 

2. The average value of the potential field taken over not too small 
regions does not, in the regions near the nucleus, significantly decrease below 
the average value over the regions far from the nucleus. In this connection we 
may refer to our investigations into the binding and electronic structure of the 
K metal [9]. 

3. Consequently, the eigenfunctions of the valence and conduction elec- 
trons can be well approximated by plane waves all over the sphere (including 
the 1/8 th part of the volume around the nucleus). 


5. Introduction of the repulsive potential and the total potential 


For the calculation of atomic term values and for the treatment of 
monovalent metals a certain form of the repulsive potential has been used 
for a long time, the kinetic energy increase due to the Pauli principle having 
been taken into account in the form of a potential energy [6]. The potential 
of this energy is 


a Romie Bt b> (21) 


In (21) @ is the total electron density of the ionic core and g; the density of the 
electrons which occupy states of energy lower than that of the lowest possible 
energy of the electron to be treated, | is the orbital quantum number 


P 1] 
of this electron and 7) = = (37")?/8eay is a constant. As has been shown 


by some recent investigations [14] the modified potential field obtained with 
the aid of (21) yields good approximation only if the outermost closed shell of 
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the ionic core is an (ns)® (np)®, a so-called noble gas like shell. According to 
GompAs the repulsive potential 


2 
mM" edy 3 1 eay 


oe D? — 22 
8(2i+1)2 4 7 ot 


i= 
is correct not only for noble gas like ionic cores, but it is correct for other ones, 
e. g. for a closed (nd)" core. In (22) Dis the radial density of the electrons 
with the orbital quantum number | of the ion and e is the charge of the proton. 
a, is the first Bohr hydrogen radius. 

The above repulsive potentials (21) and (22) were introduced with the 
aid of statistical methods. Several authors have dealt with their wave-mechan- 
ical foundations [15]. 

To a good approximation the atomic electrons move in a central symmet- 
rical potential field and asa result the states of these electrons can be characte- 
rized by the magnitude of the total angular momentum and one of its compo- 
nents, i. e. by the orbital and magnetic quantum numbers. Accordingly the 
repulsive potentials vary with these quantum numbers of the electrons. In 
solids the central field remains for the electrons of the ionic cores a good 
approximation i. e. it remains practically the same as in the free atom and 
thus the form of the repulsive potentials remains as given by the expressions 
(21) and (22). However, we want to characterize the metal electrons by plane 
waves and for these the momentum and not the angular momentum is well defi- 
ned. It is thus necessary to replace the repulsive potential by an operator which 
can be applied to an arbitrary eigenfunction and leads in the special case of 
atoms to the former well proved form. Be the operator @ diagonal in the system 
of spherical harmonics and its eigenvalues the repulsive potentials (21) and (22) 
respectively, i. e. 


OYT =, (r) YT, (23) 


where Y‘" is the spherical harmonic with indices | and m, It is certain that 
operator @ is hermitic as its eigenvalues are real. Assuming that it is linear 
too, it can be written in the form 


 (r,0,9) —— P(r) M® (24) 
l 


where M? is the operator of the square of the total angular momentum and 
ci = 7-2 U(L + 1) is its eigenvalue. Thus in the case of atoms operator leads 
to the same repulsive potentials as the selection according to orbital quantum 
numbers. For a valence electron, as will be shown later, it can be well applied 
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too. The author has already used the operator ® for investigations on the 
binding of the Al metal [10] and the results obtained were in good agreement 
with experiment. 

To set up the total potential is a very delicate task, as the first term of 
expression (20) is composed of several parts 


V — Vion + AS + Vase. a Powe + Vases oe Va (25) f 


The first three terms of (25) are the Coulomb, the exchange and correlation — 
potentials due to the ion with closed shell. The second three terms denote the 
corresponding terms due to the valence electrons except the one in question. 
Here we do not deal with the individual terms in detail, but will refer to them 
in connection with their practical application further below. In any case it is 
evident that the modified potential which is the sum of (25) and (24) is a very 
intricate function consisting of many terms and thus we will describe a simpler — 
semi-empirical method by which it is easier to determine the potential of the | 
ionic core. 

For the treatment of alkali metals HELLMANN [16] succeeded in apply- 
ing a semi-empirical method which essentially consists of the following : 
The part due to the ions of the periodic potential can also be determined by 
using the term values of the atom or ion (ionic core and one electron). Hell- 
mann’s method will be generalized for the determination of the resultant of 
the ionic potentials. 

In the investigation of the structure of solids ions of its atoms with closed 
electron shells play a great role. Supplementing each shell with one valence 
electron it forms an atom or ion the term values of which are known from the 
study of are and spark spectra. Knowing the term values we can always 
construct a potential function with the aid of which, in the case of an adequate 
form of the eigenfunction we can reproduce the term values. In practice, 
however, the method set up in this way is too general, because the few term 
values do not uniquely determine the potential function owing to the great 
variety of possible forms of the eigenfunction. Taking however, the experience 
gained from the calculations of atomic and ionic eigenfunctions into acount, 
in the region far from the nucleus the form of the eigenfunction can qualita- 
tively be well given as an exponentially decreasing function, provided however, 
that the eigenfunctions of the electrons of the ionic core are known. Then the 
requirement that the eigenfunction of the valence electron should be orthogonal 
to those of the same orbital quantum number of the ionic core, determines 
the form of the eigenfunction comparatively well. Naturally, the eigenfunctions 
of the electrons of the ionic core are generally not available. Then we may 
proceed in such a manner that we neglect the internal oscillation of the eigen- 
function of the valence electron and take the kinetic energy thus neglected in 
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the form of a potential energy into account. From all this follows that the 
potential set up in this way for states of various orbital quantum numbers 


will differ from state to state. Again be r the distance from the nucleus and ze 
the charge of the ion, then the simplest form of the potential is 


Vj, = — A, re" (n, >—1). (26) 


r 


The first term of (26) represents the Coulomb-like potential outside the ionic 
core, and the second term, the deviation from the former inside the ionic 
core, the non-Coulomb-like part. A, and a; are constants the values of which 
must be determined with the aid of the experimental atomic terms of the orbital 
quantum number /-7, is an integer, which will be determined in advance in 
concrete cases on the basis of trivial considerations. The second term in (26) 
actually involves all the non-Coulomb-like electrostatic terms as well as the 
repulsive potentials taking account of the missing kinetic energy. Writing (24) 
in the form 


V, = Visited + WO) . (27) 


the formalism of the theory set up on the basis of the former repulsive potentials 
can be applied with the difference that the role of the @-s in it is formally 
played by the ss. Of course, we want to emphasizé that the @s and the 
ws differ greatly from each other. The @® |-s occur but in the operator represent- 
ing the repulsive potential while the a;-s include the non-Coulomb-like interac- 
tion with the ionic core, the exchange interaction with the core electrons, the 
correlation interaction due to the electrostatic forces and still other possible 
interactions which would otherwise be very difficult to take into account. 


6. The matrix elements of the Hamiltonian 


The one-electron Hamiltonian occurring in the determination of the 


energy of the electrons is now 


42 
Wee = V ee (28) 


2m 


and its matrix element which can be most generally defined is 
1 ; yx 
H'yy = oa hia [(f+20h)r] Feil +27b) x] dr (29) 


£ 
= Agy — eVoy —e Pins 


92 R. GASPAR 


where the integration is to be carried out over the total volume 2. In the 
following we assume that Q is aso-called basic region of the solid i. e. 2 repre- 
sents the period of the wave function occurring in the averaging and the pos- 
sible values of f form a quasi-continuous discrete set. Taking this into account 
the matrix element of the operator of the kinetic energy is 


h 
Ayg, = (30) 


where 0,,,, is the Weierstrass symbol. The matrix element of the electrostatic 
type potentials can be very easily determined 


ae = = i Verril's’— 9) 1 dr =Va, (31) 


as f’—f = q is a lattice vector of the reciprocal lattice and thus (31) is a coef- 

ficient of the Fourier expansion of the potential V. (31) is in general indepen- 

dent of £ and thus it need be determined only once, regardless of the value of f. 
The matrix element of the operator of the repulsive potential is 


Diy. = ae i[(f-+ 27h) vr] Dei lt + 27h’) r] qr , (32) 


2 


Taking (23) and (24) into account and using relations 


——— P,, (cosw)= x yee (cos 0) P™(cos Jy) el” ~ %) (33) 


and 


2n+1 (nm) 


Pies 
2 (n +m)! 


P™ (x) (34) 


and by integrating over the angles we obtain 


S (21'-+ 1) P, (cos w) {2 (r) j, (kr) j, (k’r) dr (35) 


0 


Aa 
Diy = Os 
In (35) k = |£+ 2x ki =|£+ 2h’ | and w is the angle formed by the 


vectors f + 27 and {+ 22%’. For sake of clearness the quantities in integ- 
ral (32) are shown in Fig. 3. 
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On the boundary surfaces of the Brillouin sones the eigen) alues obtained 


in the free electron approximation are dogenerate, The degeneracy vanishes 
under the influence of the periodic potential field (at loaat partly), The complete 
solution of the corresponding approximation of the perturbation theory 
requires the solution of a secular equation, The matrix clomonts of the seoular 
equation are just those of the Hamiltonian, As is immediately evident from 


Pig. 3 Quantities and coordinate ayetem for the ealealation af the matrix element TONS 


expressions (31) and (32) Q is also a lattion veetor if in the relation Do) = a 


YW and J) are lattion veotors, thus apart from the diagonal torme the seoular 
equation only involves the Fourier coefficients of index gq of the potential, 
“Tn addition to these the diagonal cloments contain only the unknown energy 
and the average value of the operator of the kinetio energy, 

p) If the one-electron Hamiltonian also containe a roprulaive 


above assertion ix not true as Php, ie not only a funotion of but ali of other 


~ reciprocal lattice veetors and of t Troan be proved, however, that the structure 


4 ‘ - 
of the seoular equation will be sue ax i I, wore a funotion of the rooiprooal 
thin faet aa ie ia only this 


* lattioe veetor g only, Tt is very important to prove 
i way that it can be ascertained that our theory provides the same resulta in 


its qualitative aspeots as the other theories, 


potential the 


a The general condition of degeneracy can be written in the form 
4 
| f+ Qa fy |B = | Eee’ Bee. [EO ye (40) 


eae 


on with our notations 


hh = hi a...= A) (vt) 
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With regard to (36) it is evident that the integrals in (35) are the same for all’ 
the ©{,, matrix elements in the secular equation. Thus the ®,, matrix ele- 
ments differ from each other only owing to the different values of o. The 
value of w, however, as is shown in Fig. 3, depends on the g only as the sides | 
of the angles are, owing to (37) all equal and the third side of the triangle is” 
2x g. Thus we have proved that ,, owing to (36) and (37) as well as to the 
relation (k + 2a h’) —(£+ 2%) =2a (f’—h) = 2m g, does not change the) 
structure of the secular equation although it is a function of the three quan-— 
tities indicated by the indices. 


Discussion 


In the preceding sections it was shown how to determine the eigenfunc- 
tions and energy eigenvalues of the valence and conduction electrons by our — 
method. Of course, the practical applicability of the method depends on 
whether the simplification introduced decreases the number of rows and 
columns of the secular equations by a sufficient order of magnitude. 4 

In this respect valence electrons can be classified into two groups: a) | 
Valence electrons for whichthe overlap of atomic eigenfunctions on neighbouring 
atoms is great, such as the s and p electrons of the outermost shell. The eigen- 
function of these can be well approximated in the whole elementary cell by 


a plane wave, if the end point of the wave number vector is not in the neigh- 
bourhood of any of the boundary surfaces of the Brillouin zone. However, | 
even in the latter case the linear combination of a few plane waves will yield a | 
satisfactory result, as even in the most intricate case, when the planes bounding _ 
the zone cut each other, there are at most four Brillouin zones and not many 
more reciprocal lattice vectors determining the former. b) As belonging to the 
second group we may classify the d and f electrons of transition metals. In 
our approximation these can of course also be described by an eigenfunction = 
which is free of internal nodal surfaces and here our method also provides for 
a significant simplification. In the case of these electrons a greater difficulty 
lies in that the eigenfunctions of d and f electrons keep their atomic character 
and form, rather than do those of the other electrons. This is due to the 
fact that the spatial dimensions of the d and f atomic eigenfunctions are smaller 
than that of the outermost s and p electrons. The difficulty here lies in the 
fact that for the description of these states such a linear combination of plane 
waves must be selected, which is similar to the eigenfunctions of the atomic d 
electrons in the greater part of the elementary cell (particularly in most part of 
the neighbourhood of the nuclei). To this end, of course, several plane waves 
must be superimposed. Further investigations would be necessary to decide 
whether the difficulties encountered here are significant. 
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ONPEHENEHHVE 30HHOFO SHEPrETMYECKOrO CMEKTPA 3JIEKTPOHOB 
B METAJIJIAX 


P. PAWINAP 


Peswme 


B padore BpipadoTaH HOBbI MeTOA AIA OMpeqeTeHHA 3OHHOFO CME€KTPa BIEKTPOHOB B 
Metanax. CytlecrBeHHoe mpenMyljecTBO MeTOAa, 4YTO OH TOb3syeTCA YHCTbIMM TIOCKMMH 
BONHAMM. STO MOCTUraeTcA TeM, UTO B CMy4ae MIOCKMX BOTH BBOAMTCA JIOMOJHUTeIbHBIM T10- 
TeHIMa JIA BOSMeMeHHA OoMbUIOK KHHETHYeCKOM 9HEPruH COOCTBCHHBIX dyHKuMH, ocuMIH- 
PylOWux B ONZOCTH ATOMHDIX ep. Takum 00pa30M 9eKTPOHbI MPOBOAMMOCTH MOIKHO Tpak- 
TOBATb TaK, Kak OyA{TO Obl OHM 3aNOJIHAIIM 30HbI Bpvs109Ha MOCTeneHHO, HAdMHA OT HusWeH, 
Sro 3HauuT, 4TO cOOcTBeHHbIe P@yHKUMM MeTAIIMYeCKUX QNeKTPOHOB XOPOLO anipOKCHMH- 
PyOTCcA KOMOMHALMeH HECKOIDKUX MIOCKHX BOJIH. CrelleHb CeKYyJIAPHbIxX ypaBHeHnnit Ha BbIPOK- 
JCHHBIX MeCTaX BOJINSH TpaHHibl 30H Bpus0sHa ABIAeTCA HM3KOH. JleTanbHO UCCIeOBAHbI 
B paOoTe mpoOemMbI CeKyNAPHOTO ypaBHeHMA B CBASH C JOMOMHUTeHBIM ToTeHuMasoM. Ilo- 
Ka3aHO, YTO MATPHUHbIe 9IEMeHTbI OMOMHUTEBHOTO MOTeHIMana TAKOBbI, YTO OHH HE M3Me- 
HAIOT KaYeCTBeHHy!0 CTpyKTypy CeKyIApHOrO ypaBHeHHA. 3HaueHHe MATPHUHbIX IIICMCHTOB 
TraMuNTOHHaHa MeHAeTCA B 30He Bpuyiio9Ha Cc MecTa Ha MCCTO. ror PakT 3Ha4WMTeIbHO yBeuM- 
YMBACT OObEM MCUMCIUTEIHOM padoTbI M0 OTHOMIeHHIO K crapureli Mogemm co cBoOosHbIMU 
gmeKTpouamn. Io orHOmeHMI0 K Oosee HOBbIM METOAAM, 9TO HE ABNACTCA HEOCTATKOM, TAK Kak 
— XOTA M10 9TOM MpH4uanMHe — TAM BCTpeuaeTCA TMOMOOHOe IKE MOIOPKEHHE. 
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BESTIMMUNG DES VERHALTNISSES ZWISCHEN DER 
ZAHL DER PHOTONEN UND DER ZAHL DER ELEK- 
TRONEN IN DEN AUSGEDEHNTEN LUFTSCHAUERN 
DER KOSMISCHEN STRAHLUNG MITTELS EINER 
WILSONKAMMER 


Von 


I. DonAn,* T. Gémesy, T. SANDOR und A. Somocyi 


ZENTRALFORSCHUNGSINSTITUT FUR PHYSIK DER UNGARISCHEN AKADEMIE DER WISSENSCHAFTEN 
BUDAPEST, ABTEILUNG FUR KOSMISCHE STRAHLEN 


(Vorgelegt von L. Janossy. — Eingegangen : 14, X. 1957) 


In eine Wilsonkammer, deren effektiver Querschnitt 300 cm? war, wurden 7 Bleiplatten 
von insgesamt 33 mm Dicke gelegt. Die Kammer wurde von einer Apparatur fiir ausgedehnte 
Luftschauer gesteuert, und die Zahl der primaren Elektronen und primaren Elektronenpaare 
gezahlt. Nach Anbringung einer Korrektion fiir die Anzahl der durchdringenden Photonen 
wurde das Verhiltnis der Zahl der Photonen zu der Zahl der Elektronen in den ausgedehnten 
Luftschauern zu 1,16 + 0,04 erhalten. 


I 


Eine grosse Zahl von Forschern beschaftigte sich bereits mit der Be- 
stimmung des Verhaltnisses der Zahl der Photonen zu'der Zahl der Elektronen 
in den ausgedehnten Luftschauern [1]—[7], jedoch kann die Frage noch nicht 
als endgiiltig gelést angesehen werden. Die bisherigen Messungen namlich, 
dje ausschliesslich mit Zahlrohren durchgefiihrt wurden, ergaben fiir dieses 
Verhaltnis einen meist wesentlich kleineren Wert als 1, obwohl man auf Grund 
der Theorie einen 1 nahestehenden Wert erwarten sollte. 

Unsere neuverdings mit der Zahlrohrmethode durchgefiihrten Messungen 
[6] weisen auf eine prinzipielle Schwierigkeit dieser Methode hin, die kaum 
zu aberwinden ist. In dem folgenden Abschnitt geben wir eine kurze Beschrei- 
bung dieser Schwierigkeit. 


II 


Die Bestimmung des Verhaltnisses der Anzahl von Photonen zur Anzahl 
der Elektronen in ausgedehnten Luftschauern (im folgenden: der Quotient 
ple) mit Hilfe von Zahlrohren beruht, wie bekannt, auf der Messung des so- 
genannten Ubergangsfaktors, mit welchem Namen wir die Grosse 


R (0) =p(®) +49(9) (1) 


bezeichnen. p(@) bedeutet hier die Wahrscheinlichkeit dafiir, dass ein Elektron 
entweder selbst eine Bleischicht der Dicke 9 durchdringt oder in dieser Schicht 


* Kusserer Mitarbeiter. 
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wenigstens ein solches ionisierendes Sekundarteilchen erzeugt, das die Schicht — 


durchdringen kann. q(@) bedeutet die Wahrscheinlichkeit, mit welcher ein 
Photon in der Bleischicht © wenigstens ein solches ionisierendes Sekundar- 
teilchen erzeugt, das die Bleischicht zu durchdringen vermag, und endlich 


a bedeutet den Quotienten p/e. Die Werte von p(@) undq(@) sind auf Grund 


der Berechnungen von ARLEY [8] als bekannt vorausgesetzt. Es sei hier be- 
merkt, dass ARLEY diese Berechnungen nicht fiir das Energiespektrum der 


Elektronen und Photonen der ausgedehnten Luftschauer, sondern fiir das ~ 
Energiespektrum der Elektronen- und Photonenkomponenten der totalen — 


kosmischen Strahlung durchgefiihrt hat. 


Der Wert von R(@) kann experimentell ermittelt werden und mittels | 


R(@), p(@) und q(@) kann a aus (1) bestimmt werden. Antikoinzidenzmessun- 
gengestatten auch die experimentelle Bestimmung von aq(@). Die Berechnung 
des a Wertes aus a q(@) geschieht prinzipiell ebenso wie aus R(@). 


Die Messung von R(Q) kann folgendermassen durchgefiihrt werden : — 
Man misst die Anzahl der ausgedehnten Luftschauer pro Stunde mit einer | 
bestimmten Apparatur ohne Absorber [C(0)], und dann diese Anzahl mit | 


derselben Apparatur, jedoch unter einer Bleischicht der Dicke @. [C(Q)]. 
Wie bekannt ist dann 
. C(O)/C (0) = RO)’, 


wo y den Exponenten des Dichtespektrums der ausgedehnten Luftschauer 
bedeutet. 

Unsere Messungen ergaben, dass der Quotient C(@)/C(O) von der Grésse 
der Oberflache der Beobachtungszahlrohre abhangt. Ein ahnliches Resultat, 
obzwar weniger ausgepragt, erhielten bereits andere Verfasser [1], [2]. Ein 
solcher Effekt kann méglicherweise durch die Geometrie der Anordnung her- 
vorgebracht werden, z. B. Streuung und Multiplikation der Schauerteilchen 
im Blei. Der Effekt kann aber auch eine Folge der Struktur der ausgedehnten 
Luftschauer sein, d. h. es ist méglich, dass der Ubergangsfaktor der Luft- 
schauer verschiedener durchschnittlicher Dichte tatsaichlich verschieden ist. 
Unsere Kontrollmessungen und die ausfihrliche Analyse, durchgefiihrt von 
einem der Verfasser [7], ergaben, dass der Effekt in erster Linie mit der 
Struktur der ausgedehnten Luftschauer verknipft ist. Dies bedeutet aber, 
dass die Berechnungen von ArLEy fiir die Ermittelung von p(@) und q(0) 
nicht beniitzt werden kénnen ; und weiter dass der Quotient p/e wohl kaum 
aus dem Ubergangsfaktor bestimmt werden kann. 


Ill 


Diese Bedenken fihrten uns dazu, den Quotienten p/e mit der Wilson- 
kammer zu bestimmen. Die Wilsonkammermethode eriibrigt theoretische 
Berechnungen : der Quotient p/e kann durch einfache Abzahlung der Elek- 


~ 
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ronenspuren und der von Photonen stammenden Elektronenpaare leicht er- 
ittelt werden. Ausser der Bestimmung des Quotienten p/e ist die Wilson- 
ammer prinzipiell auch zur direkten Messung des Ubergangsfaktors geeignet 
nd bietet so eine Méglichkeit zur Priifung der mit Zahlrohren erhaltenen 
Resultate, also zur Entscheidung dessen, ob der Ubergangsfaktor tatsachlich 
von der Schauerstruktur abhangig ist. Andererseits treten bei der Wilson- 
kammermethode gewisse Schwierigkeiten auf: Wegen der endlichen Aus- 
dehnung der Kammer und der Wirkung der die Kammer umhillenden Materie 
miissen gewisse nicht leicht abschatzbare Korrektionen gemacht werden. 


Abb. 1. Anordnung der Wilsonkammer und der GM-Rohre 


GM — G.M. Zahliréhre 
UK — Umformungskreis 
K — Koinzidenzgerat 
WK— Wilsonkammer 


Wir haben nun mit der Wilsonkammer zunadchst den Quotienten p/e 
bestimmt. Wir setzten in unsere Zylinderférmige Wilsonkammer von 300 cm? 
Oberflache 3 Stiick 3 mm dicke und 4 Stiick 6 mm dicke Bleiplatten unter- 
einander ein. Die Glaswand der Kammer hatte eine Dicke von 0,8 g/cm?, und 
die Dicke des Deckels des temperierten Holzkastens, der die Kammer ent- 
hielt, betrug ungefahr 1 g/cm, wahrend der Deckel der Holzkiste, in welcher 
sich der ganze Apparat befand, ungefahr eine Dicke von 8 g/cm? hatte. Die 
Materiemenge iiber dem wirksamen Volumen der Kammer betrug somit etwa 
10 g/cm?. Die Messungen erfolgten in 410 m Meereshéhe. Eine ausfiihrliche 
Beschreibung der Konstruktion und der technischen Angaben der Wilson- 
kammer ist in den Arbeiten [9] zu finden. 

Die Kammer wurde von einem Viererkoinzidenzsignal gesteuert, welches 
von den vier Zahlrohren von je 320 cm? Oberflache einer Messanordnung fiir 
ausgedehnte Luftschauer kam. Die Zahlrohre befanden sich in den Ecken eines 
Quadrats von 10 m Seitenliange (siehe Abb. 1). 


7* 
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Die Messungen wurden im Herbst 1956 begonnen und mit einer Unter~ 
brechung von etwa 3 Monaten bis April 1957 fortgesetzt. Im Laufe dieser 
Zeit machten wir wahrend 970 Stunden insgesamt 2350 Aufnahmen. Win 
haben jene Aufnahmen die nur ein Primarteilchen aufwiesen, ausser acht’ 
gelassen, denn abgesehen von den von der Radioaktivitat der Umgebun 
stammenden Spuren, die leicht erkennbar sind, besteht noch immer eine un- 
gefahr 10°-ige Wahrscheinlichkeit dafiir, dass auf einer Aufname ein »fremdes« 
Teilchen aus der kosmischen Strahlung vorkommt, d. h. ein solches, das mit; 
dem ausgedehnten Luftschauer, der die Kammer steuert, nichts zu tun hat., 
Auch jene Aufnahmen wurden nicht ausgewertet, die mehr als 7 Primar-) 
elektronen zeigten. Auf solchen Aufnahmen kann namlich die Zahl der Pri-: 
marphotonen nicht bestimmt werden, da man nicht eindeutig feststellen kann,, 
ob ein Elektronenpaar aus einem Primarphoton oder aber aus einem durch: 
die Elektronen erzeugten Sekundarphoton entstanden ist. | 

Die Zahl der mit diesen Beschrankungen ausgewerteten Aufnahmen | 
betrug 948. Tabelle I enthalt die Gruppierung dieser Aufnahmen nach der’ 


Tabelle I 
ee 0 1 2 aR ei : 
P 

0 | 80 | 19 0 
1 ee ee ee 0 
2 127 | 105 4433] 16 1 | 
3 31 40 | 26 |, 21 9 2 
4 9 6| 8 a eb 4 

47 0 0 1 1 3 


Anzahl der auf denselben sichtbaren Primdrelektronen und Photonen. Von 
den weggelassenen Aufnahmen waren 1016 solche, auf denen gar kein Luft- 
schauerteilchen zu beobachten war, 332 wiesen nur ein Primarteilchen auf 
und 54 konnten wegen der grossen Zahl der Primarteilchenspuren nicht aus- 
gewertet werden. 

Infolge der erwahnten Bedingungen zeigten die ausgewerteten Auf- 
nahmen ausgedehnten Luftschauer, deren durchschnittliche Dichte zwischen 
30 Elektronen/m? und 200 Elektronen/m? lag. Auf den Aufnahmen wurden 
insgesamt 1635 primare Elektron-Positron Paare und 1458 primare Elektronen- 
spuren gezahlt. Der Wert des Quotienten p/e ergibt sich daher ohne jedwede 
Korrektion zu 1,12 + 0,04. 
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a 


Der auf diese Weise ermittelte Zahlenwert bedarf jedoch aus mehreren 
rinden einer Korrektion. 

a) Die wichtigste Korrektion ist darauf zuriickzufihren, dass in den 
leiplatten der Kammer nicht alle Primarphotonen Elektronenpaare erzeugen. 
ie in der Kammer angebrachten 3 Stiick 3 mm dicken und 4 Stick 6 mm 
dicken Platten entsprechen ungefahr 5,75 Kaskadeneinheiten (siehe die in 
[10] mitgeteilten Daten). Die Wabrscheinlichkeit dafiir, dass ein Photon, das 
eine Energie iiber 1 MeV besitzt, im Blei der besagten Dicke weder durch 
einen Compton-effekt noch durch Paarbildung ein Elektron erzeugt, schwankt 
je nach der Energie zwischen 28% und 1,1%. Der zuerst erwahnte Wert 
bezieht sich auf Photonen von 2,6 MeV, der zweiterwahnte auf Photonen 
yon einer Energie iiber 10? MeV. Wenn man annimmt, dass die durchschnitt- 
liche Energie der Photonen der auf die Luft bezogenen kritischen Energie, 
d. h. 84 MeV [10], gleich ist, so erhalt man fiir die Wahrscheinlichkeit des 
spurlosen Durchdringens von iiber 5,75 Kaskadeneinheiten 3,4%. 

Die durchschnittliche Reichweite der Photonen im Blei ist teils wegen 
der Form der Kammer, teils zufolge dessen, dass Schauer auch aus seitlichen 
Richtungen eintreffen, prinzipiell nicht gleich den vorher erwahnten 33 mm. 
Annihernde Berechnungen ergeben aber, dass die Grésse der Reichweite 
dennoch in der Nahe von 33 mm liegt, und zwar wahrscheinlich weil das 
Anwachsen der Reichweite in den einzelnen Platten — was die Folge der 
schragen Einfialle ist — grésstenteils durch die Abnahme der Reichweite jener 
aus Seitenrichtungen einfallenden Photonen, die nicht jede einzelne Platte 
durchlaufen, kompensiert wird. 

b) Auch der etwaige Effekt der iiber der Kammer angebrachten Materie 
muss in Betracht gezogen werden. Dieser Effekt kann zweierlei sein. Reine 
Absorption (ohne Aussendung eines Sekundarteilchens) oder Umwandlung 
von Elektronen in Photonen und vice versa. 

Die reine Absorption hat zur Folge, dass der von uns ermittelte Quotient 
ple nur die Anzahl jener Photonen und Elektronen darstellt, die eine Materie- 
menge von mehr als 10 g/em® zu durchdrigen vermégen ; dies bedeutet, dass 
der ganz niedrigen Energien entsprechende Spektralbereich durch die tuber 
der Kammer befindliche Materie absorbiert wird. 

Die gegenseitige Umwandlung von Elektronen und Photonen hat auf 
den Quotienten p/e keinen bedeutenden Einfluss, da der in Rede stehende 
Absorber von 10 g/em? zum gréssten Teil aus Holz d. h. aus leichten Elementen 
besteht, also insgesamt héchstens 1/3 Kaskadeneinheit darstellt. Es sei noch 
emerkt, dass der grésste Teil (8 g/cm*) des Absorbers ziemlich hoch (2,5 m) 
aber der Kammer liegt und dass deshalb auch der Einfluss des Dichteeffektes 
vernachlassigt werden kann. 
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V 


Aus unseren Messungen und mit der im Kapitel [V/a erwahnten Korrektion }. 
ergibt sich das Verhiltnis zwischen der Anzahl von Photonen und Elektronen } 
der Reichweite tiber 10 g/cm? in ausgedehnten Luftschauern, deren mittlere | 
Dichte zwischen 30 Elektronen/m? und 200 Elektronen/m? liegt zu 


a=1,16+ 0,04, 


wenn bei der Abschatzung der Anzahl der unbeobachtet gebliebenen Photonen — 
als durchschnittliche Photonenenergie 84 MeV angenommen wird. Der an-— 
gegebene Fehler ist der statistische. Beriicksichtigt man die fir Photonen 
iiber 10? MeV Energie giltige Korrektion, so erhaélt man p/e = 1,13 + 0,04. 
Beriicksichtigung der Korrektion, die sich auf die Photonen gréssten — 
Durchdringungsvermégens (von der Energie um 2,6 MeV) bezieht, ergibt — 
ple = 1,43 + 0,04. Der genaue Korrektionswert kénnte nur errechnet werden, 
wenn das Energiespektrum der Photonen bekannt ware. Die Wilsonkammer 
ist im Prinzip zur Bestimmung dieses Spektrums geeignet und wir haben die 
Absicht, unsere Untersuchungen in dieser Richtung zu erweitern. 


: 
| 
: 
Es sind uns keine friiheren mit Wilsonkammern durchgefiihrte Messungen 


von p/e in ausgedehnten Luftschauern bekannt und wir kénnen daher zum 
Vergleich nur die Messresultate der mit Zahlrohren durchgefiihrten Messungen 


angeben (Tabelle I). 


Tabelle II 
Oberflache der 
Verfasser Beobachtungs- Gemessene p/e Werte 
zahlrohre b 

Bassi, BIANCHI, 400 cm? ~ 0,3 
Manvvucai [1] 1200 cm? ~ 0,12 
MILOoNE [2] 600 cm? 0,75 + 0,15 

1800 cm? 0,75 + 0,20 
Massatsk1 [4] 3000 cm? ~1 


Das Messresultat der Wilsonkammermethode zeigt eine erhebliche Diver- 
genz gegentiber dem der Zahlrohrmessungen. Es ist beachtenswert, dass das 
Ergebnis der Wilsonkammermessungen mit der Kaskadentheorie, nach wel- 
cher der Wert des Quotienten p/e nahe 1 liegt, gut ttbereinstimmt. Die Ab- 
weichung zwischen den Resultaten der beiden Methoden ist wahrscheinlich 
der bei den Zahlrohren verwendeten Messmethode zuzuschreiben; die im 
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Kapitel II beschriebene Mangelhaftigkeit dieser Methode mag wohl der 
Grund der grossen Abweichung sein. 
Die Verfasser sind Herrn Professor L. JAnossy fiir seine wertvollen 


Hinweise zu Dank verpflichtet. 
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ONPENENEHWE OTHOWMEHHNA UMCJIA SOTOHOB HM IJIEKTPOHOB B WHPOKUX 
ATMOC®EPHbBIX JIMBHAX KOCMHYECKOrO H3JTY4YEHHA KAMEPOHM 
BUJIbCOHA 


WY. QOrAH, T. rEMELIM, T. IWAHOP u A. WOMOTM 


Peswme 


B xamepe Busipcona, C obbekTHBHOH nopepxuHocteit 300 cm’, OBLIO MOMEeLIIeHO 7 mlacTHH 
cBHHa c oOmel TonMMHON 33 MM. Kamepa yipaBiAsacb annapatypoli (JIA WIMpOKHX aTMOH- 
cepHEIxX JIMBHeM, 3aTeEM MIPOHSBONMICA CHET NepBHYHBIX QIEKTPOHOB HM 3J1€KTPOHHO-T03HTPOH- 
HBIX lap. IPHHAMas BO BHHMaHHe NONpaBKy 3-34 MPOHMKAloWlMx (pOTOHOB, MOy4eHHOe OTHO- 
WeHue 4YC1a POTOHOB K 9/1€KTPOHAM B WIMPOKUX ATMOCePHEIX JIMBHAX COCTABIACT 1,16+0,04. 
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HE UNITED ATOM MODEL OF THE HF MOLECULE 


By 


R. GAspAr and I. TamAssy-LENTEI 
NSTITUTE OF THEORETICAL PHYSICS OF THE KOSSUTH LAJOS UNIVERSITY OF SCIENCES, DEBRECEN 


(Presented by P. Gombds. — Received: XI. 3. 1957) 


The united atom, which was used by the spectroscopists at the estimation of molecula~ 
erm values for more than two decades, is a suitable model in quantum chemistry too. The 
main features of the model are as follows: 1. Generally the nuclei are not moved adiabatically 
in one point, as they do in the united atom of spectroscopists, but hold their original equi- 
librium position or make little deviations from it. 2. The molecular eigenfunction is built 
up of one center one electron eigenfunctions according to the SLATER method. Excepting 
the geometrical configuration of the nuclei there is not any empirical or semiempirical para- 
meter in this model. The calculations are extended to the treatment of the molecule HF. 
The theoretical values of the total energy, the dissociation energy and the equilibrium 
nuclear separation are in good agreement with the experimental ones. 


Introduction 


It is relatively not very difficult to calculate the energy at atoms of 
small atomic number by the aid of quantummechanical methods — at least — 
if the precision required is not too great. The problem is, however, far more 
complicated regarding molecules, since the orbitals of the electrons in the 
molecules extend to more atoms, which with the methods hitherto used results in 
the eigenfunctions having more centers. Thus more-center integrals occur 
in the calculation of the energy, and the evaluation of these are generally very 
cumbersome. In investigations concerning molecules, beside the natural de- 


‘mand of obtaining as precise values as possible, another not less important 
requirement is that the time necessary for the accomplishment of the calcu- 
lations should not be too long. Therefore in the following such approximations 
will be used when calculating the eigenfunctions of the molecules, that the 
“numerical work will be essentially no greater than in the case of atoms. 

For this purpose the united atom treatment for example seems to be 
very suitable, which has been adapted recently by MaTsEN [1] for the deter- 
mination of the excited states of the Hj’ molecule-ion. Further investigations [2] 
showed, that considering more configurations, the energy of the ground state 
tof both the Hj molecule-ion and the H, molecule can be determined well, 
hough neither of these molecules can be taken in “good approximation” 
to be atomlike. Considering, that in the course of this treatment the molecule 
is always taken for a system having one center, i. e. for an “‘atom”, good 
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results by this approximation can be expected chiefly for such molecules, — 
where one of the centers is of far more importance than the others, i. e. where — 
the molecule is more atom-like. Diatomic molecules of such kind are the 
halogen-hydride molecules, where the perturbing effect of the proton results 
in distortions in the spherically symmetrical, atom-like charge distribution 
of the negatively charged halogen ion. The calculations were carried out for 
the HF molecule. 


The method 


The energy of the molecule will be calculated by the aid of the variational — 
method. As is well known, 
Pern dy 
[UPd ” 


where H is the Hamiltonian operator of the HF molecule and Y denotes its 
eigenfunction. The HF molecule has ten electrons. The Hamiltonian operator 
is thus 


H=3H+¥— +2, (i, k= 122 eel 


i i>k IPP 


where H; is the Hamiltonian operator of the i-th electron, disregarding the 
interaction between the electrons, that is 


and 
32 62 62 
Biss 2 $i 2 a ve 
0 xi 97 0 23 


R is the distance between the F and H nuclei; r; is the distance of the i-th ~ 
electron from the nucleus of the F-atom, ry; the distance of the i-th electron 
from the H nucleus, rj, the distance between the i-th and k-th electron, and 
Z = 9 is the charge on the nucleus of the F-atom. Throughout these calcula- 
tions atomic units will be used: thus the electric charge will be expressed in e, the 
distance in a, and the energy in e?/a, units, where e is the charge of the 
proton and a, the radius of the first Bohr orbit in the hydrogen atom; these 
may all be found e. g. on page 10 of 1. c. [3]. 

The trial eigenfunction of the HF molecule is built up of such one-electron 
eigenfunctions, that the distance r, occurring in their radial parts, is measured 
from the nucleus of the F-atom. The trial eigenfunction of the system is con- 
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structed of these and of the spin functions a and f# according to the well- 
known procedure of SLATER [4], and it is a determinant with ten rows and 
columns being antisymmetrical against the exchange of the electrons. This 
has the results, that in this theory the exchange interaction is considered. 


The orthonormalized one-electron eigenfunctions were as follows : 


1 


Yrs = Ryo (7) Yoo (95 7) ne Van : 
12 B® %e 1 
Yos = Ryo (r) Yoo (9, 7) a ase |! ary (a +5) Na 
Y 1 (%%) + Vz, -1(8.9 De gee hike 
Yapx = Ry, (r) ui{ y2 s i + FA 7 Cais } Fra sin? cos@ , 
Ya (ee?) — 2 y= (9, @) conic py oe ; 
= R Lk a A — = 2 = eo Ss - 
YPapy 21 (7) F /2 | 3A | re re in } sing 
q®\% _4r i 3 
Yop: = Ry; (r) Yio (9, @) = En re 2 | wes cos?. 


Here a, b, c and d are the variational parameters, which have been 
determined so as to satisfy the requirement to reduce the total energy to a 
minimum. Considering that the z-axis was taken as the axis of the molecule, 
the electron distribution in the ground state may be assumed to be symmetrical 
around the z-axis and consequently the parameters of the functions 2px 


and spy may be chosen to be equal. 


Calculating the energy, which is the mean value of the operator H, 


we have the following types of integrals : 


Ij =|vt 0) [54 = =| y; (i) dy, 


L 


Cy = [vf Ot @ wm.) ded, 


Ti 


A= | ¥F (0 98 —— wil Wadd ry, 


ik 


ed aS 
- = |v 0 wan. 
THi 


Here I denotes the term due to the kinetic energy of the electron and 
its Coulomb interaction energy with the nucleus of the F-atom;C is the Coulomb 
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interaction energy of the electrons, A the exchange energy and L a term resul- 
ting from the Coulomb attraction of the electron and the H nucleus. Three 
of the integrals I, C and A are usual types occurring also in atomic problems. 
Only L is a two-center integral. A detailed expression for the energy will 
be given in the Appendix. 


Results 


As a result of the variation the following values was obtained for the 
energy of the HF molecule in the ground state : 


Eur — —99,016 


for the following values of the variational parameters : 


The distance R between the nuclei naturally has been also taken for a 
variational parameter. (Thus there have been five parameters including R.) 
The value obtained for R is: 


== 108% 


The experimental values of the energy and of the equilibrium nuclear 
separation are [5]: F = — 100,489, R=1,73. The agreement with the experi- 
mental data can be considered as good. 

A further aim of the calculations was to determine the dissociation energy 
of the HF molecule. The halogen hydrids in general dissociate into atoms and 
so does the HF too. This implies, that it would be necessary to calculate the 
energy of the F atom to the same approximation as was done for the HF 
molecule so as to obtain the dissociation energy. Instead of this it was simpler, 
however, to calculate the dissociation energy by the aid of a Born cycle from 
the energy of the F~ and H* ions, taking into account the electron affinity 
of the F atom and the ionization energy of the H atom; since the F~ ion is 
a system having ten electrons just as the HF molecule, the neglections due 
to the approximations in both processes are similar. 


Having obtained the analytical formulas for the energy of the HF molecule, the 
energy of the F~ ion can be easily obtained also with the variational method. The Hamiltonian 
of the F~ ion differs from that of the molecule only in so far as the energy term due to the 
Coulomb interaction between the electrons and the H nucleus, i. e. 1/rHi, and the Coulomb 
interaction energy term of the nuclei, i. e. Z/R, do not occur in it. Then we have 


H= x(-4, ~|t R= Geet oe 


vj isk Tir 
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The approximate eigenfunction of the F~-ion has evidently to be constructed of the 
same one-electron eigenfunctions as were used in the treatment of the molecule. However, 
the electron configuration of the F~-ion is like that of a rare gas, i. e. (1s)(2s)*(2p)®, and thus 
the charge density is spherically symmetrical. Consequently not only the variational para- 
meters of the functions 2px and Wapy agree, but that of pep; is also the same (c = d) and there 
will be only three variational parameters. When taking the mean value of the Hamilton opera- 
tor, integrals of the same type occur as before, except for the L. The detailed energy expression 
is also to be found in the Appendix. 


As the result of the variational procedure the best parameter values obtained were 


a= 8,15 banal, c=d=4,6 
and the energy 
Er— = — 98,468. 


The electron affinity of the F -ion was determined experimentally [6] 
to be 0,15, and consequently the dissociation energy of the HF’ molecule i. e. 
the energy, which is necessary for the dissociation of the HF molecule into 
an F and an H atom is easily obtained with the aid of the Born cycle as 


D = 0,19,. 


The experimental value of the dissociation energy is D = 0,23; [5] and 
thus the deviation from it is approximately 15 per cent. 


Discussion 


Calculations have been made by several authors to obtain certain data 
of the HF molecule. Cu. R. MUELLER [7] used semilocalized orbitals and his 
result for the binding energy is better (0,1648), than those obtained by the 
valence-bond or the molecular-orbital method. Zs. NAray [8] has deter- 
mined the energy of dissociation into the F_ and H*ions and the equilibrium 
nuclear separation of the molecule by the aid of a special wave-mechanical 
perturbation theory with an error of not more than 10—11 per cents. 
Calculations of similar character have been carried out also by INcA FiscHER- 
Hyatmars [9] concerning the dipolmoment of the HF molecule. 

When the eigenfunction of the HF molecule is selected as in ato- 
mic problems with central symmetry, the calculated energy and dissocia- 
tion energy of the molecule show good agreement with the experimental 
data. The results are comparable with those obtained by the methods 
with many center molecular orbitals. The eigenfunction constructed of 
one-electron eigenfunctions having one center of reference only gives a 
good approximation when calculating the energy. It is to be noted, however, 
that comparing for example the radial charge density of the electrons of the 
F ion with that of the HF molecule, no essential difference is obtained. The 
charge density of the molecule is almost spherically symmetrical. The charge 
density of the F ion is naturally obtained by the method presented here — as 


110 R. GASPAR and I. TAMASSY-LENTEI 


it is in reality — as spherical symmetrical. The charge density of the HF © 
molecule, however, is deformed by the presence of the proton. The united — 
atom model in its present form, however, cannot take this effect sufficiently 


into account, and in this model the charge density of the electrons merely 


extends in the direction of the z-axis and slightly contracts perpendicular 


to it. The charge density of the molecule is also symmetrical with respect to 
the nucleus of the F ion and the model cannot give the great electron density 
near to the proton in the molecule. This short-coming plays evidently an 
essential role in the discrepancy between the calculated energy of the molecule 
and its experimental value. It follows further that the calculated value of the 
equilibrium nuclear separation must be less than the experimental one, is a 
natural consequence of the united atom model. From this it may be already 
suspected, that such constants of the molecule, for which the charge density 
of the electron itself is essential, will be obtained less precisely. So e. g. nearly 
the double of the experimental value is obtained for the dipolmoment of the 
HF molecule. 

The method can be improved when the one-electron eigenfunctions 
Yiso Yes and We, or at least those, which are important from the point of view 
of the molecule formation, are constructed by the superposition of two or 
more functions. In the model of the molecule presented here it seemed suitable 
for example to use the linear combination op, + ¢ pq, instead of W2p;. In 
this way, namely, not only one spherical harmonic occurs in the one-electron 
eigenfunctions, and this can favorably influence the distribution of the charge 
density near the proton. Naturally the symmetry characteristics of the molecule 
have to be taken into consideration in the selection of the new eigenfunction. 
As our calculations have shown the results really improved, consequently, 
such eigenfunctions are more suitable for the description of the properties 
of the molecule. The calculations have naturally been considerably more 
complicated, since the introduction of a new term in the one-electron eigen- 
function implies the introduction of two more variational parameters, which 
considerably increased the numerical work. 


Appendix 


In the energy expression of the HF molecule, integrals of the type 
I;, Cj, Aj, and L; occur in the equation (*). Evaluating the integrals C;, and 
Aj,, 1/rj, has been as usually expanded into a series in terms of the Legendre 
polinomials in the following manner 


h—|m|)! rey 


Ti h=0 m=—h (h-+|m]|)! rs trl 


Pj! (cos 3;) Pj”! (cos 3,) elo) 


| 
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The integral C;, by this expansion becomes 


Ci — Zh a” (I, m3 [ve m,’) He (n, ifr ns is) > 
h—o 
where 
Fh (nl; n!,0) = § § R% (ry) Rev (rs) —< — rove, dr, 
a) rahth 
and 


— 2141) C—-|m)|)! OF +)0C—|m |) y 
2 (1+ |m,|)! 2(l + |m; |)! 


, 


a” (1, m,; I’, m;) 


x ete (cos 0,) 2 P, (cos 3;) sin 8; d 9; ( { Pi! (cos 3.) P, (cos 9,) sin J,.d 3, - 
0 0 
Entirely in the same way is obtained 


A, = » b* (l,m; l,m) G* (n,1; n’,V), 
=0 
where 


G* (n,1;n’, 0?) = fl i Ryu (t) Ryy (7) Rr (te) Rav (x) 
0 


0 


a 2 2d d 
Car r,ar 
h+1 ik i k 


and “wi 
(h — |m,— my |)! (21-+1) @—|m |)! 20 +) UC —| mr |) 
4(h + |m,— my, |)! (E+ |m,|)! (UU +|my|)! 


x 


b" (I,m; l,m) = 
x £F P/ (cos 8) Pi" (cos #) Pk"! (cos 0) sin dd OF. 
0 


The value of the coefficients a and b is to be found for example in the 
quoted work of Starter [4]. 

Among the integrals only the L-integrals do not occur in atomic problems, 
but only in the case of molecules. The evaluation of such integrals of the two- 
center type does not present any serious difficulty (see for example GomBAs 
[3]). Where it was necessary, the expansion of 1/r}; into a series mentioned 
above, was here also adapted. Otherwise the L-integrals can be easily evaluat- 
ed in many cases by the introduction of elliptical coordinates. 

Keeping in mind the above statements the following expressions were 
finally obtained for the energy of the HF molecule : 


E= yA A I, oH I55x As Tgpy =f T 552) “+ 
+ F (1s; 1s) + 4 F° (1s; 2s) + 4 F° (1s; 2px) + 4 F° (1s; 2py) + 4F° (1s; 2pz)-++ 
4+ F°(2s; 2s) +4 F%(2s; 2p.) +4 F° (2s; 2py) +4 Fo (28; 2 Pz) + 
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1 A ; 
+ F° (2 px 2 px) + 5 F? (2 px; 2 px) + 4 F°(2 p,3 2 py) Se F? (2px3 2py) + 
i 8 
+ F°(2 py; 2 py) + ce F? (2 py; 2 py) + 4 F® (2 px; 2 pz) — =e F? (2p,3 2p2) + 


8 4 
+ 4 F°(2 py; 2p.) — . (2 py; 2p.) + F° (2 pz; 2 pz) + pest (2 pz; 2 pz) + 


a2 (18325) +—-G (1s; 2p, + <6 (155 2p,) += O(ss 2p.) + 


ih 1 1 6 
Ming: Cale Ps) + apa Be Py) + Pa (2s; 2 pz) + 7 CP rae 


3 3 

S622 pe 2p) C2 (2 pene 
7 (2p Ps) (2 py; 2 pz) 
a 2 (Lis se L,; a Dg px =e Lgpy a L,52) = Z/R.. 


From symmetry considerations follows that the corresponding terms 
containing the functions 2), and Y2py are here identical. 

The evalution of the energy of the F ion can be accomplished in the 
‘same way as that one of the HF molecule, since both systems have ten electrons. 
The explicit form of the energy will also be the same, only the terms containing 
L and Z/R will not occur. Because of the spherical symmetry of the ion natu- 
rally notonly the terms containing yo, and 2py agree, but also those containing | 
Yap, are the same. 
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OBbEQMHEHHAA ATOMHAA MOJIEJIb MOJIEKYJIbI HF 
P. PALWMAP u MW. TAMALIM—JIEHTEM 


Pe30wmMe 


OObeqMHEHHbI ATOM, XOPOMIO MCNOAb30BaHHbIM CHeKTPOCKONAMM [MIA OWCHKH ITOJI0- 
‘KeHMii MOMCKYNAPHBIX yPOBHeH, ABNAeTCA M MOAXOAAMEH MOMeNbIO WIA TPAKTOBKM HEKOTO- 
PbIX MOsIeKy. CyllecTBeHHbIe YepThI MeTOMa CIEAYIOUINE : I, ATOMHEIe Apa MOJeEKyJIbI — B 
OTMMYMe OT MOMENH, HCHONb3OBAHHOM CHeKTPOCKOMaMH — COXpaHAT CBO reoMeTpuyecKue 
KOH@urypalun uM B MIponecce BapHaLMM OHH TObKO MAIO CMELIAIOTCA C 9TOTO MOMO>KCHHA. 
2. CoOcrBeHHad *byHKIIMA MOJIeKyIbI MOCTPOeHa 3 OMHOMCHTPOBbIX — OMHOIICKTPOHHbIX 
CoOCTBeHHBIX (byHKuMii m0 Merony Caerepa. B mMeTogze 9MMMpH4eCKHMM WIM MOJTyoMmepH4e- 
CKMMM MapamaTpamu — KpOMe MpHHATOTO reoMeTPUYECKOO PACHOOXKeHHA Aep — HE MOJIb- 
3yeTca. BbmiuncieHA TpoHsBeseHb! 1a MomeKysbI HF. B 9ToM cay4ae NOHaA 9HEprHA, 9HEp- 
THA AMCCONMaNMH HM paBHOBeCHoe paccTOAHHe Aep XOPOIO COrMabcyeTCA C OMbITOM, 
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VARIATIONAL METHOD FOR THE SOLUTION OF THE 
QANTUMMECHANICAL MANY-BODY PROBLEM 


By 
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(Presented by P. Gombdés. — Received XI. 4. 1957) 


This paper gives a generalization of the variational method proposed by MAcke in 
the case of an outer potential of spherical symmetry. For a great number of particles and 
slowy changing potential this process becomes essentially the generalization of the statistical 
method based on grouping of the particles according to their azimuthal quantum number, 
however, it is well adaptable also for a few particles without any great difficulty. So as to 
lessen numerical difficulties three approximations will be given. Calculations made for the 
Ar atom disregarding the exchange effect, the calculated energy agrees with the semi-empiri- 
cal value of SLATER within 5%. 


Introduction 


As is well known the treatment of the wavemechanical many-body 
problem is very complicated, so even the realization of the Hartree-Fock 
approximation needs a great deal of numerical calculations. Therefore it seems 
very useful to develop methods processes simpler than that of Hartree-Fock. 
For that purpose it is obvious to introduce approximations which enable the 
decreasing of the number of the various three-dimensional functions occurring 
in the density matrix or energy expression. Such approximation methods 
are essentially the Thomas-Fermi statistics and its generalizations too, 
where only one three-dimensional function in the energy expression 
is to submit to the variation [1—2]. However, the Thomas-Fermi method 
as well as its generalization introduced by WEIZSACKER gives slightly 
incorrect values for the energy in the case of atoms. GomBAs has shown, that 
the Thomas-Fermi method can be further developed in the framework of 
the statistical theory so as to give results which agree very well with the 
experimental data [3]. Many papers have recently been dealing with the 
wave mecahnical foundation and developing of the theory [4, 5, 6]. In the 
present paper the foundation and generalization of the Thomas-Fermi 
method introduced by MAcKE is essential [7]. On the base of the Ritz-method 
MackE approximates the one-particle eigenfunctions with such variational 
assumptions, which give automatically the ortogonality relations. The closer 
investigation of the method in the case of reletively few particles is of great 
interest. The calculations for the one-dimensional case have been given by 
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Marcu, who has adapted the method for the harmonic linear oscillator. MARCH — 
has mentioned calculations to be in preparation applying the method to the — 
three-dimensional case too [8]. The present paper shows the possibility of 
generalization of this method for the treatment of problems of spherical 
symmetry. 


The foundation of the method 


In the following a system of N particles will be discussed and its eigen- 
functions will be approximated by the aid of a determinant. Since according 
to our assumptions the outer potential should have spherical symmetry, the 
one-particle eigenfunctions are to be taken in the form 


v:(9) = Rut (r) Vm; (9s 9) 1: (0) (1) 


where R,,;,(r) is the radial eigenfunction, Yj, (9, g) the surface spherical 
harmonics, while 7;(c) is the spinfunction in the i-th state. Taking NV;, for the 
number of the occupied states belonging to the azimuthal quantum number 
1; the following variational assumptions are introduced for the approximate 
determination of the radial eigenfunctions as well as of the energy : 


1 
Rs eR De; -(T)], iz 
ili Wy, 1 ( )@ i Lyi, ( )] (2) 
where 
{u,dr—VN,,, (3) 
dy; 1 
pte 5s 4 
Dee No a 
yi, (0) = 0 (5) 
and ' 
Th Plaats ois (6) 


the functions gy, form a real orthogonal system in the interval 0 y <1. 


{ Gn, (9) Pn, (94 = Onin (7) 


By the aid of the expression (7) it is easy to show the fulfillment of the 


following orthogonality relations 


iy RiwRni dr = Did 5 
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Then the radial density of the system averaged over the angular coordi- 
nates becomes 
D=427r0= »' uj), (8) 
I 


where o is the density averaged over the angular coordinates, further 
1 , 
$,=> y, 0 Pr; ee 


In the above expression as well as in the following io means summa- 
tion over the states with the azimuthal quantum number I. * 

Investigating the ground state of the system in the i-th one-particle 
state the quantum numbers n;, 1; and the amplitudes u,,(r) are to be determined 
so, that fulfilling the orthogonality relations 


§ ¥F (9) vp (gq) dt = 4;, (9) 


the energy should be minimum. It is evident, that the orthogonality relations 
(9) are realized in the case of arbitrary normalized functions u,, with proper 
values of n; and I; because of the orthogonality of the surface spherical har- 
monics. ; 

It is to be noted, that for the above problem another method was pro- 
posed by Macke which was based on the system of the eigenfunctions of 
a three-dimensional potential sphere [7]. However, the method presented 
here as well as its approximations to be discussed in the following seem to 
_be easier to carry through. 

With the above variational assumptions regarding the eigenfunctions 
the following terms give the kinetic energy Ey of the system 


Ex=Ewt+Ept £,+E,; (10) 


where Ey is the inhomogenity correction, Ez is the analogous term to the 
radial part of the Fermi-energy, E, is a correction of the radial kinetic energy 
and E, gives the azimuthal kinetic energy. The different energy terms can be 
brought into the following forms 


#2 du” 
a Yi sar 11 
if DA Pe Os: Gy 


Ep= 


h2 ak d Gn, | 
| un? — Soi—| dr, 12 
ae | AN, 4 dr | (2) 
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du? ds, d 


di 
z 13 
igual ries dr i ( yo 


re 1(1 +1) 
i ," _ _ urs dr. 14 
“eee Bee ar r2 fae ete 


Proper choice of the functions gp, (¥y;,) is essential. In the present paper — 


the following system of orthogonal functions will be used : 
Pn LY, (7) =1, when n,=0, 
Pn, Ly (1 —|2 cos[amy;,()], when nj 0. (15) 


With the above choice of the system of gy, satisfactory analytic approxi- 
mation of the functions uw, causes no serious difficulty neither in the vicinity 
of the nucleus nor for great values of r. 

It has to be emphasized, that in the approximation discussed the R,,, 
functions cannot be regarded as the approximation of the radial one-particle 
eigenfunctions of Hartree Re Nevertheless the determinant construc- 
ted of the functions y,(q) given by relation (1) is the approximation of 
the wave function of the whole system. Finally it is to be noted, that 
taking a sufficient number of particles, all the functions Bey, can be 
approximated by a suitable linear combination of the functions R,,,;, 


Fhe +1. Xo Chit, njt Raj 


Now the evaluation of the energy term based on the variation assump- 
tion (15) can be carried out. Taking into consideration the relation (4) 


E,= fa ()uidr, 
l 


where 
he 2 2 
%, (r) = oe sare 2 sin? [7 n;y; (r)]; 
further 
A2 I du? 
he u?—!  Swn;,sin[22n;y,(r)] dr. 
am = N Lead 2 [ yi (r)] 


In the case of a great number of particles and slowly changing outer 
potential the following approximations can be introduced (statistical approxi- 
mation) 
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se 


'w, Sufdr, (16) 
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The above statistical approximation is essentially identical with HELL- 
MANN’s generalization of the statistical model based on grouping of the par- 
ticles according to their azimuthal quantum number [1, 2, 9, 10, 11]. The 
only difference apart from the introduction of the inhomogeneity correction 
is in the constant value of ~;. It is to be noted, that the well-known divergences 

of Heximann’s generalization naturally do not appear because of the 
_ Weizsacker term. 

Since the energy expression (11) as well as the evaluation of the proper 
statistical approximation is generally complicated, three more approximations 
are introduced. In the first, apart from the use of the statistical approximation, 
the following relations are to be fulfilled 


(17) 


for all the orbital quantum numbers /. As can be easily seen the terms of the 
kinetic energy are as follows : 
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The above first approximation is applied to atoms, for that purpose 
as a rough estimation, the following variational assumption is introduced: 


w=40Are™, (18) 
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where A is the normalizing constant and A the variational parameter. In the 
Table I there are given the energies of the Ar, Kr and X atoms based on the 
first approximation and the Thomas-Fermi-Weizsacker theory, further 
the semi-empirical energy values of SLATER. The Thomas-Fermi-Weiz- 
sicker approximation was also determined on the basis of the variational 
assumption (18). 

Table I 


Energies of some rare-gas atoms in e®/a, units 


——————  — 
First TEW 3 oe 
assumption approximation Semi-empirical 
Ar — 283,5 — 291,4 — 525,36 
Kr —1263,3 —1547,9 —2703,6 
x —3192,0 —4087,0 —1079,4 


The chief reasons for the extraordinary great discrepancies in the first 
approximation apart from the inadequacy of the assumption (18) are the 
following : a) the approximation (16) is not applicable because of the small 
number of particles and of the very great strength field near the nucleus. 
b) The shape of the curve of eigenfunctions belonging to azimuthal quantum 
numbers 10 is not appropriate in the vicinity of the nucleus because of 
equation (17). 

To obtain the proper shape in the vicinity of the nucleus of the eigen- 
functions, in a second approximation — retaining at the same time the sta- 
tistical approximation — the amplitudes giving the states 1 = 0 and 140 
are varied separately. 

More precisely: only the fulfillment of condition 

Uy Ue a pee (19) 
Ny Ne BN ae 


lt 


is required. N, is the number of occupied states belonging to the azimuthal 
quantum number | # 0. 

At last as a third approximation the energy is determined directly on 
the basis of the relations (10) and (15), taking always into consideration the 
assumption (19) (without the introduction of the statistical approximation). 

The second and the third approximation is sketched here for the Ar 
atom, introducing the following variational assumptions 


uz —An (Aji 2 e7Air ae As r2n2 @—24ar oh Ay 2s e Mar) 2 (20) 
u? eee Ac (Ag 2s e722r 4 Aj rena esr) . (21) 
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The variation of the energy term can be accomplished with the use of 
the following subsidiary assumptions 
i: uzdr— N,, 
i) u2 dr = N,. 
For the purpose of simplifying the calculations the following values are 
introduced (in atomic units) : 


nm =1, fe Sas nN, = 3; 
Ay == 17,09; A, == 6,536 A, = 2,25 5 
An ¢As, A,==eAy. 


As will be seen later a good energy value can be obtained with the third 
approximation by choosing the variational parameters as follows : 


92211469 4 2461,1, 4; = 11,91, 
A" = 6127,8, At = 29,776. 


Determination of the second approximation of the energy can be carried 
out, with the exception of E®), in an analytical way. The accomplishment of 
the calculations does not present any serious difficulty, although it is cum- 
bersome to some degree, when calculating the electrostatical interaction 
energy E{. The energy term E® can be brought into the following form : 


E® = 8n%e2 > ya f{An)en—Vt _ (See 2 
i=i j= ate Aird (2A)? (2.A,)?4+1 (2A; + 2A) 
oe (2n,;—1)!(2n,;+2n,;—»—1)! | 
where = (2n, —)! (2A) (24; + 2A) 2” | % 
i. 
a,, = {1 — es 
11 | Nol 1 


1 
tua = t= [1 ]4i Ab + Ai At 


0 


1 , , , wu" 
Agee at : ci Bn Aj, A3+ 4,43, 
No! 


mes: fi— a+ 4345+ [1 age AR, 
0 A 
1 
ae — 5 |Ai ast Avs + 445 + [1 x 


0 


| 4343, 
Ny 


1 
i ~ ay] 48 +2444 + } | AP 
A 


0 
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The third approximation of the energy term was obtained numerically. — 
Based on the mean value theorem of the integral calculus the calculations are 
easily to be carried out for intervals of suddenly varying integrand too (for 
example in the vicinity of the nucleus). It is astonishing, that in the field of 
the nucleus the second and third approximation of the potential energy E, — 
differ considerably. The results are given in the Table II, while the densities” 
D(r), furthermore the Hartree’s distribution are plotted in Figure 1. : 


Table IZ 


The energy members of the Ar atom and its energy in e*/a, units 


Ew Ep E, E Ep E, E 

Second | 
approximation 240,8 38,1 0 73,4 — 913,7 184,8 —376,6 
Third 
approximation S292 33,4 4,25 97,2 —1149,7 184,0 —503,6 | 
Semi- | 
empirical —525,36 — 


Fig. 1. Radial electron density of the Ar atom 
—-—-—:— calculated on the basis of the second approximation 


calculated on the basis of the third approximation 
Steric votet vaterete radial electron density of HARTREE 
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Discussion 


There has been given a variational method, which can be used relatively 

asily for the approximate determination of the ground state of a particle 
ystem placed in a central symmetrical outer potential field. The method 
can be generalized without any difficulty also for excited stationary states. 
The calculations have been carried out for the Ar atom in three approxima- 
tions, only the third approximation giving a satisfactory result. Therefore 
the approximation (16) as well as the assumed proportionality of amplitudes 
u, and u, does not seem reasonable. The third approximation of the radial 
density (D) has been determined on the basis of the variational assumptions 
(20) and (21). The result is satisfactory, though it is not impossible, that the 
agreement of the exact solution of the third approximation with the Hartree’s 
distribution would be somewhat worse. Naturally, the agreement of the energy 
values can definitely only improve, though it is not too probable, that the 
energy values given in the Table II will vary considerably. The oscillations 
of the functions uj may be caused by the analytical structure of the variational 
assumption, it being very probable, that the correct solution has only one 
maximum and the exact density u? = + u; two maxima. In the third 
approximation the density D shows naturally the same maxima as the Hartree’s 
distribution. At last it is to be noted, that the correction E, can become con- 
siderably bigger (not necessarily positive) in the course of the variation than 
the values given in Table II.In another article we hope to introduce a further 
simplification of the above variational procedure. 

I am very indebted to Professor Dr. P. GomsAs for his interest and 
discussions on this paper. Thanks are due to Mrs. J. Jeanpione, Miss O. 
Kunviry and Miss E. MAcory for the accomplishment of the numerical 


calculations. 
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BAPHALIMOHHbIA METO JIA PEWEHHA MPOBJIEM Y MHOIMX TEI 
B KBAHTOBOM MEXAHHKE 4 


K. JIAQAHH 


Peswme 


Taerca oOobmjenue BapHalyMoHHoro MeToa, paspadoTanHoro Makke, Ha Calyyait cpepu- 
yeCKH CHMMeTPHUHOrO BHEMIHerO MOTeHUMaNa. B cyyae OonbUIOrO YNCIa YACTHI M Me/IeHHO 
H3MeHAIOWIerocA MOTeHUMaNa, MeTOA NepeXOAuNT B OOOOMIeHHY!0 CTATHCTHYeCKy!0 MOsellb, B 
KOTOPOM YaCTHI[bI TpyNMMpoBaHb! 10 OpOHTaIbHbIM KBaHTOBbIM YHCIaM, HaCTOAMMA MeTOA 
6e3 OonbUIMX 3aTpyAHeEHUii MpuMeHHM M B CHyYae Manoro 4ucna yacTu. A yMeHbIeHuA 
HyMepHyecKuX TpyAHOCTel WaioTca Tp NpHOnMKeHHA. BerycneHuA CheaHbl B Cyuae aTOMa 
aprona, 6e3 yyeTa OOMeHA ; BLMYMCMeHHaAA SHEPuA COBMaaeT C CEMMOMMMpPM4YeCKHM 3HAYeHHeEM 
mo Cnerepy B mpefenax 5/). 
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A RECENT ROTATIONAL ANALYSIS OF THE y BANDS 
OF THE NO MOLECULE 
INCLUDING THE UNPUBLISHED DATA OF R. SCHMID} and L. GERO+ 
By 


IrEN DeE£zsI TF 


HUNGARIAN ACADEMY OF SCIENCES, CENTRAL RESEARCH INSTITUTE FOR PHYSICS, DEPARTMENT 
FOR SPECTROSCOPY, BUDAPEST 


(Presented by L. Jaénossy. — Received: XI. 14. 1957) 


The present paper contains the rotational analysis of 16 bands of the y band-system 
of the NO molecule. The constants in the electronic state A2X* of the molecule, obtained 
from the analysis extended to relatively high rotational quantum numbers, are the following: 
Be = 1,9977 cm}, ae = 0,0198 cm, De = 226.2) 10-4 em >, fe — 0.3 --l0-"scm=, re.— 
= 1,063- 10-8 em, Iz = 14,0076- 10-49 gem*. The cons‘ants obtained for the ground state 
X2// are in agreement with the data of R. H. GILterre and H. EysTER [1], within the margin 
of error. The dissociation energy is 6,603 eV, on the basis of the rotational analysis, as seen 
later. This value is somewhat higher (i. e. 6,50 eV) than that mentioned recently in a paper 
by G. Herzperc, A. Lacerovist and E. MiescHEr [2]. From this the present writer was 
led to the conclusion that the predissociation on the upper electronic state of the 6 bands 


does not occur above the level v’ = 6, as was suggested by several authors but there should 
exist in emission even the level v’ = 7. 


§ 1. Historical outline 


In 1943, R. Scumip and L. Geré, those two prominent pioneers of the 
Hungarian spectroscopical research work, set as their aim the intensive study 
of the ultraviolet and visible bands of the NO molecule, which can be photo- 
graphed in air. Up to 1943 the rotational analysis of the bands involved had 
been carried out only with the prism spectrograph. The results issuing from 
photographs taken with prisms, however, were not found adequate to solve 
a number of unsettled questions concerning the NO molecule. The photographs 
of 1943 were taken with a 6,5 m grating spectrograph. After the sudden death 
of R. Scumip in 1943, L. Ger6 published two short informative papers [3], 
[4] on the photographing of the bands of the NO molecule. Apart from the 
description of the experimental arrangement, these papers deal mainly with 
the scientific conclusions drawn from the analysis of the bands developed 
to high rotational quantum numbers. These conclusions concern the energy 
states of the NO molecule. Since in 1943 the vibrational levels of the upper 
electronic states of the 8 bands had been known only up to v’ = 4, GERO’s 
conclusions in relation to the dissociation energy of the NO molecule call 
for modification. Since then it has become well known that the v = 5 and 
vy’ = 6 levels of the B2// state can also be excited in emission [5], [6], [7], [8]. 

In addition to the y bands, some ¢ and # bands appeared as well on 
the plates of Scum and Geré, the rotational analysis of which is included 
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in the dissertation of C. F. Sziry [9] and C. BALLENEGGCER [10]. The paper 
mentioned informs us of the photographing of y bands and of the executio 
of the rotational analysis, but the publication of the analysis could, not be 
carried out. L. Geré disappeared in 1945 and the paper he was preparing is 
likely to have been destroyed owing to the devastations of the war. However; 
on the basis of a manuscript which has been discovered J. VALATIN publishe 
[11] the rotational analysis of three y bands, their predissociations found 
on the spectrum and suggestions, now to be modified — as I have mentione 
before — concerning the dissociation energy of NO. 

Since 1943, quite naturally, a considerable number of papers have been 
published on the bands of the NO molecule and the rotational analysis of a) 
good many bands have been carried out by the Japanese researcher Ocawa [7]. 
No such paper has been published, however, which would have contained as; 
many y bands with as high rotational quantum numbers as the analysis: 
of Scumip and Ger6. The re-discovery of these invaluable records could have: 
been of high importance with regard to the exact calculation of rolatemal 
constants and the study of predissociation phenomena. 


§ 2. Analysis 


From the photographs and manuscripts found among the ruins it was 
possible to make up a collection of data, the partial rotational analysis of 18° 
bands, and spectrograms made in all spectrum ranges with the exception of 
the Schumann-range. | 

The present paper includes the rotational analysis of 16 y bands, 
with the omission of the data [11] already published. These bands are as 


follows : 
(0,0) (0,1) (0,2) (0,3) (0,4) (0,5) : 
(1,1) (1,3) (1,4) (1,5) (1,6) 
(2,2) (2,3) (2,7) 


(3,4) (3,5) 


First of all it was ascertained in the following way how the manuscripts 
and spectrograms found corresponded to each other one of my co-workers 
re-measured the lines of the (0,2) band and detected the branches ; then the 
results obtained in this way were compared with the data found. The agree- 
ment was excellent. After this I prepared the so-called Loomis and Wood 
diagram [12] for all bands. By means of this I succeeded, on the one hand, in 
checking the correctness of the analysis already done and, on the other hand, 
I was able to extend a good many branches towards higher quantum numbers. 
The first part of the (0,5) band was not to be found in the collection of data. 
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he gap has been filled by supplementary measurement and the analysis 
extended towards the band-head as well. The °P,, branch had to be supplied 
in its entirety. Further branches missing were the °P,, and *R,, in the (1,5) 
band, the ‘R,, in the (2,7) band and the P, and R, in the (3,4) band, all are 
now being fully supplied. In the following Tables the data of Scumrp and GER6 
are given in Roman type and those calculated recently by the present author 
in italics. The correctness of the supplements have been checked by enlarged 
copies made from the plates, apart from the comparison of combination dif- 
ferences. 

Through the analysis completed in this way, I have calculated the 
rotational constants. The constants relating to the ground state X°/7 correspond 
to the data of Grnuerre and Eyster [1] within a permissible margin of error. 
The following constants have been obtained for the electronic state AX: 


B, = 1,9977 cm™} 

a, = 0,0198 cm™! 

Di = —6,2.10-* cm™ 

B, = 0,3.107* cm™ 

r’, = 1,0630-10°§ cm 

I, = 14,0076-10-* g cm?. 


§ 3. Dissociation Energy 


According to the dissertations mentioned [9], [10], in previous reports 
[3], [4] and Vaxarin’s publication [11] the dissociation energy of the NO 
molecule had been determined by Scumrp and Geré as 4,29 eV. This was 
‘based on the fact that the § bands cease to exist above v' = 4 owing to 
predissociation. Scamrp and Ger6 observed predissociation on the y bands 
at the energy value 53750 cm 1. The difference between the two predissociation 
limits corresponded to the energy difference between the atomic term combi- 
nations N(4S) + OD) and N(?D) + O(P). The coordination of the above 
atomic term combinations and predissociations seemed to be obvious. Thus 
the atomic term combination N(4S) + O(8P) lying lower by 15868 cm! 
than the atomic term combination N(#S) + O(1D), has been placed to an 
energy level corresponding to 4,28 eV. The so-called accidental predissociation 
phenomena [4], [10], [11], [13], [14], allegedly arising in the rotational struc- 
ture of the y bands, were also interpreted as predissociation of the f bands 


occurring above v' = 4. 
In the meantime, however, photographs were taken [5], [6], [7]. [8] 
of such f bands whose upper vibrational levels are v =5 and v’ = 6. 


Even through a careful study of the spectrum, I could not find a satisfactory 
confirmation of the existence of the phenomena explained by accidental 


predissociation. 
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On the basis of the breaking-off of the vibrational terms of the 6 bands 
at v’ = 6 as well as by taking account of the dissociation energy of the N, 
molecule, M. Brook and J. KApuan [6] have fixed the limit of predissociation) 
at 6,48 eV. This value was accepted by several authors. The predissociation 
was ascribed to the interaction of the repulsive term #2 arising from the 
atomic term combination N(4S) + O(?P) placed on that energy level. 


vp+B'K (K+1) es 


0 7000 2000 3000 4000 5000 6000 7000 K(k+1) ° 


Fig. 1. Rotational term series of the electronic states A?S* and BI of the NO molecule 


Fig. 1. shows the term series of y and # bands plotted against K(K + 1) 
drawn in a continuous line, to the quantum number I could reach in the course 
of the analysis. The breaking-off of the rotational terms in the y bands indi- 
cates quite clearly the limiting curve of dissociation. As is seen, the limiting 
curve intersects the energy axis at 53 266 cm! which corresponds to 6,603 
eV. This value may deviate — according to my calculaitons — from the 
dissociation energy of NO by no more than 0,04 eV (~300 cm 4), inasmuch 
as the above energy value belonging to the above point of intersection is the 
lower limit for the dissociation limit [15]. As is seen from the Figure, apart 


te 
om this value of dissociation there may exist in emission the vibrational 
vel v’ = 7 of the f bands. 

Fig. 2. shows the position of the vibrational levels in the excited electro- 
e states of the NO molecule with the atomic term combination coordinated 
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Fig. 2. The excited energy levels of the NO molecule 


I feel deeply obliged to pay the tribute of respect to my beloved masters, 


R. Scumip and L. Ger6. 
I should like to express my thanks to Eprr KoczxAs and L. CsA4szhr 


for their help and assistance in the tiresome work of calculation. 


* According to the paper [2] of G. HERZBERG, A. Lacerovist and E, Mrescner the 
C state is not 22 but 7/7, 
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Pena Re NS 


HOBbIM BPALWATEJIbHbIA AHAJIH3 y — MOJIOC NO MOJIEKYJIbI 
HW. DJEXKU 


Peswme 


Hactosmjaa pabora cosepoKuT BpaljaTesbHbI aHanus 16 nonoc y cucrempr NO mo- 
Hekyuibl. TlocroaHupie A?S* B 9s1eEKTPOHHOM COCTOAHHM MOJIEKYJIbI MOYYeHbI M3 aHaANH3a, pac- 
INMpeHHOrO Ha BbICOKHe BpaljaTeIbHbIe KBAHTOBbIe YMCA, CNeqyoulne : . 

’ Be =1,9977 cm! ao = 0,0198 cm De = — 6,2- 10-® cm=-}, ‘ 

Be = 0,3-10-® cm? re = 1,063- 10-8 cm Ie = 14,0076 - 10-49 g. cm?. ; 


TlocTOAHHbI€ NOyYeHbI AIA OCHOBHOTO cocTosHMA X2/7 copnayaiwrT c AaHHbIMH P,T. >Kunerd 
u I. Siicrepa [1] B npegenax ommOoK. SHepruA AMCCOMMaMH, KaK MOKA3bIBaeTCA B asIbHei- 
WieM, Ha OCHOBe BpalllaTenbHOrO aHamu3a, cocraBiaeT 6,603 eV. STO 3HaueHve BbIe, 4eM 
jaHHOe HefaBHo B padote I. Fepuoepra, A. Jlarepxucta u E. Muujepa [2] (7. e. 6,50 eV). 
ABTOp JemaeT 43 9TOFO BHIBOM, YTO MpeAMCCOMMAMH Ha BBICIIMX IeCKTPOHHbIX COCTOAHUAX 
B mlonoc He NpoMcxoANT BEIe ypoBHA v’ = 6, Kak 9TO ObINO MpeACKasaHO HeKOTOPbIME 
aBTOpaMH, a B IMHCCHM JOJDKeH CYeCTBOBATbh v’ = 7. 


- 
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Table 1 


re 


(0,0) y-band of NO 


J Py. P, Q R, Py Q R, Pits 


= = — |44199,21 |44 203,49 | 
44.074,26 |44078,59 |44 086,15 — |44194,29 | 197,98 | 206,03 
069,60 | 077,95 | 089,56 |44105,72 | 189,80 | 197,98 | 209,69 
065,40 | 077,58 | 093,39 | 113,52 | 186,07) 197,98 | 213,81 
061,77 | 077,95 | 097,68 | 121,52 | 183,02 | 199,21 | 218,55 
5% 058,80 | 078,59 | 102,72 | 130,42) 180,58 | 200,13} 223,95 | 44 252,05 
056,49 | 080,32 | 108,17 | 140,13 | 178,53 | 202,36 | 230,23 261,79 

054,22 | 082,33 |. 114,15 | 149,83 | 177,28 | 204,96 | 236,86 272,49 
052,78 | 084,83 | 120,71 | 160,46 | 176,85 | 208,38 | 244,30 283,28 
052,03 | 087,98-| 127,68 | 171,19 | 176,85 | 212,25 | 252,05 295,79 
10% 052,03 | 091,56 | 135,31 | 183,02 | 177,28 | 217,00 | 260,93 308,22 
052,03 | 095,70 | 143,44 | 194,93 | 178,53 | 222,24 | 269,92 321,38 

052.78 | 100,45 | 152,17| 207,81 | 180,58 | 228,00 | 279,65 335,22 
054,22 | 105,72 | 161,32) 220,78 | 183,02 | 234,47 | 290,12 349,51 
056,16 | 111,50| 171,19 | 234,47 | 186,07 | 241,68 | 301,17 365,00 
151% 058,33 | 117,84 | 181,38 | 249,10 | 189,80 | 249,10 | 312,82 380,21 
061,30 | 124,74 | 192,18] 264,24 | 194,29 | 257,54 | 325,12 396,60 

064,66 | 132,16 | 203,49 | 278,96 | 199,21 | 266,44 | 337,97 413,05 
068,69 | 140,13 | 215,46 | 294,38 | 204,96 | 275,98 | 351,46 430,56 
073,21 | 148,68 | 228,00 | 311,13 | 211,21 | 286,10 | 365,55 448,65 
20% 078,59 | 157,73 | 241,13 | 328,22 | 217,73 | 296,87 | 380,21 467,16 
084,33 | 167,31 | 254,52 | 345,86 | 225,26 | 308,22 | 395,56 | 486,41 

090,28 | 177,28 | 268,65 | 363,61 | 233,24 | 320,28 | 411,51 506,13 
097,18 | 188,16 | 283,28 | 382,31 | 241,68 | 332,92 | 428,01 526,75 
104,59 | 199,21 | 298,56 | 401,45 | 251,31 | 345,86 | 445,05 547,80 
251% 112,34 | 211,21 | 314,35 | 421,02 | 260,93 | 359,81 | 462,71 569,86 
120,71 | 223,95 | 330,62 | 441,26 | 271,53 | 374,12 | 481,26 591,53 


129,98 236,86 347,45 462,07 282,69 389,23 500,09 | 614,41 
140,13 250,17 365,00 483,40 294,38 404,77 519,47 | 637,85 
149,83 264,24 382,93 505,24 306,57 421,02 539,74 | 661,86 


30% 160,46 278,96 401,45 527,76 319,69 437,77 560,38 686,59 
os 294,38 420,73 550,89 332,92 455,09 581,73 711,69 
184,08 309,89 440,23 574,03 347,45 473,15 603,58 737,46 
195,91 326,20 460,45 598,17 361,81 491,75 626,16 163,28 
343,01 481,26 622,97 377,09 510,92 649,12 789,81 
35144 | 360,38 502,61 648,22 393,03 530,67 672,76 | 818,26 
| 378,49 524,55 673,94 409,50 550,89 697,12 846,11 
397,04 546,76 700,02 426,61 571,93 722,14 874,81 
416,27 569,86 727,04 444,40 593,46 747,37 904,54 
435,89 593,46 154,43 462,71 615,72 173,43 934,51 
40% 456,12 617,56 782,97 481,26 638,53 799,89 964,99 
477,03 642,54 810,99 500,84 661,86 827,22 996,37 
498,37 667,87 839,97 520,84 685,82 855,00 — 
| 520,50 693,29 869,57 541,60 710,27 883,35 | 45 059,71 
543,03 719,64 900,10 562,99 135,22 912,31 —- 
45% 566,32 746,77 930,87 584,77 761,12 941,90 125,88 
589,82 174,11 962,16 607,18 787,26 971,96 160,13 
614,41 802,52 994,16 630,24 814,21 — 194,26 
638,53 830,88 |45 026,71 653,90 841,72 |45 033,87 229,55 
664,30 860,07 059,71 677,93 869,57 


50% 690,17 890,06 093,30 702,38 898,31 
717,29 920,26 127,00 728,06 927,62 
744,53 951,42 754,43 957,38 

772,40 983,25 780,99 

45 015,54 808,20 


g* 


132 


el 
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(9,0) y-band of NO 


J on | Ps Q, R, P, Q R* SRey 
55) - 835,71 
” | 864,16 
| 893,03 
| 922,68 
952,81 
60% | 983,25 
Table 2 
(0,1) y-band of NO 
J ops P, Q R, P, Q R, ona 
\, = at = By — | 42322,42 |42 326,69 
42. 198,07 |42 201,96 |42 209,97 |42 221,85 |42 317,74 321,29 329,67 
193,43 201,44 213,36 229,25 313,64 321,29 333,11 
189,58 201,44 217,40 237,15 309,74 321,29 337,63 
186,32 201,96 221,85 245,88 306,85 322,42 342,46 
5% | 783,56 | 203,08 | 227,12 | 254,66| 304,63 | 324,34| 348,02 
181,19 204,79 232,80 264,50 302,88 326,69 354,37 | 42 386,21 
179,45 207,18 239,11 274,71 301,81 329,67 361,20 397,08 
178,31 209,97 245,88 285,49 301,81 333,11 368,91 408,32 
177,74 213,36 253,36 296,89 301,81 337,63 377,11 420,83 
10% 177,74 217,40 261,38 308,95 302,88 342,46 386,21 433,52 
178,31 221,85 269,69 321,29 304,63 348,02 395,46 447,35 
179,45 227,12 278,73 334,51 306,85 354,37 405,78 461,47 
181,19 232,80 288,51 348,02 309,74 361,20 416,51 476,32 
183,56 | 239.11 | 298,89 | 362,19 | 313,64| 368,91 | 428.48] 491.86 
15% 186,32 245,88 309,74 3T711 317,74 SUT LL 440,56 507,54 
189,82 | 253.36 | 321,29 | 392,35 | 322.42) 386,21 | 453.45| 524.65 
194,14 261,38 333,11 408,32 328,27 395,46 467,26 542,56 
198,84 270,10 345,56 424,88 334,51 405,78 481,12 — 
204,22 279,39 358,74 441,98 341,29 416,51 495,92 —_ 
20% 209,97 289,25 372,46 459,54 348,63 427,90 511,32 598,15 
216,50 299,62 386,74 477,99 357,13 440,07 527,36 618,40 
223,45 310,60 401,79 496,77 365,89 452,76 544,19 638,99 
231,14 322,42 417,19 516,27 375,14 466,10 561,41 660,43 
239,11 334,51 433,52 536,28 385,38 480,25 579,42 682,28 
254% 248,23 347,19 450,07 556,81 396,00 494,86 598,15 704,83 
257,63 360,49 467,26 577,95 407,56 510,20 617,45 727,90 
267,54 374,47 485,32 599,93 419,76 526,29 637,30 751,73 
389,03 503,73 622,34 432,29 542,56 657,88 776,31 
404,13 522,80 645,25 445,57 560,04 679,00 801,20 
30% 419,76 542,56 668,85 459,54 577,95 700,82 827,08 
436,11 562,76 692,98 474,06 596,48 723,26 853,04 
452,76 583,52 Clie 489,33 615,57 746,21 880,09 
470,54 604,92 743,03 505,28 635,41 769,81 907,20 
488,77 627,03 769,12 521,80 655,55 794,07 — 
35% 507,54 649,65 795,33 538,94 676,85 819,16 964,54 
527,36 672,92 822,46 556,81 698,67 844,58 994,03 
546,69 696,70 850,07 575,07 721,07 870,70 | 43 023,93 
567,27 721,07 878,31 594,19 743,70 897,55 054,52 
588,34 746,21 907,20 613,80 167,27 924,94 085,90 
40% 610,06 771,86 936,67 634,21 791,38 952,84 117,88 
632,50 197,92 966,67 655,55 816,23 981,48 150,28 
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Sn aU ade EEE EEE anna 


(0,1) y-band of NO 


J opi P, Q, R, PL QO, Ry SR; 
655,55 824,72 997,21 676,85 841,55 |43 010,83 183,39 
679,00 852,03 | 43028,43 698,67 867,61 040,48 216,68 
703,19 880,09 060,40 722,06 894,32 071,07 
451%, 727,90 908,67 092,58 745,22 921,63 102,19 
753,28 937,88 125,46 769,12 949,51 133,87 
179,35 967,61 158,96 749,07 977,07 166,11 
805,82 997,99 193,00 819,16 |43 007,07 199,14 
832,99 |43 028,78 227,85 845,27 036,84 232,84 
50%, 860,92 060,40 263,56 871,88 067,17 266,84 
| 889,14 092,58 299,42 999,10 098,17 | 301,80 
918,12 125,46 335,79 926,90 129,84. 337,00 
947,73 158,96 373,64 955,31 161,96 373,64 
977,97 193,00 | 411,16 984,33 194,92 410,23 
5514 43 008,66 227,85 449,57 |43 014,01 228,27 447,72 
040,48 262,68 | 488,62 044,37 262,68 485,23 
072,20 298,49 | 528,13 075,32 297,30 523,70 
| 104,84 334,86 568,23 106,80 332,49 562,91 
: 138,08 372,57 608,94 138,96 369,12 602,43 
601% 171,82 410,23 650,29 171,82 405,61 642,84 
206,29 448,57 692,25 205,32 442,71 683,86 
241,61 487,01 734,44. 239,43 480,37 725,03 
277,16 526,52 777,87 274,03 518,79 167,35 
313,10 566,45 821,70 309,34 557,79 810,08 
651% 351,20 607,05 865,91 345,15 597,35 
388,49 648,25 910,73 637,28 
426,56 690,67 956,06 678,57 
465,23 732,58 | 44002,59 120,07 
504,87 175,74 049,19 162,12 
10% 544,61 819,28 805,03 
585,27 863,47 848,02 
626,52 908,38 891,97 
668,15 954,07 936,61 
710,78 |44 000,03 981,60 
15%, 753,56 046,82 44 027,60 
| 797,18 
| Table 3 
eee ee es ee 
(0.2) y-band of NO 
J oP P, Q, R, P, Qa Ry Shar 
| VY SS 23 uel a= ale = — = 
40 349,30 |40 353,57 |40 361,24 |40 373,73 = —  |40 481,18 = 
344,83 353,11 364,78 381,56 |40 464,55 = 485,15 = 
341,07 353,11 369,05 388,87 461,18 |40 473,30 489,13 = 
337,62 353,57 373,73 397,65 458,36 474,38 494,40 = 
54%, 335,20 355,02 379,03 406,56 456,40 476,17 500,22 | 40 528,25 
333,24 356,83 384,80 516,81 454,92 478,95 506,90 538,62 
331,80 359,53 391,51 427,44 454,35 482,13 514,01 549,71 
330,91 362,74 398,59 438,32 454,35 486,00 521,97 561,39 
330,91 366,52 406,46 450,16 454,92 490,59 530,53 572,95 
10% 330,91 370,96 | 414,76 462,53 456,40 495,90 540,04 587,06 
331,80 376,08 | 423,75 475,49 458,36 501,94 549,71 601,09 
333,72 381,56 | 433,33 489,13 461,18 508,70 560,55 616,07 
336,05 387,90 443,56 503,26 464,55 516,12 571,83 631,37 
338,88 394,62 454,35 517,90 468,71 524,19 584,03 647,39 
15% 342,50 402,17 | 465,79 533,50 473,30 533,05 596,59 664,09 
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I. DEEZSI 


(0,2) y-band of NO 


| 
J | Pr BP; Q, Ry P, Qa R, 
| 346,52 410,25 477,87 549,51 478,95 542,43 610,16 
| 351,24 418,94 490,59 565,96 485,15 552,52 624,39 
356,83 428,31 503,72 583,24 492,02 563,23 638,87 
362,74 438,32 517,90 601,09 499,79 574,82 654,52 
20% | 369,05 448,75 532,37 619,47 507,92 587,06 671,12 
376,65 459,98 547,46 638,87 516,77 599,93 687,44 
| 384,80 471,71 563,23 658,24 526,46 613,48 704,98 
| 392,96 484,20 579,52 678,55 536,76 627,79 723,10 
| 402,17 497,38 596,59 699,51 547,46 642,73 741,92 
25% 411,85 511,03 613,95 720,93 559,35 658,24 761,49 
422,15 525,39 632,49 | 743,24 57 1es3 674,45 781,71 
433,33 540,04 651,24 765,93 584,66 691,48 802,62 
| 444,77 555,81 671,12 789,42 598,34 709,06 824,11 
| 457,17 571,83 690,98 813,34 612,80 727,30 846,24 
304%, | 470,17 589,01 711,63 | 838,03 627,79 746,31 869,10 
| 484,20 606,37 733,06 | 863,32 | 643,35 765,93 892,60 
| 498,06 624,39 755,08 889,40 659,93 786,17 916,87 
912,79 642,73 dita 915,71 676,86 807,13 941,56 
528,25 662,59 | 800,90 942,75 694,71 828,71 967,17 
35% 544,41 682,64 824,79 970,63 713,02 850,98 993,30 
561,39 703,18 849,34 998,78 132,21 873,99 |41 020,10 
578,71 724,55 874,58 |41 028,09 151,87 897,54 047,71 
596,59 746,31 900,35 057,66 | 772,23 921,86 075,76 
— 769,11 926,83 | 088,03 793,36 | 946,64 104,52 
40% 634,69 792,23 953,89 | 118,74 815,09 | 972,40 133,95 
654,52 816,03 981,44 150,44 837,63 | 998,78 164,32 
675,52 840,55 |41 009,99 182,56 860,60 |41 025,62 195,00 
696,75 865,66 038,83 215,45 884,23 | 052,97 226,10 
891,47 068,69 248,71 908,55 | 081,36 258,22 
45% 917,79 098,68 282,83 933,50 | 110,20 291,03 
944,73 129,58 317,49 959,40 | 139,84 324,49 
972,40 | 161,15 352,76 985,84 169,98 358,31 
41 000,90 193,23 388,92 |41 012,98 200,85 393,08 
029,83 226,10 425,22 040,48 232,41 428,33 
50% 059,48 | 259,45 462,38 069,03 | 264,47 464,36 | 
089,81 293,48 500,40 098,13 | 297,33 501,02 708,69 
120,67 328,20 | 538,45 127,66 330,78 538,45 749,02 
152,17 363,47 517,79 157,98 364,92 576,15 
184,53 399,61 617,86 189,00 399,61 614,69 
55% 217,02 436,26 657,95 220,54 | 435,20 653,97 
250,61 473,55 | 699,04 252,98 471,22 693,79 
284,79 511,14 740,53 286,13 508,09 734,34 
319,59 549,78 | 782,91 319,59 545,46 775,39 
354,85 588,76 825,60 353,82 | 583,39 817,29 
60% 390,82 628,62 869,17 388,92 | 622,17 859,56 
427,73 669,06 913,17 424,57 661,51 902,77 
464,95 710,16 958,09 460,82 701,48 946,32 
502,95 751,83 |42 003,29 497,72 742,27 990,82 
541,71 794,27 049,73 535,36 783,54 |42 035,77 
65% 580,94 837,28 096,12 573,24 | 825,60 081,49 
620,91 880,82 143,55 612,51 | 868,01 127,78 
661,51 925,15 191,16 652,03 | 
702,71 970,12 240,25 692,26 | 
744,69 |42 015,61 289,25 733,38 
0% 787,84 061,67 174,92 
831,50 108,61 817,29 
876,08 156,10 | 
921,27 
967,20 
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Table 4 


(0,3) y-band of NO 


VO MOLECULE 


135 


54% 


251, 


35% 


451% 


50% 


38 530,52 


526,20 | 


522,45 
519,43 


516,90 | 


515,20 
514,36 
513,68 
513,68 


514,36 | 


515,95 
517,96 


520,66 | 


524,06 
528,18 
532,90 
538,29 
544,28 
550,97 
558,40 
566,74 
574,96 
584,29 
594,33 
604,97 
616,17 
628,06 


654,14 
667,97 
682,96 
698,34 
714,30 
731,12 
748,37 
766,46 
785,18 
804,41 
824,61 
845,83 
868,45 


38 535,23 
534,35 
534,35 
535,23 
536,86 
539,05 
541,87 


545,39 | 
549,41 | 


554,21 


559,09 | 


565,69 
572.32 
579,69 
587,73 
596,39 
605,69 
615,63 
626,30 
637,53 
649,54 
661,99 


675,39 | 


689,33 
703,86 
719,02 
735,11 
751,97 
768,85 
786,73 
805,30 
824,61 
844,57 
865,14 
886,51 
908,35 


931,02 | 


954,29 
978,33 
39 003,01 
028,44 
054,24 
080,87 
108,13 
135,97 
164,89 
194,09 
223,89 
255,11 
286,22 
318,68 
351,21 
384,64 
418,78 


38 542,54 
545,97 | 
550,36 
555,20 
560,76 
566,74 | 
573,65 
581,08 
589,16 
597,89 
607,27 
617,30 
628,06 
639,23 
651,25 
663,87 
677,12 
691,06 
705,60 
720,88 
736,70 
753,33 
770,38 | 
788,48 | 
806,80 
826,00 
845,83 
866,60 
887,66 
909,52 
931,96 
955,18 
978,87 

39 003,39 
028,44 
054,24 
080,87 | 
108,13 
135,97 
164,41 
193,51 
223,29 
253,88 
285,03 
316,92 
349,39 
382,59 
416,53 
450,92 
486,04 
522,07 
558,75 
595,71 
633,79 


{39 009,99 


R, 


38 554,21 
562,21 
570,17 | 
579,16 
589,16 
598,59 | 
609,47 
620,78 
632,85 
645,59 
658,59 
672,95 
687,13 
702,80 | 
719,02 
135,LE 
752,38 
770,38 
788,48 
807,99 
827,78 
848,33 
869,49 | 
891,28 
913,55 
936,76 
960,59 | 
985,15 | 


035,75 
062,13 
089,18 
116,99 
145,24 
174,23 
203,83 
234,36 
265,34 
296,86 
329,11 
362,24 
396,03 
430,24 
465,37 
500,92 
537,13 
374,14 
611,96 
650,29 
689,30 
728,98 
769,28 
810,34 
851,81 


P, 


38649,54 
645,59 
642,23 
639,23 
637,53 
636,21 
636,21 
636,21 
637,53 
639,23 
641,30 
644,62 
648,46 
653,17 
658,59 
664,48 
671,30 
678,63 
687,13 
695,85 
705,60 
716,06 


727,09 | 
738,73 | 


751,57 
764,64 


778,61 | 


793,26 
808,47 
824,61 
841,49 
859,05 
877,31 
896,21 
915,83 
936,19 
957,19 
978,87 
39001,30 
024,43 
048,25 
072,87 
098,05 
123,91 
150,58 
177,83 
205,71 
234,36 
264,11 
294,13 
324,79 
356,12 
388,67 
421,66 


Q, 


R, 


38 654,14 38 658,59 


653,62 
653,62 
654,14 


655,48 | 


657,47 
660,30 
663,87 
667,97 


672,95 | 
678,63 | 
684,98 
692,21 | 
699,92 | 


708,51 
717,83 
721,70 


738,73 | 
749,99 | 


762,13 | 


775,01 


788,48 | 


802,89 
817,91 
833,65 
850,26 
867,45 
885,24 
903,85 
923,12 
943,12 
963,81 
085,15 

39 007,31 
030,22 


053,62 | 


077,77 
102,77 


128,27 | 
154,53 | 


181,50 
209,14 
237,61 
266,59 
296,47 
326,91 
358,18 
389,99 
422,44 
455,53 
489,49 
524,31 
559,58 
595,71 
632,27 


661,99 
665,57 
670,06 
675,39 
681,31 


688,05 | 


695,85 
703586 
712,71 
722,32 
732,70 
743,71 


755,67 | 


768,17 


781,38 | 


195,37 
810,09 


825,56 | 


841,49 
858,58 
876,08 
894,41 
913,55 
933,02 
953,45 
974,51 
996,30 


39 018,75 | 
041,94 | 


065,87 
090,51 
115,84 
141,73 


168,43 | 


195,80 


223,89 | 


252,60 


282,15 | 


312,14 
343,21 
374,97 
407,01 


439,48 | 


473,30 
507,79 
542,64 
578,59 
614,76 
651,73 
689,33 
727,88 
167,05 
806,83 
847,12 


SRo, 


38 666,46 
673,62 
681,31 
689,87 
699,20 
709,18 
719,71 
731,12 
743,71 
756,20 
710,38 
784,25 
799,24 
814,98 
831,42 
848,45 
866,60 
885,24 
904,73 
924,83 
945,61 
967,09 
989,24 

39 012,17 
035,75 
060,06 
084,84. 
110,70 
137,14 
164,41 
191,93 
220,29 
249,75 
279,69 
310,16 
341,35 
373,31 
405,96 
439,48 
473,30 
507,79 
543,40 
579,55 
616,45 
653,72 
692,15 
730,62 
770,23 
810,34 
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I. DEEZSI 


(0,3) y-band of NO 


J oP. P, Qe R, P, 0, R, SRay 
55%, 453,52 672,42 894,20 455,53 669,69 888,44 
488,94 711,69 937,36 489,49 707,74 930,09 
525,05 751,60 980,88 524,31 746,53 972,74 
562,06 792,12 |40 025,26 560,14 785,76 |40 016,20 
599,52 833,26 070,36 596,59 826,04 059,96 . 
60% 638,00 875,36 116,04 633,79 866,92 104,52 
676,56 918,07 162,38 671,55 908,42 149,82 
715,91 961,46 710,00 950,76 
776,56 |40 005,31 749,14 993,56 
797,60 050,14 789,27 |40 037,16 
651% 838,98 095,56 829,55 081,51 
881,60 141,57 870,83 126,50 
924,34 | 188,10 912,58 172,08 
968,19 235,20 955,63 218,12 
40 012,59 283,09 998,91 264,93 
70% 057,63 331,80 _ 312,47 
103,49 381,56 40088 ,00 360,48 
149,82 431,30 133,20 
197,10 482,13 179,04 
225,94 
273,16 
Table 5 
(0,4) y-band of NO 
J Re Bs Q: R, 12 Q, R, SR, 
yy — = — — —  |36 862,74 |36 866,76 — 
|36 739,17 | 36743,06 |36 751,11 |36 763,04 |36 858,13 862,02 869,89 -s 
737,92 742,89 754,86 770,68 854,06 862,02 873,91 — 
| #731529. 743,06 759,24 778,97 850,79 862,74 878,66 — 
| 728,44 744,37 764,09 788,11 848,28 864,34 884,12 — 
514% | 126,20 746,10 769,76 797,60 846,62 866,48 890,14 — 
124,46 748,46 776,20 808,10 845,85 869,37 897,16 = 
} T2350 751,45 783,40 819,00 845,47 873,02 | 904,89 — 
) P7255 he 155,23 791,07 830,68 845,85 877,59 913,40 = 
724,11 759,69 799,48 843,15 847,24 882,80 922,60 — 
10% 725,15 764,93 808,57 856,12 849,31 888,84 932,70 | 36 980,18 
727,03 770,68 818,37 869,89 851,92 895,66 943,40 994,89 
729,60 171,29 828,76 884,12 855,78 903,24 954,92 | 37 010,28 
732,81 784,48 839,96 899,34 860,10 911,64 967,16 026,56 
736,67 792,29 851,92 915,33 865,13 920,61 880,18 043,54. 
15%, 741,40 800,90 864,34 931,72 871,06 930,37 993,96 061,33 
746,45 810,17 877,59 948,77 877,59 940,85 |37 008,51 079,79 
752,54 820,04 891,40 966,67 885,11 952,29 023,92 099,07 
759,24 830,68 905,97 985,36 893,26 964,40 039,91 119,18. 
166,74 841,93 921,22 |37 004,46 902,15 977,26 056,63 139,75. 
20% 774,75 854,06 937,26 024,26 911,64 990,81 074,22 161,22 
783,40 | 866,76 953,92 044,92 922,24 |37 005,10 092,53 183,11 
793,12 880,12 971,26 066,18 933,32 020,23 111,70 206,51 
803,19 894,26 989,33 088,11 945,21 036,08 131,31 230,37 
814,10 909,05 |37 008,03 110,77 957,72 052,64 | 151,80 254,80 


4A RECENT ROTATIONAL ANALYSIS OF THE » BANDS OF THE YO MOLECULE 


” 
(0,4) ~ bend of NO 
, J ) °P,. | P, ; Q R : P, : Q R, SR 
251 | 925,59| 92453| 027,52! 13414) 971.26 069,99 | 173,12 | 280,02 
’ $37.96 940,85 047,59 158,26 | 985,36 088,11 | 195,30 305,85 
850.79 957,72 | 068,41 183,04 37000,36 106,90 218,02 332,79 
864.34 975.17 089,96, 20852 015,97 | 126,47) 241,54) 360,01 
| 878.66 993,53| 112,08 | 234,68 032,30 | 146,69 | 265,79 | 388,41 
994.26 | 3701251 | 135,02 261,62 049,49 167,84 290,82 416.97 
909.81 032,30 | 158,61 289,05 067,39 189,79 | 316,54 446,58 
926,32 052.64) 183,04 317,36 086,04 212,26 | 343,12 476,83 
94340 073,81 | 20830 345.97 105,40 235,58 370,10 508,37 
96138  095,59| 233,95 375,75 | 125,46 259,58 | 397,96 
980.18 118,06) 260,41 406,26 | 146,15 28442) 426,55 
999,61 141,37! 287,45 | 437,12| 167,84 309,84 456,17 
37019.50 165.25 315,44 469,01 | 190,28) 336,09 486,05 
039.91 189.79 343.90 301,20, 113.42 362,83 | 516,91 
06187 | 215.53 373,14 | 534,34 | 237,35 390,69 | 348,63 
084.06 24154 403,11 568,64 | 261,62 419,00 580,81 
106.90 26831 433,85 602,67 287.45 | 448,20 613,73 
295.94 465,16 638,01 313,32 478,13 647,57 
324.27 497.31 673,63 340,07 508,81 | 681,83 
| 353.41. 330,15 710,22 | 367,44 | 540,06 | 716,88 | 
382.69 363,80 747,38 395,84, 572,08 | 752,81 | 
413,06 597,90 785,53 | 424,65 | 604,83 789,25 | 
44440 632,66 824,08 454,44 | 638.45 826,76 | 
476.05 668.22 863,65 484,94 | 672,78 | 864,64 _ 
508.81 70452 903,64| 516,03 707,70 | 903,64 
541.78 | 74131 944,14 | 547,97 | 743,09 | 943,18 | 
375.74 779,22 986,09 580.81 }- 779,66 | 983,46 | 
610.39 817.53 3802854 613,78 | 16,93 |38 024,27 | 
645,67 856,78 071.42 = 854,79 | 066,07 
681.83 896,67 114,98 683,03 | 893,44 | 108,67 | 
71831 937,17 159,08) 718,31 | 932,69 151,59 | 
755,85 = 204,03 | 754,52 973,15 195,55 | 
794.16 38020,55  249,80| 791,45 3801368 | 239,91 | 
833.10 063.37 296,32 829,42 | 055.19 | 285,13 | 
873,08 106,7 867,86 097.27 | 331,08 | 
913,64 150,90 907.15 | 140,34| 377,75 | 
195,55 947.10 184.02 | 425,13 | 
241,20 987,85 | 228,35 | 473,29 | 
287,42 3802941 273,54 
334,46 O7142| 319,29 
381.96 365,69 
412,90 
Table 6 
on ee ee 
(0.5) Band of NO 
J . a | % @ | m P, Q. R, SR. 
Sa i = 1s = a — 3510340 — 
3497469 — (|3498677) — = 106.40'  — 
971,30 — | 991,50 = 35 090,23 1055| — 
3497962 = == (87.64 35099,16| 1033; — 
965.37 981,24 |33001,14 |35025.78 | 085.23 10097 I21J2- — 
963.57 983.14 00694 03492 08355 10340) 127235 — 
961.99 985.81 01356| 04497 98289 10640, 13448) — 
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rrr EO 


Loy, 


15%, 


204, 


30% 


401, 


50% 


wn 
wn 
Pp ay 
to 


60% 


3 


at 


0 
Pry 


961,33 
961,99 


963,57 
966,21 
969,22 
972,89 
977 18 
982,36 
988,36 


002,23 
010,64 
019,34 
028,96 
039,19 
050,20 
061,90 
074,64 
087,64 
101,81 
116,33 
131,82 
148,06 


165,14. 


182,29 


, 
P, 


989,05 
993,32 
998,11 
35003,51 
009,74 
016,79 
024,55 
032,83 
042,10 
051,82 
062,46 
073,69 
086,02 
(98,64 
TER ARS} 
126,35 
141,22 
157,05 
173,44 
190,63 
208,33 
PLES} 
246,96 
266,82 
287,56 
309,03 
331,40 
354,39 
377,90 
402,93 
428,18 
453,81 
480,54 
508,31 
536,44 
565,53 
595,25 
625,60 
657,17 
689,32 
721,96 
155,42 
789,78 
824,87 
860,86 
897,22 
934,50 
972,52 
36011,15 
050,85 
09.),99 
132,29 
174,18 
217,10 
260,59 
304,76 


(0,5) y-band of NO 


Qs 


021,03 
028,96 
037,85 
047,31 
957,51 
068,53 
080,22 
092,51 
105,38 
119,43 
133,86 
149,18 
165,14 


199,28 
217,71 
236,55 
256,10 
276,62 
297,77 
319,20 
341,78 
365,04 
389,12 
413,81 
439,25 
465,29 
492,14 
520,08 
548,45 
577,71 
607,68 
638,24 
669,68 
701,91 
134,77 
768,39 
802,77 
837,95 
873,77 
910,43 
947,85 
985,89 
36 024,89 
064,27 
104,74 
145,77 
187,43 
229,72 
273,56 
317,62 
362,43 
407,95 
454,30 
501,28 
549,24 
597,82 
647,19 


R, 


056,42 
068,53 
081,52 
095,06 
109,16 
124,25 
139,75 
155,87 


190,63 
209,46 
228,62 
248,54 
269,10 
290,41 
312,49 
335,47 
358,92 
383,13 
408,21 
433,77 
460,27 
487,22 
515,13 
543,64 
573,14 
603,24 
634,24 
665,69 
697,93 
731,12 
764,94 
799,39 
834,69 
870,73 
907,43 
945,00 
983,18 
36 022,02 
061,70 
102,18 
143,01 
185,20 
227,66 
270,98 
315,09 
360,18 
405,70 
452,01 
499,01 
546,77 
595,50 
644,69 
694,89 


P, 


082,89 
083,55 
085,23 
087,64 
090,94 
095,06 
099,70 
105,38 
LIZ 13 
119,43 
127,23 
135,98 
145,47 
155,87 
167,07 
178,90 
191,61 
204,49 
218,86 
233,87 
250,21 
266,82 
284,68 
302,71 
321,46 
340,80 
361,92 
383,13 
405,45 
428,18 
451,62 
476,04 
501,08 
527,25 
554,01 
581,47 
609,72 
638,89 
668,56 
699,30 
730,75 
762,86 
795,94 
829,33 
863,83 
899,14 
935,14 
971,93 
36009,36 
047,71 
086,63 
126,70 
167,22 
208,48 
250,48 
293,13 


Q 1 


110,55 
115,33 
121,12 
127,23 
134,48 
142,49 
151,22 
160,70 
171,20 
182,29 
194,44 
207,13 
220,83 
234,97 
250,21 
266,06 
282,71 
300,10 
318,26 
337,32 
357,20 
377,90 
398,98 
420,82 
444,08 
467,27 
491,71 
516,90 
542,90 
569,67 
597,27 
625,60 
654,58 
684,39 
715,05 
746,40 
178,52 
811,37 
845,11 
879,48 
914,70 
950,72 
987,44 

36 024,89 
063,13 
102,18 
142,00 
182,49 
223,45 
265,80 
308,55 
352,29 
396,61 
441,69 
487,41 
534,25 
581,80 
629,83 


R, 


142,49 
151,22 
160,70 
171,20 
182,29 
194,44 
207,13 
220,83 
234,97 
250,20 
266,06 
282,71 
300,10 
318,26 
337,31 
357,20 
377,90 
398,98 
420,82 
444,08 
467,89 
492,14 
517,39 
543,64 
570,25 
597,80 
626,12 
655,34 
685,24 
715,95 
747,23 
779,30 
812,07 
846,01 
880,58 
915,75 
951,76 
988,57 
36 025,62 
063,88 
103,27 
143,01 
183,53 
224,59 
266,65 
309,76 
353,09 
397,56 
442,59 
488,25 
534,96 
582,78 
630,42 
679,26 


SRyy 


35 452,98 
577,64 
502,47 


555,49 
583,27 
611,51 
640,31 
670,51 
700,95 
732,27 
764,04 


830,84 
865,29 
900,73 
936,95 
973,39 
36 011,15 
049,43 
088,42 
128,18 
168,42 
209,97 
251,79 
295,18 
333,88 
382,37 


J 
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- 
————_—————— 
(0,5) y-banp of NO 
J Pia P, Q, Ry P, Q, Ry SRei 
651% 697,55 678,68 
648,46 728.44. 
778,97 | 
882,08 
101% 934.63 
987,96 
37 042,23 
| 096,98 
| 
Table 7 
a 
(1,1) y-band of NO 
J Pre P, Q. R, P, 9 R, *Ry 
Y% — — — — — 44 664,30 |44 668,68 — 
44 539,74 |44543,47 [44 552,08 — 44 660,17 663,58 671,40 — 
535,51 543,03 555,34 — 655,80 | 663,58 675,19 | 
531,41 543,03 559,11 _— 652,03 | 663,58 679,37 
527,76 543,47 563,60 _ 649,12 | 664,30 683,88 | 
5% 524,78 544,84 568,33 —_ 646,52 665,79 689,49 | 
| 522,64 546,47 574,03 — 644,51 667,87 695,62 | 
| 520,84 548,29 579,72 — 643,22 | 670,70 702,38 
| 519,47 550,89 586,22 642,54 673,94 709,57 


518,52 553,99 593,46 |44 636,42 642,54 
10% 518,52 557,51 | 600,70 648,22 643,22 
518,52 561,70 608,85 660,17 644,51 687,75 | 735,22 
| 519,47 566,32 617,56 672,76 646,52 | 693,29 144,53 | 
520,84 571,33 626,56 685,82 649,12 | 700,02 755,05 

522,64 577,41 636,42 699,34 652,03 706,98 166,05 | 44 828,61 
15% 524,78 583,75 646,52 713,31 655,80 714,67 177,66 843,63 


677,93 717,29 
682,52 | 725,90 


527,76 590,63 | 657,39 728,06 660,17 | 722,90 789,81 860,07 
ia 531,41 598,17 | 668,68 743,47 665,27 731,74 802,52 | 876,87 
| 535,51 605,95 680,70 159,23 670,70 | 741,29 816,01 | © 894,40 


539,74 | 614,41 693,29 | 775,19 | 677,05 151,24 | 829,94 912,31 
20% 544,84 | 623,55 706,00 | 792,22 | 683,88 | 762,02 | 844,62 930,87 
| 550,89 | 633,15 719,64 | 809,71 691,19 173,43 860,07 949,98 
aes 643,22 | 733,54 | 827,22 | 699,34 | 785,34 | 875,64 969,49 
563,60 | 653,90 148,13 846,11 107,73 197,88 892,10 989,85 
571,33 | 665,27 163,28 | 865,12 717,29 | 810,99 | 909,32 | 45 010,92 
25% 579,00 | 677,05 | 779,02 | 884,84 | 727,04 | 824,55 926,98 
587,57 | 689,49 | 795,29 | 904,54 | 737,46 | 838,97 945,10 
; 596,64 | 702,38 | 812,06 | 925,36 | 748,13 | 853,95 963,81 
‘ 715,73 | 829,35 | 946,69 | 760,32 | 869,57 | 983,25 
729,80 | 847,27 | 968,58 | 772,40 | 885,47 |45 003,04 
30% 744,53 865,61 990,82 | 785,34 | 902,26 | 023,48 
159,23 884,84 |45 013,84 | 798,62 | 919,79 | 045,41 
775,19 | 904,54 | 037,34 | 812,66 | 937,66 067,46 
791,42 | 924,52 | 061,43 | 827,22 | 956,19 | 089,56 
808,20 | 945,10 | 085,88 | 842,61 975,26 112,46 
351, 825,68 966,34 110,84 858,38 994,95 135,50 
843,63 | 988,13 136,31 874,81 |45 015,54 160,13 


u 


> 
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er ————————————————————————————————————————————————— 


(1,) y-band of NO 


J tA Po Qs Ry PL Qt Ri SRay 
862,14 |45 010,92 892,10 036,44 184,84 
881,30 033,87 057,84 210,06 
900,85 057,31 079,92 236,28 
40% | 921,05 081,18 102,62 263,13 
941,90 106,12 125,88 289,84 
131,30 — 
156,84. 173,98 
| 183,39 199,12 
45% 210,66 224,74 
237,61 250,57 
265,52 277,62 
293,99 304,97 
323,17 332,87 
50% 353,24 361,50 
390,21 
420,12 
| 450,48 
481,39 
Table 8 


(1,3) y-band of NO 


J oP. P, Q R, P, Q R, ‘Ry, 


= _ = =~ a —  |41000,21 = 
40 872,42 |40 876,60 |40 884,23 |40 896,57 |40991,66 | 40995,47 | 003,59 lh 
868,23 | 876,03 | 887,70 | 903,59 987,98 | 995,47 | 007,14 oe 
864,37 | 876,03 | 891,47) 911,65 | 98425; — 011,74 = 
860,60 | 876,60 | 896,57) 920,34 | 981,44 | 997,05 | 016,78 — 
5% 858,29 | 878,14 | 901,54 | 929,06 | 979,34 | 998,78 | 022,71 _ 
856,61 | 880,19 | 907,63 | 939,22 | 977,81 | 41001,84 | 029,19 | 41 060,23 
855,47 | 882,69 | 914,24 | 949,66 | 976,85 | 004,70 | 036,28 071,66 
854,45 | 885,90 | 921,86 | 961,02 | 976,85 | 008,40 | 044,06 083,34. 
854,45 | 889,40 | 929,06 | 972,40 | 977,81 | 012,98 | 052,97 095,84 _ 
10% 854,45 | 893,96 | 937,31 | 984,25 | 979,34] 018,42 | 061,91 109,10 
855,47 | 998,96 | 946,64 | 997,05 | 981,44 | 024,64 | 071,66 122,71 
857,19 | 904,58 | 955,81 |41010,84 | 984,25 | 031,02 | 082,24 137,42 
859,93 | 910,91 | 965,87 | 024,64 | 987,98 | 038,83 | 093,78 152,17 
863,32 | 917,79 | 976,85 | 039,63 | 991,66 | 046,38 | 105,60 168,52 
15% 925,09 | 987,98 | 055,12 | 997,05 | 055,12 | 118,27 184,53 
933,50 |41000,21 | 070,63 |41001,84 | 064,71 | 131,72 201,87 
| 941,56 | 012,98 | 087,36 | 008,40 | 074,77 | 145,75 219,91 
| 951,19 | 025,62 | 104,52 | 015,10 | 085,45 | 160,64 238,74 
961,02 | 039,63 | 122,02 | 022,71 | 097,14 | 175,70 258,22 
20% 972,40 | 054,07 | 140,50 | 031,02 | 109,10 | 191,87 277,90 
982,68 | 069,03 | 159,49 039,63 | 122,02 | 208,48 298,42 
994,65 | 084,94 179,01 | 049,21 | 135,46 | 226,10 319,59 
41007,14 | 101,21 | 199,22 | 059,48 | 149,75 | 243,94 341,73 
020,10 | 118,27 | 219,91 | 070,63 | 164,32 | 262,74 
251%, 033,83 | 135,46 | 241,32) 082,24 | 179,96 | 282,28 
047,71 | 153,81 | 263,33 | 094,42 | 196,10 | 302,14 
062,69 | 172,57} 286,13 | 107,39 | 212,79 | 322,78 
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(48) ysband of NO 


az OP ia nm |e . [os hw pop Qi Ri SRoy 


078,34 | 191,87 | 309,36 | 120,67 | 230,37 | 344,33 

O94,42 | QU88 | B3Rj15 | 13540 BTL 366,38 
3044 111,27 | 282,87 | 357,02 | 150,44 | 267,52 | 388,92 
128,67 | 25409 | 382,87 | 166,05 | 286,93 | 412,54 
4a 146,78 | 275,94 | 408,62 182,56 | 307,23 436,26 
A 165,56 | 208,42 | 435,20 | 199,22 328,20) 461,09 


184,58 321,57 402,38 217,02 | 349,62 | 486,61 


ie) 95% 204.64 | 345,43 | 489,67 | 295,20 | 371,78) 512,64 

' 225,17 | 369,88 | 51810 | 254,09 | 394,78 | 539,20 

he 246-44 | 30478 | 546,86 | 273,91 41815 | 566,71 
268,17 | 420,56 | 576,15 | 29430 | 442,34) 594,69 | 


-—_——- 


) 
20108 | 446,91 | 606,37 | 315,25 | 467,06 | 623,21 | 
) 


ANY 313,89 473,55 637,30 336,98 492,00 | 652,51 
337,03 501,02 669,06 359,20 518,69 | 682,66 | 
362,04 529,64 700,87 382,41 545,46 | 713,29 
387,07 558,48 733,38 405,74 573,24 | 744,69 
412,54 588,18 766,05 430,22 OO1L,18 | 776,80 


a 
YI 
€ 
% 45Yy 439/03 | 61786 | BOOST | 455,13 | 62994 809,05 | 
465,82 | 648,70 | 834,95 | 480,84 65940 | 842,11 | 
7. 493,53 | 680,23 | 870,36 | 507,18 — 689,46 | 876,08 | 
7 521,78 | T1247 | 906,00 | 533,88 | 720,13 | 910,92 
a, 550,57 | 745,27 | 942,02 | 561,65 | 751,83 | 945,75 
50% 580,24 | 77834) 97941 | 589,85 | 783,54 | 
610.20 | 81X13 4201730 | 619,02 816,38 
641,19 846,70 050,17 648,70 | 849,83 | 
672,59 | 881,79 678,84 883,81 
704,76 | 917,95 709,53 O18 44 
554 737,62 | 953,99 953,99 | 
770,74 | 991,29 | 989,72 | 
805,23 42 029,21 42026,56 | ) 
| a 839,66 | 067,67 063,07 
106,55 LOL34 | 
— 60% 140,09 | 139,95 | 
186,32 
227,12 
| | \ 
Table 9 


er 


(44) yeband of NO 


oP, | r | Q Ry vy | Q\ R SRa 
39.085,58 |89 093,92 [89 105,30 — os 39 211,80 | -_ 
O84 84 096,29 112,09 --- _ 215, ‘0 | 39 231,20 


085,58 105,80 128,27 189,91 205,71 225,51 | 248,74 
087,24 110,70 13817 187,82 207,54 231,20 | 258,36 
005,87 089,18 116,99 147,96 180,49 210,29 237,61 269,28 
_ 092,25 128,91 159,12 _ 113,00 245,20 280,05 
OO4 dk 095,71 131,15 170,41 180,49 218,00 253,88 292,75 
_ 099,91 139,18 182,42 187,82 223,29 262,26 | = 305,44 


O84,84 100,58 120,05 [89 191,93 |39 203,88 219,66 | 239,46 
| 
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(1,4) y-band of NO 


F | Pie P2 Q: Re P2 Qa R, °R2, 


| 


10% 065,87 104,69 | 147,96 194,95 189,16 228,62 271,90 318,93 © 
066,96 110,07 157,28 208,32 191,11 234,77 282,15 333,13 
068,88 115,84 167,19 221,81 194,95 242,06 293,14 348,19 
071,72 122,74 177,83 236,81 198,89 249,75 305,08 363,76 | 
075,16 130,06 | 189,16 252,04 203,83 258,36 317,48 380,16 | 
15% 079,19 138,17 200,99 267,70 209,14 267,70 330,66 397,11 
083,93 146,78 213,60 184,42 215,00 277,56 344,54 415,02 
089,18 156,05 226,75 301,59 221,81 288,29 359,05 433,65. 
095,71 166,01 240,60 318,93 229,22 299,67 374,57 452,90 
102,02 176,61 | 255,11 337,64 237,61 311,94 390,47 472,01 
201% 109,28 187,82 270,37 356,59 246,43 324,79 407,01 493,32 
117,52 199.75 286,22 376,21 256,02 338,15 424,71 514,86 
126,06 212,31 302,55 396,66 266,59 352,53 442,86 937,13 
135,97 225,51 319,74 417,69 277,56 367,42 461,65 559,98 
145,24 239,19 337,64 439,48 289,31 383,08 481,30 583,19 
251, 156,05 253,88 356,12 461,65 301,59 399,47 501,47 607,18 
167,19 269,28 374,97 484,56 314,99 416,53 522,92 632,27 
179,41 285,03 394,77 508,24 329,11 434,41 544,28 657,40 | 
191,93 301,59 415,02 532,03 343,21 452,90 566,69 683,82 
205,71 318,93 436,23 557,28 359,05 472,01 589,74 710,85 
30% 219,66 336,78 457,97 583,19 374,97 491,94 613,60 738,54 
234,36 399,39 480,52 609,48 391,65 512,60 638,00 167,05 
249,75 374,57 503,53 636,37 409,13 533,90 663,26 796,00 
394,40 527,39 663,82 427,27 599,92 689,33 826,04 
415,02 551,85 695,15 445,99 578,99 715,91 856,24 
35% 436,23 576,90 721,14 465,37 602,28 743,07 887,14 
457,97 602,28 750,76 486,04 626,27 771,02 919,50 
480,52 628,92 780,94 507,01 651,10 799,66 951,32 
503,53 656,00 811,91 528,53 675,56 828,96 984,62 
527,39 683,82 843,26 dol 1S 702,78 859,01 
401, 551,85 712,16 875,36 574,14 729,68 889,68 
577,45 741,30 908,42 597,81 157,20 921,16 
603,38 771,02 941,95 622,31 785,76 953,25 
629,96 801,44 976,12 647,61 814,48 986,11 
657,40 832,42 |40 011,10 673,36 844,18 |40 019,62 
45 V4, 685,24 864,16 046,72 699,94 874,46 053,63 
713,83 896,72 082,94 727,04 905,54 088,58 
743,07 929,77 119,79 Tea) 937,36 124,26 


773,14 | 963,51 | 157,09 | 783,81 | 969,96 | 160,38 : 
803,67 | 997,98 | 195,21 | 812,93 |40003,07 | 197,10 
501% 834,83 |40032,99 | 234,07 | 843,26 | 037,16 
866,92 | 068,88 | 273,16 | 873,96 | 071,37 
900,03 | 105,35 905,54 | 106,67 
933,04 | 142,61 937,36 | 142,61 
967,22 | 180,30 970,30 | 179,04 
55% 40 001,98 40 003,80 | 215,87 
037,16 038,35 
073,33 073,33 
110,26 108,72 
147,72 145,10 
60% 185,63 


224,14 
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Table 10 


143: 


ee EU EEE EEE 


(1,5) y-band of NO 


5 


10% 


15%, 


20% 


25% 


301% 


35144 


AOU, 


451, 


50% 


5514 


Py» 


37313,32 
309,84 
306,79 
304,72 
303,08 
302,27 
302,27 
303,08 
304,04 
305,85 
308,37 
311,71 
315,44 
320,22 
325,64 
331,73 
338,20 
345,97 
354,28 
362,83 
372,10 
382,26 
393,25 
404,96 
416,97 
429,61 
443,79 
458,44 
473,65 
489,52 
505,61 
522,84 
540,69 
559,38 
578,86 
598,78 
619,64 
640,19 
663,31 


P, 


37321,39 
321,39 
321,39 
322,57 
324,27 
326,75 
329,89 
333,68 
338,20 
343,12 
349,04 
355,61 
362,83 
370,56 
379,19 
388,41 
398,34 
408,98 
420,36 
432,30 
444,97 
458,44 
472,54 
487,32 
502,76 
518,90 
535,89 
553,40 
571,55 
590,79 
610,39 
630,94 
651,78 
673,63 
696,06 
719,08 
743,09 
167,70 
792,98 
818,97 
845,67 
873,08 
901,48 
930,26 
959,67 
990,19 

38021,00 
052,81 
085,25 
118,45 
152,21 
186,78 
221,86 
258,28 
294,83 


Q 


37329,32 
332,79 
337,25 
342,31 
347,91 
354,28 
361,33 
368,99 
377,37 
386,45 
396,26 
406,67 
417,83 

- 429,61 
442,12 
455,48 
469,01 
483,65 
498,73 
514,83 
531,42 
548,63 
566,75 
585,50 
604,83 
624,90 
645,67 
667,07 
689,24 
712,09 
735,45 
759,67 
784,56 
810,25 
836,82 
863,65 
891,53 
919,94. 
949,18 
978,97 

38009,51 
040,84 
072,87 
105,46 
138,91 
172,97 
207,70 
243,31 
279,52 
316,28 
353,97 
392,29 
431,29 
471,14 
511,46 


R, 2, Qa R, SR,, 
aes — |37440,74 | 37444,40 = 

37340,74 — 440,08 | 448,20 = 
347,91 — 440,08 | 451,84. — 
356,28 — 440,74 | 456,17 = 
365,96 _ 442,12 | 461,89 = 
375,75 — 444,40 | 468,08 = 
385,81 — 447,36 | 475,05 | 37506,98 
396,72 — 451,07 | 482,66 518,00 
408,36 |37423,81 | 455,48 | 491,10 530,15 
420,36 | 425,53 | 460,91 | 500,44 543,58 
433,85 | 427,64 | 466,92 | 510,33 557,57 
447,36 | 430,52 | 473,65 | 520,98 572,08 
461,89 | 433,85 | 481,19 | 532,48 587,43 
476,83 | 438,60 | 489,52 | 544,66 603,47 
492,50 | 443,79 | 498,73 | 557,57 620,32" 
508,81 | 449,56 | 508,37 | 571,55 638,01 
526,01 | 456,17 | 518,90 | 585,86 656,39 
543,58 | 463,61 | 530,15 | 601,12 675,57 
562,19 | 471,79 | 542,26 | 617,08 695,52 
581,26 | 480,81 | 555,08 | 633,78 715,81 
601,12 | 490,35 | 568,64 | 651,27 737,20 
621,57 | 500,44 | 582,95 | 669,45 759,62 
642,85 | 511,90 | 597,90 | 688,55 782,34 
664,57 | 523,74 | 613,73 | 708,01 805,79 
687,22 | 536,31 | - 630,42 | 728,33 830,05 
710,47 | 549,77 | 647,57 | 749,53 855,02" 
734,23 | 563,80 | 665,58 | 771,48 880,88 
758,97 | 578,86 | 684,38 | 794,16 907,15: 
784,23 | 594,49 | 703,80 | 817,53 934,53 
810,25 | 610,78 | 723,98 | 841,66 962,75 
836,82 | 627,94 | 744,89 | 866,53 991,33 
863,65 | 645,67 | 766,67 | 892,15 | 38020,57 
892,15 | 664,57 | 789,25 | 918,46 051,13 
921,25 | 683,72 | 812,29 | 945,42 081,90 
950,67 | 703,80 | 836,33 | 973,15 113,59 
980,98 724,28 860,87 | 38001,87 146,11 
38011,90 | 745,94 | 886,26 | 031,06 178,74 
043,43 | 768,24 | 912,45 | 060,95 212,82: 
075,87 | 791,45 | 939,34 | 091,79 
108,67 | 815,07 | 966,92 | 123,16 
142,33 | 839,63 | 995,20) 155,41 
176,83 | 864,64 | 38024,27 | 188,13 
211,72 | 890,83 | 054,10 | 221,86 
247,52 | 917,48 | 084,64 | 256,08 
284,01 | 944,87 | 115,83 | 291,06 
321,17 | 973,15 | 147,89 | 326,77 
358,95 | 38001,87 | 180,38 | 363,29 
397,50 | 031,65 | 213,98 | 400,51 
436,90 | 062,29 | 247,98 | 438,42 
476,94 | 093,03 | 282,89 | 476,94 |; 
517,96 | 234,90 | 318,54 
559,59 | 157,75 | 354,93 

190,75 | 391,90 

224,69 | 429,62 

259,68 | 468,17 

294,83 | 507,28 


144 


. DEEZSI 


(1,5) y-band of NO. 


J oBk P, Q, R, P, Qa, R, 5R5, 
332,41 592,70 331,34 547,27 
370,33 594,33 368,12 587,73 
409,33 405,73 629,21 
448,92 444,26 671,30 
60% 439,05 483,46 714,30 
530,52 523,51 757,85 
572,32 563,87 802,22 
847,21 
892,97 
939,42 
Table 11 
(1,6) y-band of NO 
J °P,2 Po Q2 Re P, 2: Ri SR, 
Y — — — — — 35704,69 | 35708,44 | 35715,95 
35582,39 | 35585,93 | 35593,98 | 35605,38 | 35700,22 704,17 711,60 123,22 
977,71 585,57 597,27 612,77 696,34 704,17 715,95 731,12 
574,30 -| 585,93 601,61 621,38 693,28 704,69 720,87 740,05 
571,38 587,19 606,93 630,49 690,70 706,62 726,39 749,84 
5s\% 569,67 589,17 612,77 640,31 689,32 708,86 732,91 760,18 
568,09 591,82 619,46 650,87 688,68 712,06 740,05 771,20 
567,72 595,25 | . 626,70 662,06 688,68 715,95 747,93 783,09 
567,72 599,29 634,63 673,96 689,32 720,87 756,64 795,04 
568,54 604,14 643,42 686,73 690,70 726,39 766,00 808,96 
10% 570,25 609,72 652,84 700,22 693,63 732,91 776,38 823,31 
572,59 615,89 663,09 714,19 696,94 740,05 787,06 838,53 
515,72 622,85 673,96 728,98 700,95 747,93 799,39 854,28 
579,38 630,49 685,60 744,47 705,90 756,64 812,07 871,08 
584,00 638,89 697,93 760,73 711,60 766,35 825,56 888,37 
154% 589,17 648,04 710,95 Titsad 718,00 776,70 839,76 906,47 
595,25 657,88 724,73 795,54 724,73 787,70 854,88 925,49 
601,61 668,56 739,23 813,79 732,91 799,78 870,73 945,00 
609,16 679,80 754,40 832,87 741,92 812,38 887,38 965,63 
617,28 691,77 770,33 852,76 751,47 825,92 904,80 987,04 
20% 626,12 704,69 787,06 873,24 761,88 840,24 922,86 | 36009,06 
635,66 718,00 804,36 894,61 2.13303, 855,27 941,88 031,84 
645,76 AS2se 822,53 916,67 784,97 871,08 961,73 055,40 
656,47 747,23 841,33 939,36 197,72 887,73 982,14 079,96 
668,56 762,86 860,86 962,70 811,37 905,06 | 36003,41 104,74 
25% 681,17 779,30 881,22 987,04 825,56 923,29 025,62 130,85 
694,51 796,39 902,29 | 36011,82 840,24 942,21 048,35 157,68 
708,44 814,18 924,04 037,46 856,40 961,96 072,07 185,20 
723,22 832,87 946,49 063,88 873,24 982,51 096,31 213533 
738,42 852,19 969,75 090,99 890,41 | 36003,74 121,51 242,24 
30% 754,40 Si2hZ0 993,66 118,70 908,62 025,85 147,34 
771,67 893,10 | 36018,38 147,34 927,56 048,66 174,18 
789,78 914,70 043,76 176,56 947,39 072,07 201,42 
807,90 936,95 069,94 206,31 967,80 096,31 229,72 
827,29 959,99 096,65 237,09 989,05 121,51 258,72 
354% 847,06 983,78 124,44 268,64 | 36011,15 147,34 288,46 
867,65 | 36008,26 152,79 300,80 034,01 174,18 318,96 
889,25 033,53 181,75 333,79 057,65 201,42 350.34 
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De eee 


(1,6) y-band of NO, 


J oP. P, Q: R, P, Qa R, | SR, 
| 


911,38 059,55 211,55 367,44 081,98 229,72 382,37 | 
934,50 086,31 242,24 401,91 107,03 ) 
40% 957,92 113,73 273,56 437,07 133,01 | 288,46 448,76 | 


982,51 142,00 305,73 473,06 159,66 | 318,96 483,14 | 

36007 ,51 171,08 338,48 509,63 187,05 | 350,34 | 518,21 

200,57 372,07 546,77 215,19 382,37 | 554,13 

231,07 406,32 584,79 244,30 415,21 | 590,55 

4514 262,31 441,05 623,78 273,97 448,76 627,95 
294,30 477,16 663,34 304,76 | 483,14 666,29 | 


394,71 589,07 786,58 400,94 | 590,79 | 785,39 
50% 429,71 627,95 434,53 628,26 | 826,43 | 

465,43 667,34 469,15 | 666,29 868,33 

502,15 707,66 504,19 | 705,22 | 

538,98 748,46 540,09 744,75 

576,93 790,25 576,93 785,39 
55% 615,96 832,62 614,31 826,43 | 

655,39 875,78 652,54 868,33 | 

695,57 919,76 691,45 

736,67 964,40 731,29 ) | 

778,34 771,60 | 
601% 820,85 812,94 | 

864,34 854,99 

Table 12 


Se 


(2,2) y-band of NO 


J Pye Q2 Qe Re Pi Q Ri SRy 

P | 
lf, = as fais ae = —— = a 
45002,15 | 45006,48 | 45013,84 — — 45124,98 | 45132,97 = 
44997,55 005,41 016,82 — | — 124,98 136,31 — 
993,60 005,41 020,67 — — | 124,98 140,57 | — 


990,03 005,41 024,99 — = 125,88 145,55 — 
54% 986,73 006,48 029,91 | 45057,31 | 45107,84 127,00 150,81 | — 
984,35 007,84 035,19 066,04 106,12 129,58 156,84 = 
982,65 009,94 041,15 076,10 104,75 132,18 163,51 — 
981,31 012,58 047,56 086,38 104,75 135,50 170,55 
980,56 015,54 054,57 097,49 104,75 139,27 178,49 — 
10% 980,56 019,23 062,00 108,48 104,75 143,94 186,91 = 
980,56 023,48 070,20 120,79 106,12 149,15 195,95 = 
981,31 028,11 078,78 132,97 108,48 154,74 205,70 — 
982,65 033,42 087,81 146,26 110,84 161,19 215,98 =S 
984,35 039,14. 097,49 160,13 113,89 168,29 226,91 — 
1s 986,73 045,41 107,84 173,98 117,65 175,82 238,30 | — 

990,03 052,25 118,41 188,60 123,09 184,21 250,57 —_ 

993,60 059,71 129,58 203,54 127,00 193,03 263,13 | 

997,55 067,46 141,51 219,32 132,18 202,43 276,49 — 
45002,15 076,10 153,99 235,62 138,68 212,53 290,44 — 
20% 085,19 166,84 252,49 145,55 223,29 304,97 | 45390,21 
094,74 180,33 269,54 153,05 234,33 320,10 409,23 


| 


| 
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(2.2) y-band of NO 


J Pr P, Q® R, P, Q R, SRy, 


104,75 194,26 287,42 161,19 246,49 335,97 428,90 
115,37 208,79 305,87 169,72 258,78 352,28 448,95 
125,88 223,94 324,56 178,49 | 271,96 369,32 470,03 
254% 138,68 239,57 344,22 188,60 285,54 386,66 491,11 
150,81 255,69 364,38 199,12 299,86 404,90 — 3 
163,51 272,49 384,74 210,06 314,68 423,63 535,68 

177,19 289,84 405,79 221,63 330,09 442,75 | 559,00 
191,13 307,58 427,37 233,76 345,98 462,84 582,62 
30%, | 205,70 325,96 449,78 246,49 362,96 483,19 606,49 
221,02 344,85 472,49 260,16 380,13 504,26 
236,28 364,38 495,79 274,46 397,89 525,93 
252,49 384,74 519,76 289,02 416,22 548,17 
269,54 404,90 543,85 304,15 435,38 570,82 
351% 286,64 426,19 568,97 320,10 455,04 594,34 
304,97 447,89 594,34. 335,97 475,22 618,37 
323,17 470,03 620,41 353,24 495,79 642,85 
342,10 493,33 646,97 370,92 517,29 668,30 
361,50 516,38 674,52 389,01 538,81 693,95 
401% 382,02 540,18 701,97 |. 407,38 561,78 720,20 
402,65 564,71 730,40 427,37 585,03 747,23 
423,63 589,60 759,06 447,11 608,38 174,79 
445,42 615,44 788,33 467,51 632,85 802,85 
467,51 645,97 818,28 488,72 657,77 831,17 


451, 490,12 668,30 510,52 683,28 860,69 
513,89 695,71 532,96 709,24 890,30 
723,58 555,52 735,88 920,52 
751,96 579,02 

j 781,02 

501% 810,84 

840,82 

871,56 

Table 13 


(2,3) y-band of NO 


J SP5 P, Q, R, P, Qa, R, SR,, 


u _ = na — | 43306,25 | 43310,04 
— = = » 305,15 | 313,30 
= a= 4 ae 305,15 | 316,61 
oe = ad auf 305,15 | 320,98 
= = a = 306,25 | 325,88 
5% at = is = 307,94 | 331,44 
= = = 310,04 | 337,71 
= = eo a 313,30 | 344,29 
= a “ = 316,61 | 352,14 
= a = _ 320,98 | 360,17 
10% _— — = = 325,88 | 369,12 
= = = #3 331,44 | 378,48 
= = a. = 337,71 | 388,49 
= = eS as 344,29 | 399,30 | 
= = = = 352,14 | 410,23 
15% — — = zs 360,17 | 422,58 


(2,3) y-band of NO 
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os 3 Qs R, By Q R SR 
—  |43303,78 — = 369,12 | 435,35 
Le 315,91 — = 378,48 | 448,57 
— 328,32 — = 388,49 | 462,51 
2 ee 341,28 = = 399,30 | 477,04 
20% = 354,95 | 43440,49 | 43332,98 | 410,23 | 492,29 
= 369,12 | 458,26 | 341,28 | 422,58 508,11 
: | = 383,86 | 477,04 | 350,23 | 435,35 524,45 
| 43306,25 399,30 | 495,84 | 360,17 448,57 | 541,65 
| | 318,37 415,13 516,06 | 369,12 462,51 559,31 
251, 331,44 | 431,69 | 536,40 | 380,17 | 477,04 577,51 
344,29 | 448,57 557,79 | 391,62 | 492,29 | 596,61 
358,20 | 466,61 578,84 | 403,28 508,11 616,26 
372,57 485,23 | 601,16 | 416,04 | 524,45 637,28 
387,55 503,71 623,80 | 429,18 541,65 | 658,16 
301% 403,28 | 523,70 | 647,37 | 442,71 559,31 | 679,43 
| 419,38 | 543,20 | 671,57 | 457,60 577,51 | 701,48 
| 435,96 | 563,80 | 695,63 | 472,92 596,61 
453,63 | 585,27 a8 488,62 | 616,26 
471,48 | 607,05 | 746,09 504,87 636,06 
35% 490,03 | 629,39 | 772,10 | 522,20 | 657,07 
509,19 | 652,31 | 799,41 678,57 
529,04 | 676,11 | 827,11 100,77 
549,61 100,77 723,38 | 
570,87 | 725,01 _ 
401, 592,11 750,61 770,70 
614,41 776335 795,28 
637,28 | 802,98 820,54. 
660,43 | 830,24 846,41 
683,86 | 857,82 872,54 
451% 707,67 | 886,48 899,85 
732,58 | 915,24 |. 927,76 | 
657,69 | 945,06 | 956,06 
975,66 984,83 
44006,30 44014,34. 
50% 037,43 
069,60 
102,72 = 
Table 14 
Le jee 
(2,7) y-band of NO 
‘ | 
J Ben P, Q, R, P, Q, R, 5Ray 
y, = = = — — | 36305,73 | 36309,76 = 
— | 36187,26 | 36194,77 | 36206,31 | 36300,80 | 304,76 | 313,02 = 
= 186,85 198,29 | 213,79 | 297,66 | 304,76 | 317,04 == 
ae 187,26 | 202,71 222,23 | 294,30 | 305,73 | 321,53 2 
= 188,45 | 207,99 | 231,07 291,98 307,45 | 327,10 = 
5% 8 190,42 | 213,79 | 241,32 | 290,61 309,76 | 333,51 = 
= 193,04 | 220,44 | 251,79 | 289,91 313,02 | 340,58 — 
= 196,52 | 227,66 | 262,73 | 289,91 317,04 | 348,44 == 
= 200,57 | 235,66 | 274,73 | 290,61 ; 321,92 | 357,11 = 
a 205,41 244,30 | 287,30 292,73 | 327,49 | 366,62 = 


10* 


148 


I. DEEZSI 


i 


(2,7) y-band of NO 


‘J oPi2 P2 Q2 Re Pr Qtr Ri sRa, 
10% |36172,23 | 211,01 | 253,71 | 300,80 | 295,18 | 333,79 | 376,92 = 
174,18 | 217,10 | 263,88 | 314,52 | 298,64 | 341,02 | 387,71 = 
= 224,16 | 274,73 | 329,29 | 302,34] 348,96 | 399,83 = 
181,14 | 231,86 | 286,41 | 344,87 | 307,45 | 357,68 | 412,57 = 
185,58 | 240,19 | 298,64 | 361,04 | 313,02 | 367,44 | 425,85 4 
15% 190,94 | 249,28 | 311,66 | 377,66 | 319,36 | 377,66 | 440,12 = 
196,82 | 259,17 | 325,47 | 395,40 | 326,77 | 388,67 | 455,06 | 36524,94 
203,63 | 269,73 | 339,93 | 413,74 | 334,53 | 400,58 | 470,83 544,51 © 
211,01 | 281,00 | 355,04 | 432,78 | 343,33 | 413,30 | 487,41 565,08 — 
219,14 | 293,13 | 370,95 | 452,62 | 353,09 | 426,83 | 504,69 586,22 
201% 227,66 | 305,73 | 387,71 | 473,06 | 363,38 | 441,05 | 522,83 608,15 — 
237,60 | 319,36 | 404,88 | 494,17 | 374,45 | 455,95 | 541,64 630,81 — 
248,02 | 333,51 | 423,00 | 516,07 | 386,46 | 471,80 | 561,12 654,30 © 
259,17 | 348,44 | 441,69 | 538,98 | 399,17 | 488,25 | 581,80 678,68 — 
270,98 | 364,05 | 461,27 | 562,34 | 412,57] 505,67 602,99 703,53 
251% 283,35 | 380,58 | 481,49 | 586,22 | 426,83 | 524,00 | 624,98 729,60 
296,66 | 397,56 | 502,39] 611,10 | 441,69 | 542,69 | 647,69 756,21 
310,35 | 415,21 | 524,00 | 636,63 | 457,82 | 562,34 | 671,26 783,40 
325,47 | 434,12 | 546,77 | 662,97 | 474,43 | 582,78 | 695,57 811,47 
340,58 | 453,34 | 569,82) 689,81 | 491,74 | 604,04 | 720,64 840,56 
30% 357,11 | 473,37 | 593,79 | 717,55 | 509,96 | 626,00 | 746,45 869,89 
374,45 | 494,17 | 618,25 | 746,10 | 528,87 | 648,76 | 773,03 900,66 
391,64 | 515,72 | 643,64 | 774,75 | 548,56 | 672,27 | 800,54 931,72 
410,22 | 537,98 | 669,73 | 804,97 | 569,12 | 696,56 | 828,76 = 
561,12 | 696,56 | 835,70 | 590,55 | 721,63 | 857,33 996,60 
35% 584,79 | 724,11 | 866,76 | 612,36 | 747,38 | 887,06 | 37029,91 
609,17 | 752,54 | 898,41) 634,97 | 774,10 | 917,44 064,01 
634,40 | 781,46 | 931,72 | 658,76 | 801,46 | 948,77 099,07 
660,44 | 811,47 | 965,38 | 683,02 | 829,63 ee 135,02 
= 841,93 | 999,61 708,21 Eee 37013513 171,26 
40% 714,21 | 873,02 | 37034,73 = 888,12 | 046,67 208,52 
742,89 | 904,89 | 071,01 760,76 | 918,56 | 080,79 
771,60 | 937,26 | 108,06 | 788,11 | 949,77 115,80 
801,46 | 971,26 | 145,11 | 816,19 | 981,63} 151,80 
831,96 | 37006,12 | 183,04 | 845,47 |37014,42 | 188,19 
45% 874,95 | 047,59 | 226,02 
905,97 | 082,06 | 263,77 
937,26 | 116,95 | 303,08 
969,69 | 152,86 | 343,12 
37002,69 | 188,84 | 383,45 
50% 226,02 
Table 15 
(3.4) y-band of NO. 
J °P P, Qo R, P, Q, R, SRay 
VY — — — a 43790,45 | 43794,46 
43671,57 | 43679,43 = ~_ 789,30 | 797,18 
670,77 | 682,10 = = 789,30 | 800,90 
670,77 | 686,24 — = 789,30 | 805,03 
670,77 | 690,27 = a 790,45 | 810,08 
5% 671,57 | 694,87 = a 791,91 | 815,53 
673,51 | 700,77 = LS 194,46 | 821,70 
676,11 | 706.71 = 2 197,18 | 828,44 
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Op ee ee ee ee eee 
(3,4) y-band of NO. 
J oP ys P, Q: R, Py Qu R, SRoy 
678,57 Gla tai a — — 800,90 835,99 
682,10 720,07 — — 805,03 844,08 
10% 686,24 728,62 — = 810,08 852,87 
690,27 737,10 — — 815,53 862,30 
695,63 746,09 — — 821,70 872,54 
701,48 755,59 — a 828,44 883,09 
707,67 765,80 | 43827,11 — 835,99 894,48 
15% 714,64 776,35 842,03 — 844,08 906,31 
722,12 787,49 856,70 — 852,87 919,00 
730,55 799,41 872,54 — 862,30 932,22 
738,95 812,02 888,48 — 872,54 946,09 
747,85 825,19 905,10 — 883,09 960,60 
201% 757,69 838,59 023,11 — 894,48 975,66 
768,02 852,87 — —_ 906,31 991,55 
778,75 867,46 — — 919,00 | 44007,99 
790,45 883,09 978,87 | 43844,08 932,22 024,91 
802,98 998,60 998,61 854,55 946,09 042,57 
251% 815,53 915,24 | 44018,97 864,66 960,60 061,30 
828,44 932,22 039,86 876,49 975,66 080,32 
842,03 949,93 061,30 888,48 991,55 100,45 
856,70 968,08 082,33 901,45 | 44007,99 120,71 
E 871,48 986,67 915,24 024,91 
30144 886,48 | 44006,30 929,31 042,57 
026,28 944,08 
046,82 959,19 
Table 16 
ee 
(3,5) y-band of NO. 
J SPi, P, Qs R, P, Qs R, SRay 
\, = - te =" ==9"149031,17"| 
41907,38 | 41914,24 = a = 034,39 | 
906,63 917,95 — _ — 037,11 | 
906,63 921,87 — — — 041,76 
907,38 926,97 — —- = 046,28 
5% 908,78 932,19 — — 42029,21 052,14 | 
910,92 937,59 — — 031,17 058,38 | 
913,17 944,10 | 41978,51 | 42007,61 034,39 065,21 | 
916,43 951,08 989,72 007,61 038,79 073,27 
920,18 958,57 | 42000,68 008,37 042,78 081,49 
10% 925,15 967,20 013,05 009,52 048,23 090,75 
929,50 975,89 026,56 011,76 053,20 100,64 
935,40 985,23 039,35 014,78 060,83 111,34 
941,51 995,34 053,20 017,91 068,12 121,89 
948,18 | 42005,86 067,67 022,41 076,03 133,94 
15% 955,42 017,30 082,69 026,56 084,71 147,27 
963,89 029,21 098,41 032,66 094,12 159,94 
973,01 041,76 114,85 038,79 104,10 173,68 
981,84 055,09 132,39 046,28 114,85 187,83 
992,18 068,12 149,31 053,20 126,21 203,09 
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(3,5) y-band of NO 


J SPia P, Qs Ry Py Q1 R, SR: 
204/, 42002,24 | 082,69 | 167,60 | 061,67 | 138,15 | 219,08 
013,05 | 097,84 | 186,32 | 069,94] 150,94 | 235,74 
024.67 | 113,18) 204,79 | 079,74 | 163,62 = 
037,11 | 129,54 | 224,82 | 090,01 270,10 
049,73 | 146,09 | 245,88 | 100,64 288,51 
251/, 063,67 | 163,62 | 267,54 | 112,03 
077,80 289,25 | 124,06 
092,88 311,53 
108,61 334,51 
124,06 358,74 
30%, 140,71 383,06 
158,21 
175,98 
194,14 | 
213,36 
35%, 


"  ZUSAMMENHANG ZWISCHEN DER STRUKTUR 
UND DEN PHYSIKALISCHEN EIGENSCHAFTEN 
. DES GLASES 


Il. MITTEILUNG 
Von 


I. NARray-SzaBo 


CHEMISCHES ZENTRALFORSCHUNGSINSTITUT DER UNGARISCHEN AKADEMIE DER WISSENSCHAFTEN, 
BUDAPEST 


(Vorgelegt von P. Gombas. — Eingegangen: 15. XI. 1957) 


In Verfolgung der in der I. Mitteilung erkannten Gesetzmissigkeiten wurden Gleichun- 
gen fiir das Sauerstoffionenvolumen in Glisern mit vier und mehr Komponenten angegeben, 
die endlich zu 4 Gleichungen zusammengezogen werden kénnen. Diese gelten 1. fiir Glaser 
auf Natronsilikatgrundlage, 2. fiir Glaser auf Kalisilikatgrundlage, 3. fiir Gliser auf Natron- 
borosilikatgrundlage und 4. fiir Glaser auf Kaliborosilikatgrundlage. Mit diesen Gleichungen 
kann man das Sauerstoffionenvolumen und damit die Dichte von Gliasern, deren Zusammen- 
setzung zwischen gewissen Grenzen bleibt, mit befriedigender Genauigkeit berechnen. 


Das Sauerstoffionenvolumen in Silikatglisern mit vier 
oder mehr Komponenten 


Wie in der ersten Mitteilung dieser Reihe [1] gezeigt wurde, kann man 
fir das Volumen v, welches im Glas von einem OQ? --Jon in Anspruch genom- 
men wird, einfache lineare Gleichungen angeben, die aus der Zusammen- 
setzung die Berechnung dieses Volumens mit ziemlicher Genauigkeit gestatten. 
Fiir Glaser mit zwei oder drei Komponenten konnte hierfiir ein Beweis erbracht 
werden. Bei der Fortsetzung dieser Arbeit habe ich gefunden, dass solche 
Gleichungen auch fir Glaser mit mehr als drei Komponenten aufgestellt 
werden kénnen. 

Die Grundgleichungen bleiben diejenigen der I. Mitteilung u. zw. fir 
Natronsilikatglaser 

v = 3,8 R + 14,9 
und fiir Kalisilikatglaser 

v= 12 R— 1,2. 
(R ist O/Si+B+Al+...) 
Bei der Einfiihrung von weiteren Komponenten in das Glas werden diese 
Grundgleichungen in derselben Weise modifiziert wie bei den Glasern mit 
drei Komponenten, d. h. proportional den eingefiihrten Grammionen. Die 
Proportionalitatsfaktoren sind fir jedes Ion charakteristisch, sie bleiben in 
Glasern auf Natronsilikatgrundlage konstant und unabhingig von der Gegen- 
wart anderer Komponenten. Fiir Kalisilikatglaser gelten wieder andere, von 
einander unabhangige, konstante Faktoren. Die Priifung dieser Zusammen- 
hinge an dem vorhandenen experimentellen Material hat erwiesen, dass sie 
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zwischen gewissen Grenzen giiltig sind. Bei Natronborosilikatglasern muss 


auch der Natriumgehalt in Betracht gezogen werden, und die additive Kons- — 


tante wird durch die Anwesenheit gewisser Lonen etwas modifiziert. 
Betrachten wir zunichst die Natronsilikatglaser, die zwei Alkaliionen 
und ein Erdalkaliion enthalten, Tabelle 1 zeigt Natrium— Lithium —Calcium- 
silikatglaser. Die mit einem Stern versehenen chemischén Symbole bedeuten 


jeweils die Zahl der Grammionen des betreffenden Elements in 100 g Glas. 


Si0,% 


74,89 
74,94 
74,96 
75,02 
75,14 
74,96 
75,10 
75,00 
75,08 


berechneten Werte zeigen eine maximale 
den gemessenen im Bereich von R = 2,337 — 2,542. 


Na,O% 


13 
14 
14,75 


Li,O% 


Li,O 
Mole 


0,500 
0,433 
0,367 
0,300 
0,200 
0,133 
0,067 
0,033 
0 


Tabelle 1 


Na,O—Li,O—CaO—SiO,—Gliiser (2) 


Ca0% 


10,02 
9,94 
10,08 
10,00 
9,93 
10,02 
9,91 
10,25 
10,22 


Die mit der Gleichung 


CaO 
Mole 


0,179 
0,178 
0,180 
0,179 
0,177 
0,179 
0,177 
0,183 
0,183 


Dichte 
g/em" 


2,454 
2,456 
2,463 
2,466 
2,475 
2,484 
2,484 
2,482 
2,482 


v= 3,8 R— 2,4 Li* 


Volum 
von 
100 ¢ 
Glas 
em! 
40,75 
40,72 
40,60 
40,55 
40,40 
40,26 
40,26 
40,29 
40,29 


or 
Gramm- 
ionen 
pro 
100 ¢ 
3,169 
3,137 
3,106 
3,072 
3,022 
2,983 
2,954 
2,938 
2,919 


R 


2,542 
2,513 
2,491 
2,462 
2,418 
2,392 
2,363 
2,354 
2,337 


— 5 Ca* + 14,9 


Volumen pro 
O2~-Ion A® 


gem, 


21,32 
21,57 
21,70 
21,91 
22,19 
22,40 
22,62 
22,76 
22,91 


ber. 


21,26 
21,48 
21,70 
21,92 
22,25 
22,43 
22,68 
22,77 
22,86 


| 


(1) 


Abweichung von 0,42°% gegeniiber 


Natrium— Kalium—Calciumsilikatgliser enthalt die Tabelle 2. 


Na,O% 


12,94 
11,06 
8,97 
5,98 
4,13 
1,85 


1,94 
4,12 
6,11 
9,00 
11,17 
13,04 


Na,O 


0,020 
0,044 
0,065 
0,096 
0,119 
0,138 


Tabelle 2 


9,98 

9,87 
10,03 
10,00 
10,07 
10,13 


K,0—Ca0 


0,178 
0,176 
0,179 
0,179 
0,180 
0,181 


Dichte 
g/em* 


2,477 
2,473 
2,467 
2,460 
2,454 
2,442 


Volum 
von 
100 ¢ 
Glas 
om! 
40,37 
40,44 
40,54 
40,65 
40,75 


40,95 


SiO, —Gliser (3) 


or. 

Gramm- 
ionen 

pro 


100 ¢ 


2,906 
2,894 
2,885 
2,867 
2,858 
2,850 


Volumen pro 
O+~-Ton A® 


; gem. | ber. 
23,06 | 23,03 
23,19 | 23,19 
23,31 | 23,32 
23,52 | 23,51 
23,66 | 23,67 
23,84 | 23,78 


Diff. 


+0,03 
+0 

+0,01 
—0,01 
—0,01 
—0,06 


rs 
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Kalium ibt auf Natronsilikatglas eine ausdehnende Wirkung aus, entsprechend 


der Gleichung 
v= 3,8 R+4 K* —5 Ca* + 14,9 (2) 


mit einem maximalen Fehler von 0,25°% im Bereich von R = 2,280 — 2,327. 
Einfache Natron-Kalisilikatglaser wurden noch nicht untersucht, doch ist 
der Faktor, welcher aus obenstehenden Glasern abgeleitet wurde, auch fir 
andere Glaser mit Natronsilikatunterlage giiltig. 

_ Bariumhaltige Natron-Kalisilikatglaser sind in Tabelle 3 angefiihrt. 
: 


Tabelle 3 
Na,O—K,0—BaO—Si0,—Glaser (4) 


nnn eee ety EitydtddttdSSSSSSsSSa 


ame Sai Volumen pro 

K,O BaO Dichte ‘3 4 5 O2—-I 3 

$i0,% |Na,0% | K,0% | Male | B20% | Mole | g/em* | 100 ¢ | ionen | on | ie 
Glas pro 
*m® 100 g gem ber. 


I 
| 
| 
| 
| 
| 


~ 
i=) 
~~ 
my 
Say 
= 
my 
uw 
—) 
So 
Co 
—) 
_ 
uw 
i] 
—) 
=) 
loc) 
i) 
ey 
a 
Ww 
rs 
w 
= 
=) 
aia) 
N 
a 
bo 
r=) 
i) 
i] 
ia 
~ 
to 
w 
oO 
nN 
bp 
w 
fo] 
th 
S 
= 
> 


- 


50 10 10 0,106 | 30 | 0,196 | 3,038 | 32,92 | 2,127 | 2,556 | 25 69 | 25,11 | —0,58 
50 Wo 7,5 | 0,080) 35 | 0,228 | 3,227 | 30,99 | 2,093 | 2,516 | 24 58 | 24,74 | +0,16 


Die Gleichung 
v9 =3,8 R-+ 4 K* — 0,5 Ba* + 14,65 (3) 


ergibt einen maximalen Fehler von 1,39% fiir R= 2,257 — 2,516. Uber 
R = 2,516 nehmen die Abweichungen von Gl. (3) zu und bei einem BaO- 
Gehalt von iiber 40°% ist die Gleichung nicht mehr brauchbar. 
Magnesium- und calciumhaltige Natronglaser finden wir in Tabelle 4. 
Fiir diese Glaser gilt die Gleichung 


v = 3,8 R—5 Mg* — 5 Ca* + 14,9 (4) 


mit einem maximalen Fehler von 0,52°%, im Bereich von R = 2,307 — 2,325. 
Es wurden auch strontium- und aluminiumhaltige Natronglaser dar- 
gestellt, die in Tabelle 5 ersichtlich sind. 


Na,O—MgO0—Ca0—SiO,—Glaser (5) 
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Tabelle 4 


Hier ist die Gleichung 


v = 3,8 R — 3 Sr* + 14,9 


Or - Volum | Volumen pro 
sid, | Al,0, | Na,O | MgO | MgO | CaO | CaO |GrammM-| Dichte | von -0?=-Ion As || _ am 
% | % | % | % | Mole | % | Mole | ionen | gicms | 100 g |, Ditty 
rue oles cea | cel 

74,16] 1,01 | 14,84) 1,64 | 0,041] 7,52 | 0,134 | 2,932 | 2,467 | 40,58 2,320 | 22,97 22,85 | —0,1 
74,74] 1,08 | 14,98] 2,58'| 0,064) 6,43 | 0,115 | 2,942 | 2,454 | 40,70 | 2,323 | 22,96 | 22,84 —00 
75;58] 0,94 | 14,48) 3,66 | 0,091) 5,48 | 0,098 | 2,966 | 2,450 | 40,82 | 2,325 | 22,84 | 22,80 | —0,04 
76,32| 0,94 | 14,58] 4,10 | 0,102) 3,82 | 0,068 | 2,972 | 2,436 | 41,05 | 2,307 | 22,92 | 22,82 | —0,10 
76,00] 0,98 | 14,98] 4,85 | 0,120) 3,14 | 0,056 | 2,977 | 2,426 | 41,22 | 2,317) 22,91 | 22,83 |—0,08 
Tabelle 5 ) 
Na,O—Sr0—Al,0,—Si0,—Glaser (6) 
Volumen | 02— Volumen pro | 
Si0,% | A1,0,% | Na,0% | SrO% | rE ee ee RE Cee Dat eas aa Diff. 
74,7 | 2,0 | 17,1 | 6,0 | 0,058) 2,480 | 40,32 | 2,880 | 2,245 | 23,24 | 23,26 | +0,02 
70,5 | 2,0 | 17,3 | 10,1 | 0,097) 2,557 | 39,11 | 2,782 | 2,293 | 23,34 |’ 23,33 | —0,01 
66,6 2,1 | 17,3 | 13,6 | 0,131 | 2,636 | 37,94 | 2,689 | 2,338 | 23,42 | 23,40 | —0,02 
74,8 4,0,| 17,2 4,0 | 0,039 | 2,452 | 40,78 | 2,923 | 2,209 | 23.16 | 23,17 | +0,01 
70,6 4,0 | 17,2 8,0 | 0,077 |. 2,536 | 39,43 | 2,821 | 2,251 } 23,19 } 23,22 | +.0,03 : 
66,8 | 4,0 | 17,2 | 11,7 | 0,113} 2,606 | 38,37 | 2,731 | 2,295 | 23,33 | 23,29 | —0,04 
76,1 | 2,0 | 15,8 | -6,1 | 0,059| 2,467 | 40,54 | 2,906 | 2,225 | 23,15 | 23,18 | +0,03 
72,2 | 2,1 | 15,5 | 10,1 | 0,097] 2,546 | 39,28 | 2,812 | 2,262 | 23,19 | 23,21 | +0,02 
68,0 | 2,0 | 15,7 | 14,0 | 0,135] 2,625 | 38,10 | 2,712 | 2,314 | 23,32 | 23,30 | —0,02 
74,3 4,1 MBBS) 6,1 | 0,059 | 2,478 | 40,36 | 2,901 | 2,204 | 23,09 |} 23,10 | +0,01° 
70,1 4,1 | 15,5 | 10,1 | 0,097} 2,554 | 39,15 | 2,799 | 2,246.) 23,22 | 23,15 | +0,07 
66,1 4,1 15,5 | 14,0) 0,135}, 2,633.) 37298 |! 2°7054) 21292) | (23532) 23:21 One 
17,7 |: 2,1 | 13,9] 6,1 | 0,059] 2,449 | 40,98 | 2,942 | 2,204 | 23,12 | 23,10 | —0,01 
73,5 | 2,0] 14,1 | 10,0 | 0,097] 2,526 | 39,59 | 2,830 | 2,241 | 23,22} 23,15 | —0,07 
69,6 2,0 | 14,1 | .13,9 | 0,134) 2,609 | 38,33 | 2,737 | 2,285 | 23,24 | 23,19 | —0,05 
75,4 4,0 | 14,2 6,1 | 0,059, 2,464 | 40,58 | 2,915 | 2,187 | 23,11 | 23,04 | —0,07 
TIS) 4,1 14,2 | 10,0 | 0,097 | 2,538 | 39,40 | 2,826 |° 2,225 | 23,14 | 23,07 | —0,07 
67,9 4,1] 14,2 | 13,9 | 0,134] 2,616 | 38,23 | 2,743°| 2,267 | 23,13 |. 23,12 | —0,01 


(5) 
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giltig, wo Aluminium natiirlich zu den geristbildenden Ionen zu rechnen ist. 
Der maximale Fehler betragt 0,47°% im Bereich von R = 2,187 — 2,338. 

Eisenhaltige Glaser enthalten immer Ferro- und Ferriion nebeneinander ; 
solche Glaser sind in Tabelle 6 ersichtlich. 


Tabelle 6 
Na,O—FeO—Fe,0;—Si0,— Glaser (7) 
Le a a a a a ns as 


Volumen| 0? 


sid, | Al,0, | Na,O | FeO | FeO | Fe,0,} Fe,0, | Dichte | 109" Gramm- 


Volumen pro 


O2—Ion, A 


9, ° 9, 9, 9 3 100 g ionen R Diff. 
% %, ve Mole % Mole g/em Glas af 
em? 100 g gem, ber. 


72,18) 0,41 | 24,00) 0,63 | 0,009) 2,21] 0,014 | 2,481 | 40,31 | 2,852 | 2,375 23,46 23,56 | 40,10 
71,33| 0,58 | 21,42| 0,84 | 0,012} 4,84] 0,030 | 2,515 | 39,76 | 2,839 | 2,391 23,25 23,38 | 40,13 
69,02| 0,70 | 22,42] 1,05 | 0,015) 6,52| 0,041 | 2,540 | 39,37 | 2,827 | 2,463 23,12 | 23,24 +0,12 
70,00 0,80 | 17,48| 1,05 | 0,015] 9,95| 0,062 | 2,546 | 39,28 | 2,836 | 2,434 22,99 22,89 | —0,10 
69,25| 1,01 | 17,25] 1,89 | 0,026, 10,16 0,064 | 2,565 | 38,99 | 2,830 | 2,456 | 22,86 | 23,08 | +0,22 
66,63! 0,66 | 15,40] 1,78 | 0,025] 15,42) 0,096 | 2,580 | 38,76 | 2,798 | 2,524 22,99 | 23,01 +-0,02 
65,64) 0,42 | 14,46] 4,20 | 0,058] 15,03| 0,094 | 2,599 | 38,48 | 2,768 | 2,535 23,07 | 22,96 | —0,11 
63,72) 0,97 | 13,72) 3,88 | 0,054| 17,19] 0,108 | 2,620 | 38,17 | 2,747 | 2,592 | 23,06 22,94 | —0,12 
63,69| 0,86 | 11,57| 3,36 | 0,047| 20,50) 0,128 | 2,633 | 37,98 | 2,763 2,607 22,81 | 22,80 | —0,01 
62,97 0,52 | 10,67| 3,99 | 0,056| 21,90| 0,134 | 2,644 | 37,82 | 2,741 | 2,617 22,90 | 22,82 | —0,08 


Die Gleichung 
v = 3,8 R—4 Fell* — 6,5 Felll* + 14,8 (6) 


ergibt bei diesen Glasern v mit einem maximalen Fehler von 0,96°% im Bereich 
von R = 2,363 — 2,625. Man sieht, dass Ferrieisen eine starkere zusammen- 
ziehende Wirkung besitzt als Ferroeisen. 

Natronglaser, die auch Kalium und Blei enthalten, finden sich in 
Tabelle 7. 

Die Gleichung 


» = 3,8 R+4 K*+0,5 Pb* + 14,9 (7) 


gibt eine maximale Abweichung gegen die gemessenen Werte von 0,64% 
im Bereich von R = 2,268 — 2,400; dariiber hinaus werden die Abweichungen 
hoher. 

Kaligliser mit zwei anderen Kationen wurden ebenfalls berechnet. 
Tabelle 8 enthalt solche mit Lithium- und Calciumgehalt. 
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Tabelle 7 
Na,O—K,0—PbO—SiO,—Glaser (8, 9) 
K,0 PbO | Dichte Seay ee jeate "A 
Si0,% | Na0% | K:0% | Mote | PPO% | Mole | g/em® | 100 6 piety R ‘ Diff. 
cm? | 100 ¢ gem. | ber. 
70 10 10 0,106 10 0,045 | 2,570 | 38,92 | 2,648 | 2,268 | 24,45 | 24,49 
65 10 10 0,106 15 0,067 | 2,714 | 36,85 | 2,498 | 2,309 | 24,48 | 24,56 
60 10 10 0,106 20 0,090 | 2,845 | 35,15 | 2,353 | 2,358 | 24,78 | 24,77 
50 10 10 0,106 | 30 0,134 | 3,123*| 32,02 | 2,065 | 2,482 | 25,73 | 25,26 
40 10 10 0,106 40 0,179 | 3,427 | 29,18 | 1,777 | 2,668 | 27,25 | 25,98 
30 10 10 0,106 50 0,224 | 3,742 | 26,74 | 1,489 | 2,979 | 29,79 | 27,19 
69,2 | 7,14 | 10,82 | 0,116 | 12,86 | 0,058 | 2,623 | 38,13 | 2,603 | 2,251 | 24,30 | 24,42 
OSs) Orso 9,61 | 0,102 | 22,77 | 0,102 | 2,884 | 34,64 | 2,350 , 2,300 , 24,48 | 24,51 
55,0) "5,77 8,62 | 0,092 | 30,65 | 0,137 | 3,126 32,00 | 2,150 | 2,350 | 24,66 | 24,65 
49.9 | 5,15 7,84 | 0,083 | 37,10 | 0,166 | 3,339 | 29,95 | 1,994 | 2,400 | 24,92 | 24,76 
42,1 | 4,35 6,61 | 0,070 | 46,9 | 0,210 | 3,676 | 27,20 | 1,750 | 2,500 | 25,80 | 25,07 
36,4 | 3,76 5,71 | 0,060 | 53,1 | 0,242 | 3,952 | 25,30 | 1,572 | 2,598 | 26,70 | 25,38 


* Diese Dichte ist offenbar zu klein (vgl. das folgende Glas mit 55,0% SiO, etc, welches 
bei bedeutend weniger Alkaligehalt und fast gleichem PbO-Gehalt eine etwas héhere Dichte hat). 


Tabelle 8 


K,0—Li,O—Ca0—Si0,—Gliser (10) 


Li,O | CaO | CaO | Dichte cate ee Dr ten Ya? 

Si0.% | K,0% | Li,0% | mole %, Mole | g/cm? ne i R , 
em’ | 100 g gem. | ber. 
75,04| 3 12 | 0,401 | 10,02 | 0,179 | 2,449 | 40,83 | 3,110 | 2,490 | 21,79 | 21,81 
75,09 6 9 | 0,301 | 9,95 | 0,177 | 2,444 | 40,93 | 3,040 | 2,434 | 22,34 | 22,38 
75,18 9 6 | 0,201] 9,90 | 0,177 | 2,442 | 40,95 | 2,976 | 2,379 | 22,84 | 22,92 
75,06 | 11 4 | 0,134] 9,91 | 0,177 | 2,441 | 40,97 | 2,926 | 2,343 | 23,24 | 23,29 
75,02 | 13,5 1,5| 0,050 9,99 | 0,178 | 2,438 | 41,02 | 2,868 | 2,298 | 23,74 | 23,74 
75,04) 14 1 0,033 | 9,93 | 0,177 | 2,437 | 41,03 | 2,857 | 2,287 | 23,84 | 23,82 
75,04} 14,5 0,5 | 0,017 | 10,07 | 0,180 | 2,436 | 41,05 | 2,849 | 2,281 | 23,91 | 23,91 
74,92 | 14,95 OF nO 10,04 | 0,179 | 2,436 | 41,05 | 2,832 | 2,272 | 24,06 | 24,01 


Diff. 


+0,02 


+0,04 
+0,08 
+0,05 
+0 

—0,02 
+0 

—0,05 


Aus der Grundgleichung (4) der I. Mitteilung erhalten wir unter Beriick- 
sichtigung der zusammenziehenden Wirkung des Li und Ca die Gleichung 


v= 12 R— 12 Li* — 12 Ca* — 1,1 


(8) 
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] 
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nd diese gibt eine maximale Abweichung von 0,42°%, zwischen den berechneten 
nd gefundenen v-Werten im Bereich von R = 2,272 — 2,490. 

| Durch die Einfithrung von Rubidium werden die Kaliglaser ausgedehnt, 

da das Rubidiumion grésser als das Kaliumion ist. Wir ersehen dies aus der 

Tabelle 93 

i Tabelle 9 


K,0—Rb,O—CaO—SiO,— Glaser (11) 


Votumen| (0% a ae 
. von | Gramm- ay ae 

7 s10,% | K,o% | Rb,0% | BO | caom | More ee 100 -, R 9 5. x Diff. 

{ em? g Glas gem. ber. 

) | | | 

74,78 13 2 0,011 | 10,09 | 0,180 | 2,448 | 40,85 | 2,817 | 2,264 24,03 | 24,05 | +0,02 
| 74,87 | 10 5 | 0,027 | 10,14 | 0,181 | 2,470 | 40,49 | 2,806 | 2,252 | 23,96 | 23,96 | +0 
75,09 " 8 0,043 | 10,00 | 1,178 | 2,490 | 40,16 | 2,793 2,236 | 23,90 | 23,86 | —0,04 
| osks | ot 1] 0,059 | 10,08 | 0,180 | 2,508 | 39,87 | 2,781 2.225 | 23,73 | 23,78 | —0,05 
74,89 0 sts 0,080 | 10,01 | 0,178 | 2,539 | 39,39 2,750 | 2,207 | 23,73 | 23,66 | —0,07 
| H | 


Die Gleichung 
| v= 12 R+4 Rb* — 12 Ca* — 1,2 (9) 


‘stimmt sehr gut fiir die gemessenen Volumina; der maximale Fehler betragt 
0,29% im Bereich von R = 2,207 — 2,264. 

Wie wir aus diesen Gleichungen sehen, bleiben die Faktoren der 

BP a wiadifisicrenden Kationen bei vierkomponentigen Glasern dieselben, 
wie die in der I. Mitteilung bereits gefundenen. In der folgenden Tabelle 10 
sind fiinfkomponentige Borosilikatglaser angefthrt, die nebeneinander Nat- 

rium und Kalium enthalten. Dieser Fall ist etwas komplizierter ; doch konnten 
auch hier Gleichungen aufgestellt werden, die v mit befriedigender Genauigkeit 
_ergeben. 

Alle Glaser der Tabelle 10 enthalten Natrium und Kalium neben- 
 einander. Obzwar die Molenzahl des Natriums in fast allen Fallen grésser als 
die des Kaliums ist, muss man das Volumen v dieser Glaser auf Grundlage 
der Kaliumsilikatglaser berechnen. Bei R > 2,00 gilt die Gleichung 


12 Ro oelNat:— 12-Ca* — 1,2 (10a) 


| 
| 
| 
und zwischen R = 1,887 — 2 00 
| ergs aN’ — 12 Ca* SD (10b) 
| 


Diese Gleichungen ergeben einen maximalen Fehler von 1 28%, bei (10a) 
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‘* 
nd 1,55% bei (10b). Bei Borosilikatglasern tibt iibrigens die Warmebehand- 
ung einen viel grésseren Einfluss auf die Dichte aus, als bei einfachen Sili- 


satglasern. 


Industrielle und experimentelle Glaser 


| 

| Auf Grund der bisher entwickelten Gleichungen kann man nun die 
Dichten der in der Praxis vorkommenden Glaser berechnen. Hier genugt 
ee die Kenntnis des Volumens v des betreffenden Glases, da aus diesem 
und aus der Zusammensetzung des Glases die Dichte in einfacher Weise folgt. 
Ich habe die Dichte einer Anzahl von solchen Glasern unter Beibehaltung 
der schon bestimmten Faktoren berechnet. Man kann so zu Gleichungen 
kommen, die einen breiten Giltigkeitsbereich haben : 

| 1. Fir einfache Silikatglaser (wo bis 6°, B,O,, Al,0,, P,0; oder kleinere 


Mengen As,O, bzw. Sb,O, zugegen sein kénnen), wenn Na-Ionen vorherrschen, 
also in héchster Grammionenzahl vorhanden sind 


: 


vy = 3,8R — 2,4Li* + 4K* — 5Mg* — 5Ca* — 3Sr* — 0,5Ba* — 2Zn* + 
+ 0,5Pb* — 4Fe''* — 6,5Fe''* — 9Bi* — 11Ti* — 10Zr* + 14,9. (11) 


2. Fiir einfache Silikatgliser, wenn K-Ionen vorherrschen 


vy = 12R — 12Li* — 2Na* + 4Rb* — 13Mg* — 12Ca* — 
— 9Ba* — 9Pb* — 1,2. (12) 


. 
| 
| 3. Fir Borosilikatglaser auf Na-Grundlage, wenn Na stark vorherrscht, 
also wenigstens zweimal so viele Na-Ionen als K-Ionen vorhanden sind 

i= 3.8 R — 2Na* + 4K* — 5Mg* — 5Ca* — 0,5Ba* — 2Zn* + 14,65. (13). 


: 4. Fir Borosilikatglaser, wo die Zahl der K-Ionen mehr als die Halfte 
der Zahl der Na-Ionen ausmacht, gelten die Gleichungen (10a) und (10b). 
5. Fur die additive Konstante bei Natronsilikatglasern gelten folgende 
Regeln : 
| Ist mehr als 6,0°/ ZnO zugegen, so wird die additive Konstante 14,5 
‘(statt 14,9). Wenn weniger ZnO vorhanden ist, dagegen 2,0% oder mehr 
Al,O,, so wird die additive Konstante 15,1. 

In allen Gleichungen werden B, Al, P, As und Sb zu den geriistbildenden 
Ionen gerechnet. 

Alkalifreie Glaser sowie Bleiborosilikatglaser und silikatfreie Glaser 
werden in einer folgenden Mitteilung behandelt. 

Die Tabelle 11 enthalt eine Anzahl von Glasern, die die hier behandelten 
Bedingungen erfiillen. Es gibt noch gewisse Grenzen fiir Schwermetalloxyde, 
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so kann v von Glasern mit mehr als 40°% PbO oder BaO oder B,O, mit der 
angegebenen Gleichungen nicht erfasst werden. 


Es ist gelungen, das Sauerstoffionenvolumen von Glasern mit bis z 
9 Komponenten mit befriedigender Genauigkeit, d. h. mit einem Fehler 
von unter 1,5°% zu berechnen. Natiirlich sind die Analysen und Dichtebestim, 
mungen oft nicht sehr genau, somit kann man_bessere Ubereinstim- 
mung nur dann erwarten, wenn Analyse und Dichtebestimmung exakt sind, 
Die Differenz zwischen gemessenen und berechneten v-Werten gestaltet sich 


folgendermassen : j 
Zahl der Glaser Differenz 
14 0 —0,3 % 
11 0,31—0,50% 
16 0,51—1,0 % 
5 1,01—1,53% 


Ausser den hier angefithrten Glasern wurde noch eine Anzahl weiterer 
berechnet und ergab ebenfalls befriedigende Ergebnisse. 

Somit ist die Méglichkeit der Vorausberechnung der Dichte von Glasern 
aus der Zusammensetzung auf weiten Gebieten u. zw. bei der grossen Mehrheit 
der praktisch gebrauchten Glaser gesichert. 

Die theoretische Deutung der entwickelten Gleichungen erfolgt in einer 
weiteren Mitteilung. 

Nachtrag bei der Korre tur. Eine neue Arbeit von DiETzEL u. SHEYBANY 
(Verres et réfract. 2, 63, 1948) gibt die Dichten von Li,O—SiO,-Glasern : 
sie kénnen durch die Gleichung v = 26,1—1,95R wiedergegeben werden. 
wobei die maximale Differenz 0,7% betragt (7 Glaser). — Die Dichten 
von 78 verschiedenen Na,O —K,0 —SiO,-Glasern nach Youne, GLAze, Faick und 
Finn (J. Res. Nat. Bureau of Standards 22, 453, 1939) wurden nach de 
Gleichung v= 3,8 R-+4 K* + 14,9 herechnet, wobei die maximale Abweichung 
1,5°% betrug. 
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OOTHOUWEHHE MEXKIY CTPYKTYPOH HU ®H3H4ECKHMH CBOACTBAMU 
CTEKJIA 


II cooOmeuHue 
MW. HAPAH—CABO 


Pe3swmMe 


Ha ocHoBe 3aKOHOMepHOCTeM BbIACHCHHBIX B IIepBOM COOOMeHHH, BbIBOAATCA sIMHeH- 
ple ypaBHeHuA AIA OObeMa HOHA O- — B YeTHIPe — H Oomee KOMMOHEHTHDIX CHJIMKATHBIX 
ekslax. ITH ypaBHeHHA B KOHEYHOM CueTE MOFYT ObITh CBECHbI Ha YeTbIPe oOmujue ypaBHeHHA 
A CTeKON CO CieqyiouIMMM OCHOBaMM: 1) KpeMHMCTHIM HaTpuit, 2) KpeMHHCTHDI Kamit, 
) SopoKpemHucTHBI HaTpui, 4) OopoKpeMHUCTHbI Kai. C MOMOLIbH) STHX ypaBHeHnii o0ObeM 
oHa O- B CTeKaX HM TAKUM 00pa30M HX IWIOTHOCT MO2KET ObITh olpememeHa C jocraTouHont 
OYHOCTbIO Ha OCHOBaHHHM COCTABA. 
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THE SCATTERING OF ELECTRONS BY FREE 
NEUTRAL ATOMS IN THE THOMAS-FERMI MODEL 


By 
T. Tietz 


DEPARTMENT OF THEORETICAL PHYSICS UNIVERSITY LODZ, POLAND 


(Presented by P. Gombds. — Received: XII. 6. 1957) 


In this paper using the approximate solution of the Thomas-Fermi equation for free 
neutral atom given by BUCHDAHL we derive an analytical formula for the scattered intensity 
by a group of free atoms. The scattered intensity concerns the elastic and inelastic scattering for 
singly scattered electrons by free atoms in the Thomas-Fermi model. A comparison with 
the numerical results shows that our formula for the sacttered intensity is very accurate. 


I. Introduction 


When a beam of electrons strikes a free atom, the intensity of scattered 
electrons varies with the scattering angle in a way dependent upon the nuclear 
charge and electronic structure of the atom, and the-energy of the incident 
electrons. In this paper we obtain an analytical formula for the scattered 
intensity I(s) by a group of free atoms. Born’ and Mort’, as known. 
were the first, who obtained the scattered intensity I(s) for elastic scattering, 
Morse? extended the Born approximation to include inelastic scattering, 
obtaining the expression for singly scattered electrons 


I (s) 


IyN (822 me? 
RR h? 


| “ {[Z — F(s)]? +ZS()}, (1) 


where J, is the intensity of the incident electron beam, N the number of 
independently scattering atoms intercepted by the beam, R the distance 
between the point of observation of the scattered electrons, s the variable 


me 
40 oe ic) \2 , A is the de Broglie wavenlength of the incident beam, @ the 


scattering angle, Z the atomic number of the atoms, F(s) the x-ray atomic 
scattering factor of the atoms, and S(s)the x-ray incoherent scattering function 
of the atoms. The term [Z — F(s)]? represents the elastic scattering and the 
term S(s) represents the inelastic scattering. 


1M. Born, Z. Phys., 38, 803, 1926. 
2N. P. Mort, Proc. Roy. Soc. (London) (A), 124, 425, 1928 ; 127, 658, 1930. 
3 P. M. Morss, Z. Phys., 33, 443, 1932. 
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II. Theory 


Since the exact values of the Thomas-Fermi function (x) are give 
only for the discrete values of the argument x, the evaluation of the ato 
form factor F(s) of the Thomas-Fermi atom* of the atomic number 


F (s) = i oN e428 dr (2); 


=2[1—sn [ sinsux-o () dx], (3) 


0 


where “is the Thomas-Fermi unit, was carried out by Brace and West 
in such a way that exact values were taken for gy, and the integral was appro-’ 


ximated by a sum. The results can be given naturally only in tabular form, 
so that the dependence on Z as well as on s is at first sight not clear except | 
the similarity rule that the F-curves for an atom Z, is transformed so as to. 
be suitable for any other atom Z by multiplying F and s by Z/Z, and (Z/Z,)'"’, | 
respectively. Moreover, owing to the oscillating nature of sine, it is necessary 
to take the summation in as small steps as possible. The term S(s) responsible 
for the inelastic scattering, as known‘, is given by 


os atdx, (4) 


x 


com fps a 


where w is defined by 


.10=8 
a, xe 0,176 - 10=8cm ” (5) 
VAI 


and x, is the root of the following equation 


jeer a (6) 


x 


4P. GomsAs, Die statistische Theorie des Atoms und ihre Anwendungen, Wienna 
1949; p. 245, 

5 W. L. Brace and J. West, Z. Krist. u. Mineral., 69, 118, 1929. 

6 W. HEISENBERG, Phys. Z., 51, 213, 1932. 
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| 7 Ill. Procedure and result 
| 


Since the exact solution of the Thomas-Fermi equation 


Po (*) = 98 (x)/x¥? (7) 


is available only numerically, its approximate expression in a closed analytical 
form is desirable for practical purposes. Hitberto’ several different forms 
‘have been given. A detailed consideration of the author has shown that the 
| best approximate solutions of the Thomas-Fermi equation (7) for free 
‘neutral atoms which fulfil the boundary conditions 


1 
: 


(0) =1, (00) =9, (0) = const. (8) 
are the Tietz® approximate solution 

Pr, (x) = (1 + ax + bx?) 3/2 

a=0.7105, b=0.03919. (9) 


| with 


and the Buchdahl® approximate solution 
— 1 3 
(1 + Ax) (1 + Bx) (1 + Cx) 


pn (x) (10) 


where A, B and C are constants namely A = 0.9288, B = 0.1596 and C = 
= 0.05727. The Tietz approximation has the same degree of accuracy as 
the Buchdahl approximation. The Buchdahl approximation is more convenient 
in practical calculations of the atom form factor. At first we re-write the 
Buchdahl approximate solution of the Thomas-Fermi equation in the 
following form 


a B y 
3 Me u 
Pan (x) Lo ety a rate 


where the constants a, f, y are given by 
A2 B? C2 


end G. ABC 8), * AZO Rn, 
12) 


a 


A simple calculation shows that the constants a, B, y fulfil the following 
relations 


7K. Umepa, J. Phys. Soc., Japan, 10, 750, 1955. 
8T, Trerz, Il Nuovo Cimento, 4, 1192, 1956. 
9H. A. Bucnpant, Ann. d. Phys., 17, 238, 1956. 
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Using eq. (3) and eq. (11) we obtain for the atom form factor F(s) the following 


expression 


Fisj 2 rs ay [e fi ie si) + sin ce ‘ 
B fos 2 su Sp. SH 
pee Gos soon Ci 
ed ants 5} Tsing ribs 
it SH . Slt 2 SB An SU 
. = ae 14 
rol’ coals SiG) tein oT, 4) 


where the symbol Si(x) and Ci(x) have the following meaning 


Si (x) = [ae Ci (x)= — [at (15) 


In Table 1 we give a comparison of our results for f,(s) with the numerical 


results. The symbol f(s) is given by F(s) = Z f,(s). 


Table I 
A comparison of our results for f, (s) with the numerical results of f, (s) (see reference*) 
sy 0 | 0,15 | 0,31) 0,46 | 0,62 | 0,77 | 0,93 | 1,08 | 1,24 | 1,39 
Numerical f, 1,000 | 0,922 | 0,796 | 0,684 | 0,589 | 0,522 | 0,469 | 0,422 | 0,378 | 0,342 
Equation (14) f, 1,000 | 0,942 | 0,793 | 0,693 | 0,609 | 0,538 | 0,469 | 0,420 | 0,389 | 0,348 
su 1,55 | 1,70 | 0,201) 2,32 | 2,63 | 2,94 
Numerical f, 0,309 | 0,284 | 0,240 | 0,205 | 0,175 | 0,156 
Equation (14) fj 0,305 | 0,278 | 0,234 | 0,198 | 0,169 | 0,149 


Table I shows that our results for f,(s) are in good agreement with 
the numerical f,(s) data. In order to calculate the term S(s) which is responsible 
for the inelastic scattering we re-write eq. (4) as follows 


Si) =1 ah jan 98" (x) — we > Yo (x) + > x dx. (16) 
0 
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Taking into consideration the Thomas-Fermi equation (7), the boundary 

conditions for g(x) given by eq. (8) and the relation (6), we see that the integra- 

tion by parts gives us for S(s) the following formula. 


S (3) = 5 (%) — %) % (x) — = (0 w)® + om ” xp (x) dx. (17) 


Substituting for q(x) the Buchdahl approximation given by eq. (11) 
we obtain for S(s) the following expression 


fee eit xo) , BA +2Bx%) , y+ 2C%) 
(1 + A x,)? (1+ Bx,)? (1 + Cx)? 


3 1 
a wf fina ed wtcias eke (ets Bis, ae + Cx)| —— (w%)?- 


B2 
(18) 


In Table II we give a comparison of our results for S(s) with the numerical 
results for S(s) of Bevitocua! for several w. 


Table II 


A comparison of our results* for S(«) given by eq. (18) with the numerical results of S() given 
by BrviLocua 


X) | co | 99,149) 49,716 | 15,751| 9,907 5,923) 3,352) 2,306) 1,725] 1,103) 0,7762) 0,000 


Equation 
(18) S() | 0 |0,0123| 0,0412 | 0,198) 0,321] 0,486] 0,667| 0,783] 0,840) 0,915) 0,964 | 
sheen s(w)| 0 | — | — | 0,199} 0,319} 0,486] 0,674] 0,776| 0,839) 0,909) 0,944 | 1 


* S(w) has the same meaning as S(s). 


Table II shows that our data for S(s) are in good agreement with the 
numerical data for S(s) of Brvinocua. 

For small values of s the atom form factor F(s) as given by eq. (14) is 
quadratic in s, namely 


F(s<<1)= [1 — const s? Z-2/3| (19) 


and for large values of s the atom form factor F(s) vanishes inversely quadrati- 
cally in s, namely 


10 ],, Bevinocua, Phys. Z., 32, 740, 1931. 
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F(s>1)= Const = . (20) 
s 


Relations (13) and (6) show that the term S(s) which is given in our case’ 
by eq. (18) has the correct behaviour for w—> 0 and w-— oo as is shown by 
Table II. The author’s point of view is that the approximate analytical formu-' 
las, eq. (14) and eq. (18), are the best approximate analytical expressions’ 
known hitherto for the atom form factor and the x-ray incoherent scattering 
function S(s). 

Formula (14) for the atom form factor F(s) has a number™ of less 
accurate corresponding formulas. Formulae for S(s) given by eq. (18) has been : 
unknown in the physical literature. It is necessary to stress that using the 
approximate solution for the Thomas-Fermi function (9) proposed by the 
author one can obtain, using eq. (17), an analytical expression for S(s). The 
results which will be obtained for S(s) are the same as those given by formula 
(18). 

Formulas (14) and (18) allow the calculation of the scattering intensity 
when inserted in eq. (1). 

The author is indebted to Prof. F. J. WisntEwsk1 for his interest in 
this note. 


PACCEAHHE 3JIEKTPOHOB CBOBOQHbIMM HEMTPAJIBHbIMH ATOMAMM 
M10 MOQEJINM TOMAC—®EPMU 


Tt. TYME 


Pe3swme 


B paodote BbiBeyqeHa aHaNHTHMYeCKaA PopMysa ANA ONpeseeHuA paccesHHOH rpynnoui 
CBOOOMHbIX ATOMOB HHTCHCHBHOCTH, MCHOb3yA NpHOnMsHTeNbHOe pemleHHe Byxfana ana 
ypasHeHua Tomaca—®epmu. PacceaHHaaA WHTeHCHBHOCTb COMepoKMT yupyroe mM Heympyroe 
PacceAHHe JIEKTPOHOB, PaCCeAHHIX OHH pa3 CBOOOAHLIMH ATOMaMH MOeNe TomMaca—Pepmn. 
CpaBHenne C HyMepH4ecKMMH pe3yIbTATaMM TMOKASbIBaeT, YTO MOMyUeHHaA (opmysa paccesH- 
HOH MHTe€HCHBHOCTH ABIACTCA OUCHb TOUHOI. 


11K. Umepa, J. Faculty of Science Hokkoido University, VI., 57, 1951; T. Tietz, 
J. Chem. Phys., 23, 1965, 1955. 
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KOJIJIEKTHBHbIE BO3BY)KEHHbIE COCTOAHUA 
YUETHO—UETHbIX ATOMHDbIX ALEP 


A. C. HABbITIOB u Lf. ®. ®HJIMNMOB 
MOCKOBCKHM rocyHAPCTBEHHbIM YHHBEPCHTET MOCKBA, CCCP 


(Mocrynuno 13 gexabpa 1957. r.) 


Paccmarpupaetca mpoOneMa KOJJICKTHBHEIX BO30yKNeHHM YeTHO-YeTHBIX Aqep 
aKkcHasIbHO. B pacueTax He MpeqmonaraeTca, 4TO POTAaMOHHAA 9HeprH¥A MHOFO pas MeHBILE 
yem BbiOpalMHHaa. McuncieHbl OTHOWeHHA sHeprHii BOS0 y>KHHBIX KOJICKTHBHBIX COCTOAHHH 


[ 
[C 
WM mocnesoBanbHocrTs cuuuoB. IloKa3saHo, 4YIT 9HeEprHA ABYX HapaMeTPOB : dy = | BHA o—Bf, 


(Be/h?)/4. B oOnactu 6 /\ 2,5 cnekTp MO>KeT ObITh TIpefcTaBNeH KaK CMCT€Ma POTAL{HOHHO- 
BHOpauMOHHBIX Mosoc. B oOnecTH 6 < 2,5 sHepruaA BOSOyXKNeHHA He MO)KET BbITb passeseHa 
Ha BHOpalMOHHbIe HM poTauMHHbIe yacTuH. B oOmacTH 6 < 0,4 BO3MO2KHbI HEKOTOPbI cre- 
I[MaIbHbIe ~BOSOyXKMCHHA, COOTBETCTBPIOIIHe OTPHLUAaTeIbHbIM KBa{pyNOMbHbIM MOMEHTAM 
BOSOy)KeCHHBIX COCTOAHHI. 

PesysIbTaTbl CpaBHeHbI C JaHHbIMH 9KCIePHMeHTOB. 


ATOMHoe Apo npencTaBlxeT coOoii CHCTeMy CHJIBHO B3aHMOeHCTBYOLINX 
HYKIOHOB. | OMMCaHUA HEKOTOPBIX CBOHCTB CTalMOHapHbIX COCTOAHM Takoit 
CHCTeMBI MCMOJIb3yIOTCA Te WIM MHbIe MOJeJIbHbIe MpeAcTaBueHuA. B nocirequee 
BPeMA pH ONMCaHHH MaJIbIX BOSOYKCHHBIX COCTOAHHH YeTHO-YETHBIX sep Han- 
Sombulero ycniexa JoOMacb TaK Hasbipaeman OOOOMIeHHAA MOeb AApa, Mpen- 
nloweHHaa Ozze Bopom u Mommeasvconom. B oOobujeHHoK MosemM MpeAnona- 
TraeTCA, YTO HYKIOHbI, HAXOMALIMECA BHE SaIOJIH€HHBIX OOOJIOYeK, MODKHO OMH- 
CaTb UCHONbSyA OMHOUACTHUHOe NpHOIMKeHHe, a HYKJIOHBI, BXOAAMEe B COCTAB 
TOMHOCTbIO 3aNlOAHEHHBIX OOON0UeK (OCTOB AA pa) MpOABIAIOT CeOA TONbKO Yepes 
CBOM KOJIJI€KTUBHbIe CBOMCTBA. 

Y yeTHO-ueTHBIX AEP YACTOTbI, COOTBETCTBYIOIIMe OHO-YaCTHYHBIM BO3- 
OyKeHUAM, TIpeBbIWAaIOT YACTOTHI KOJIIEKTMBHBIX JBMKeHHH. Tlostomy MO?KHO 
MIpovsBecTH ycpefqHeHHe NMONHOTO TaMMJILTOHHaHa Apa MO COCTOAHHAM JIBH- 
}KCHHA BHEIIHUX HYKIOHOB Mp *UKCHpOBaHHBIX 3HAYCHMAX KOOPAMHAT, Xapak- 
TePU3YIUIMX KOJWIEKTMBHbIe CTeneHH CBOOOAbI ALpa. Takum oOpasom yfaeTcaA 
NOYYUTh OMepaTop 9HeprHuu Apa, BbIParKeHHBI Yepe3 KOJVICKTHBHBIC KOOPAU- 
HaTbl 6 WM y, BBeseHHbIe O. Bopom ANA OMMCAaHMA KOJIEKTHBHBIX BWKeHHi 
HYKJIOHOB 


Bee ey C Ppl t 
Ha pete + e+ {-+7\Putp+o) + 


+A fBecosy, (1) 
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27 
rae I, = 4 B B? sin? [y + = 4 


B (1) BenuuvHa Bu C ABIAWOTCA NapameTpamu, XapaKTepH3yIOLWUMMM KOJUEK- 
THBHbIe [BYKeHMA, A uv D — BesIMYMHbI, 3aBMCAMe OT COCTOAHMA JBH)KeHHA 
BHeIMHUX HYKJIOHOB. 

[amvJIbTOHMAaH (1) Obs] NoyueH B padote Popda [1] np npeAnono Kenny, 
UTO APO HMeeT AKCHAJIbHY!O CHMMETPHIO HM MpOeKUMM YIIOBbIX MOMeCHTOB BHEILI- 
HHX HYKJIOHOB Ha OCb CHMMeTPHH Aj[pa ABJIAIOTCA XOPOLUMMH KBaHTOBbIMM YHC- 
Jamu 


(Js = ~ Jis = 0). 


B Hamel padoTre mpopeyeHo UccuIeqoBaHve SHepreTMyeCKHX ypoBHel 
CHCTeMBI, OMCbIBAeMOM TAMMJIBTOHMaHOM (1) pM MpesNo0KeHHM, YTO AKCHAIb- 
Haw CMMMETPHA Apa He HapyumaeTca. TloTeniHalbHaA SHeprMA B TaMMJIbTO- 
Hane (1) HMeeT MHHMMYM IIPH 3HaueHHAX y = 0, 7M 


A #?2D 
B bo-— e+ 3eRR (npu J = 0) (2) 


CylleCTBeHHO, UTO NOTeHIMasIbHaA IHEPruA MMeeT Mosc B TOUKe f = 0. Hasmn- 
yume ITOFO MOCa COOTBETCTBYeT TOMY, UTO MOMEHT HHEpLMM Apa cTpemuTcA 
K HyJH0 ipH f+ 0. 

EcsiM B Ape MMeIOTCA HYKIJIOHbI BHE 3aNOJIHCHHbIX OOO0UeK, TO JarxKe pH 
PaBHOM HYyJI10 TIOJIHOM YIrJIOBOM MOMCHTe MOMCHT KOJIMYeCTBA JBH)KeEHHA OCTOBA 
M CYMMapHbIii MOMEHT BHEINHAX HYKJIOHOB He ABJIAIOTCA MHTerpaslamMu J[BHKeHHA 
M He paBHbl HYJIO B OT(CJIbHOCTH. 

Paslarad MOTeHUMaJIbHY10 SHEPrHio, BXOAALLYIO B (1), B pA OTHOCHTEJIbHO 
OTKJIOHEHH OT MO0}KeEHHA paBHOBecHA (pH y =O) Nosyuaum ypaBHeHHe 
Ilpeduneepa, onpepenswujee aHepeuto (€) CHCTeMbI. 


J? + 5 @—Br—e| (Bom) =, (3) 


rye O,  — yruibl, onpeyemouMe OpueHTalMio OCH CHMMeTPUM Apa B Mpoct- 
pancrBe ; J — onepaTop KuHeTHYeCKOl 9Heprun : 


h | 9 


ae ede! 
2B Pp | ap 


6 6) | Ib [sin e) | 1 32 


. (4 
6p sinf 06 36 sin? 6 a “) 


iJ 
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Tipeactapina peuenne (3) B Bue 


909%) = VOY (00), J=0)2,.... (5) 


noslyuaem ypaBHenne ja dyHKyun U, (/) 


#2 dU, | C 
aa Tee J (6 — B,)?U, — [e—V,(6)] U; =9, (6) 


rye 6; = & By — HOBOe MOO)KeHHe PABHOBECHA, OMpeeNAeMOe M3 YCOBUA 


sg-y=28*), (7) 
6 — OespasmepHbiii mapamerp Teopuu, onpepeAembit CooTHOWeHHeM 
s=B(T| = Py|/ Bee (8) 
wa/Fs ora r 2429) 
Vs ()) = ho] (E—1)* + ee 


Ja pemienun ypaBHenna (6) yq0OHO BBeCTM HOBYy!0 MepemeHHyt0 


t= py pelea 
A 


U3MeHAMYIOCA B Mpepeswax 
=f6<0< ce (9) 
Mu HoByW dpyHKuMio V (2), onpesesnemy!o COOTHOLICHHeEM 


U (8) = V (¢) exp (—6*/2) . (10) 


Torga dyHKuua V(C) OyzeT yROBNeTBOPATh ypaBHeHHto 


d2V dV 
— 2 2 Pave) =O 11 
TORN co cggviL, a ee 
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M TpaHWyHbIM YCJIOBUAM 
V (—6é)=0 u eV (C) +0, ecnu +00. (12) 


PeuieHua ypaBHenua (11) c rpaHv4HbIMM yCJIOBMAMM (12) BbIparKaloTcA yepes: 
dyHKyMH JIpmuma 


yer ES S| ea. (13) 
'(¢) = const : 
or (—¥) kl 


Uncyio v BbIUMCIAeTCA U3 TPaHCLeCHAeCHTHOTO yYpaBHeHHs 
V (—6é) =0. (14) 


Ilpu STOM SHEPrMA CHCTeMbI OFIpeeIAeTCH PaBeCHCTBOM 


J (J +.1) 
64 £4 


JVU+t) 


bier toy Ae Pes 
hp 


oa . (15) 


Takum oOpa3om Tp 3ayqaHHoM J 9HepruA 3aBMCUT TOJIbKO OT ABYX NapamMeTpos = 
Bay 
A 
re fy — xapakrepv3yeT OTKOHeHMe Apa oT ccepHuecKko opMbI ; @) — 
yacTOTa MIOBeEpXHOCTHBIX KoeOaHnit ; B — maccospilt Koop pHuMeHT, KOTOpbIt 
B culyuae PMpoMHamMyecKoOH MOseIM BbIParKaeTcA Yepes MaccoBoe uNcIO (A), 

maccy HyKJiona (M) u payuyc agpa (R) dpopmynok 


w, 4 6. HanomHum, 4To corsiacHo (8) OespasmepHbI MapameTp 6 = fy 


Bee ee win B= ‘0 Ip» 
8a % 


rye I, — MOMeHT MHeEpyHH TBepsOro Tea Maccbl MA uM payuyca Ro. 


é 
[paduk sapucumocTu ~— jin sHaueHHi Mapamerpa 6 >1 mpuBeyen Ha 


ho 
puc. I. M3 sroro pucynKa etna yuTo mpv 6 > 2,5 sHeprerMuecKkH CieKTP KOJI- 
JIEKTMBHBIX BOSOYHeHHK YeTHO-GeTHBIX Alep pasOuBaeTcA Ha CHCTeMy Bpallja- 
TeJIbHO-KONeOaTeIbHbIX NoNoc. B rabuuye | MpuBeeHo cpaBHeHve MOJyIeHHbIX 
TeopeTMYeCKUX 3HAYeHHH IHEPrMn BOsbyrKeHHA NepBok M BTOPO BpalaTebHbIX 
MONOC BOSOYKCHHbIX COCTOAHHK HeKOTOPbIX Aep C IKCIHePHMeHTAIbHbIMH 
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'* 

JIaHHBIMH. TaM >Ke IIpMBeseHbI 3HAYEHMA TlapaMeTpos A @, HO, KOTOPbIe MCMOJIb- 
3OBaIMCb TIpM BBIYMCICHMM TeopeTH¥eCKMX 3HaAYeHHi SHeEprun BosOy>KTeHHMA. 
B tadauye I] npupezenbl oTHOWeHHA fal | fall | fill 3aBucHMOCTH OT 

€11 111 ban 

3HaueHHMA 0, THe 15 915 11> €g11 COOTBETCTBEHHO SHEprHu MepBoro HM BTO- 
poro (1,2) BpamaTesbHbIx nofxypoBHeli B mepBoii u BTopoli (1,11) momocax 
BpalaTeIbHbIX COCTOAHMK Apa. 


E(J) 


hw 
25 ans 7:0 


20 
15 


10 


7 ZO 25 "30 35 40 45 50 


Puce. 7 


Tipu joctaTouno Ooubumx 6 9HepruA KOJWI€KTHBHbIX BosdyKeHHH (15) 
MO)KET ObITb MpefcTaBleHa B Buse 


Ej; nia, PAS (I+) —gi(J +1), (16) 
h2 a Fae 
fi. ide pee ie 
a rin ere 


Sra Popmysla yKe MIpefiaranacb B padotax O. Bopa u Mommeaocona. Ova aeT 
xopomlee corsiacue c 9KcMepHmeHTOM, ecM A M g paccCMaTPHBaTb Kak Mapa- 
MeTPbI B KaxKOl Mosoce BOSOyKNeHHBIX COCTOAHMA Apa. Takum o0pasom pv 
OMMCaHMM KOJIEKTMBHBIX BOSOYKMeHMH Aqep, YKasaHHbix B TadsMe I, Tpebo- 
Bawlocb Obl 5 napamerpos, a He 2, KaK 9TO CulegyeT M3 (POpMY II (15). 

Tipu 6 < 2,5 pasjeneHue KOIeKTMBHEIX BOsOyKLeHMM Ha BpalllaTesbHbIe 
M KouleOaTesbHble HeBosMoKHO. Ha puc. 2. npuBeyena cxeMa yYpOBHeli [IA SHa- 
yenua 6 < 1. B 9TomM ciyuae HapaAyy C peWeHHAMM, COOTBETCTBYIONIMMM Y = 0 
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Tadnnya I 
SuHepreTHyecKHit ypOBeHb ~ 
Arpo J Aw, 6 
Teopua OKcnep. 
2 100,09 100,09 
4 320,3 329,36 
6 641,6 677,06 
wis2 
0 |. 1101 = 1101 3,48 
2 1222 1222 
4 1481 1488,6 
2 50 50 
4 163 165 
6 332 = 
Th232 
0 710 = 710 3,98 
2 7170 710 
4 901 = 
2 43 43 
4 141 142 
a 6 290 295 
0 803 803 803 4,48 
9) 855 = 
4 966 = 
2 44,2 44,2 
4 147,7 146 
pte 6 304.8 303 
0 935 935 935 4,74 
2 986 986 
4 1100 1073 
Tadanya II 
é 1 2 3 4 5 
eal OMT 2,70 3,02 3,27 3,33 
€11 
Sail 1,76 2,43 2,94 3,25 3,31 
E111 
eae 1,48 1,36 1,26 1,16 111 
€1I 
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BOSHUKAIT BOSOYKJCHHbIe COCTOAHHA C y = 7, M300parKeHHble Ha Puc. 2 NYHKTHp- 
HBIMM JIMHWAMH. ITM BOSOYKCHHbIe COCTOAHUA COOTBETCTBYIOT OTPULaTeIbHOMY 
3HaKY KBaJ{PyMOJIbHOrO MOMeHTa Apa, HAXOAAWerOCA B BO3OyXKCHHOM COCTO 
AHMM. B CBASH C TeM, YTO NpeAMOOHKeHHA, MOJIOKeHHbIC B OCHOBY TeOpHu 


Q7 G2 Q3 G4 05 Q6 47 G8 Q9 106 


Pier? 


HapyllawTcA Np MaJibIX 3HaYeHHAX O, HE B ‘IOJIHE AGHO, MOFYT JIM B JecTBH- 
TeJIBHOCTH peaJIMZOBbIBATLCA Take BO3O0Y)KeCHHbIe COCTOAHHA. 

Ec QONyCTUTb, YTO BbIBOALI TEOPHH MO)KHO TIPHMEHATb JO 3HaueHHit 
6 > 0,2, To AA HeKOTOpEIxAgep (cm. TAO. III) MoxKHO NoyaHTb NpH cooTBeT- 


TaOauya Til 
OrHocuTesbHaA Cnuu yposus 
Ainpo 9HEprHA ypOBHA 
OKcnep. Teopua. OKcnep. Teopua 
: = 0,65 = [0] 
Pris2 1,00 1,00 2 2 0.25 
1,93 1,93 2 [2] 
2,48 2,32 4 4,0 
0,82 0,82 0 [0] 
Ge”? 1,00 1,00 2 2 0,29 
1,74 2,15 2 [2] 
Se 0,86 = [0] 
1,00 1,00 2 2 
Cd114 2,17 2,18 2 [2] 0,3 
2,30 2,30 4 0 
2,34 2,34 0 4 
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CTBYIOUeM BLIGope 6 YAOBMeTBOPHTeMbHOe Coriacve c HaOsMIOMaeMbIM SKcTIepu- 
MeHTaJIbHO OTHOIWeCHHeEM SHEP NepBblx BOSOyKAeCHHbIX ypOBHeH K 9HEprMu 
TlepBoro YpoBHA, MMeroujero ciiMH 2. IIpH 9TOM TeOpHA jaeT M MpaBMJIbHy!0 M0- 
CJI€OBaTeJIbBHOCTh 3HAYeHMM CIMHOB ypoBHei. CNMHbI ypoBHei SHeEprHMu, CoOT- 
BeTCTBYIOWUMe OTPHUATeIbHbIM SHAYCHHAM KBAafIPyMOJIbHbIX MOMEHTOB 3aKJII0- 
YeHbI B KBajpaTHble CKOOKM. Ecsim 97a MHTeplpeTaliMA MpaBusibHa, TO ClleLyeT 
OKUATb, YTO BEPOATHOCTh MepeXOOB MedKLY COCTOAHMAMN, COOTBETCTBYIOWMMU 
Pa3sHOMY 3HaKy KBaJpyMOJIbHOrO MOMEHTA JOJDKHbI ObITb MeHbIe, YEM BEPOAT- 
HOCTH TIepexo0B Me)KY COCTOAHHAMM, COOTBETCTBYIOLIMMH OfHOMY 3HaKy 
KBa[pyMOJIbHOrO MOMeHTa Apa. 


JIATEPATYPA 
1. K. Forp, Phys. Rev., 90, 29, 1953. 


COLLECTIVE EXCITATIONS OF THE EVEN-EVEN ATOMIC NUCLEI 
By 


A. S. DAavypoy and G. F. Firierov 


Summary 


The problem of collective excitations in an even-even nucleus possessing axial sym- 
metry is considered. During the calculation it has not been assumed that a rotational energy 
is much smaller than a vibrational energy. 

For different deformation parameters the energy ratios of the collective excitations 
and the succession of spins have been computed. It is shown that the energy of the collective 


. . . c 
excitations can be represented as the function only of two parameters: a)= |/ — and 6 = 


B 
Be ]'Is: 
Site ae | In the region 6 > 2,5 the excitation spectrum can be represented as the system of 


rotational vibrational bands. Inthe region 6 < 2,5 the excitation energy can not be separated 
into rotational and vibrational components. In the region 6 < 0,4 the appearence of some 
special excitations is possible, in consequence of the negative quadrupole moments of the 
excited states. 

A comparison with experiment is carried out. 


se 


O yp -PEAKLIMAX 
C OBPASOBAHHEM OCHOBHbIX COCTOAHMM SAJEP* 


B. WH. TOJIbOAHCKHA 
@®H3HYECKHM MHCTHTYT HM. MM. H. JIEBEQEBA AH CCCP 


(Mpencrasneno: Z. Gyulai — Moctynyno: 23 geKaOps 1957 r.) 


Tlava oueHKa BKIaqa OTACIBHEIX yYpOBHeli B POTOAMepHHIe PeaKUNH (yp) NATH WerkKHX 
snep (B!, C?, N™, O18, S82), nomyueHHbIX M0 TeEOPeMe AETAMbHOTO PaBHOBECHA H3 OOPaTHbIX 
(py) peakunit. MakcHMasIbuble CedeHuA yp-peakUHit C OOPasOBAHHeM KOHEYHOTO Apa B OCHOB- 
HOM COCTOAHHH HHOrAa Ha MHOFO Pa3 IIpPeBbILWaWT MAKCHMA@JIbHbIe CCVeHHA NPH «THraHTCKOM» 
pesonance. MurerpabHble ceueHHA COCTABNAWT NpHONHSHTeIbHO 10% WHTerpabHbIX CeuHHii 

' B«PHraHTCKOM pesouance. IIpu cpaBHeHHH CleKTpa H yrOBOro pacnpeqeneHuA POTOHYKAOHOB 
c pacueTaMi craTHcTHyecKol TeOpHH, HYOKHO HMCTb B BHAY SHAUHTCbHbIN BKIAQ OTACIbHBIX 
yposueit. 

Sa mocneqHHe FOAbl Ha OYeHb OOJbUIOM UNCIe MPHMePOB NMOATBEPIKTEHO 
CylleCTBOBaHHe TaK HasbIBaeMOrO »THraHTCKOFO« pesoHaHca (poTOAMepHbIX (Ha- 
pumep, yn- uv yp-peakunii). 

TlonymmpvHa 9TOrO «rHraHTCKOrO» pe3sOHAHCa COCTABJIA€T H€CKOJIbKO 
M36, a MaKCMMyM ceyeHHit pacnomaraeTcaA Mp sHeprHu y — KBaHTOB 15—25 
Me. Tipu Takux 9HepruAx BOSOYKTEHHA ake MIA CAMbIX JIEPKHX Aep paccToA- 
HMe M@XKLY YPOBHAMM He IipeBbllllaeT HECKOJbKUX K36, HIM ECATKOB K96, a AIA 
Oosee TAKEIbIX Aep OTCIbHbI€e YPOBHH, HECOMHEHHO, MepeKppiBaiorcs. Ilo- 
3TOMY MooKeHHe M (hopMa «rHraHTCKOrO» pesoHaHca OObIMHO CBASbIBAIOTCA C 
HaJIMUHEM B COOTBETCTBYIONIeH OONACTH SHEPrHi WeHTpa TAKECTH BIeKTPHYeCKUX 

- JIMMOJIBHBIX yposueit (1), BosOy>KTaeMbIX TIPH NMOPIOUeHHH APOM y-KBaHTOB, 

OgHako, JIA TOrO UYTOOI OAHOSHAYHO MOATBEPANTh AMNOMbHBI (£1) 
xapakTep MOMioujeHHA y-KBaHTOB B OOaCTH PHraHTCKOrO pe3OHaHCa CJeLO- 
Ballo Obl YCTaHOBUTb MIpHpoOAY KOHEYHBIX COCTOAHHH Aep, a TAKMKE MCCIELOBATb 
yrslopoe pactipefemenne UciycKaemblx (POTOHYKIOHOB. Merkay TeM, B padotax, 
NOCBAM[CHHbIX POTOAMEPHLIM PeaKUHAM, TaKHe HaOJOMeHHA, KaK MpaBHslo, OT- 
CYTCTBYWOT. 

Vismepsa BbIXOX POTOMpPOTOHOB HM (POTOHeHTPOHOB HIM perHCTPMpyA aKTHB- 
HOCTb PaQHOaKTHBHBIX MPOAYKTOB POTOAMePHEIX PeaKIH, CCTECTBEHHO HEJIbSA 
yCTaHOBHTb, OOpasyeTcA JIM KOHeYHOe AAPO B OCHOBHOM WJM KaKOM-JIHO0 BO3- 
Oy2KMCHHOM COCTOAHMM, T. e, He MCNyCcKalTcsA JIM HapsALy C POTOHYKIOHAMH elle 
WU y-KBaHTbI. TlocKobKy uccMeqoBaHHA (poOTOAMepHbIX peakUMi MpoBoAATcA 
OObIUHO C HeMIpepbIBHbIM CMEKTPOM TOPMOSHOFO H3JIyYeHHA, TO MaKe HM Take 


* ToaouceXo 3 neKadpa 1957 r. Ha cuMMoO3sHyMme N10 sAepHOl PusnKe B Mampaxase 
Oprann30BaHHOM @usnyeckumM OOuecTBOM uM. JlopaHy” STBeUL. 
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BaKHbIe JOMOJIHUTeIbHbIC UCTOUHMKM MHPOpMalMu, KaK YroBOe M 9HepreTu- 
yecKoe paclipejeseHve (hOTOHYKJIOHOB BCe elle OKASbIBACTCA HeOCTATOUHLIMU 
JIA pasrpanMyenna cryyaeB OOpasoBaHHA KOHCYHbIX Aep B PpasJIMUHbIX COCTOS- 
HUAX. 

B Hacrosiee BpeMA BOMpoc 0 XapakTepe NOrOUleHMA yY-KBaHTOB NIpH 
UCNyCKaHMM (OTOHYKIIOHOB NpMoOpedl eile OMOIHMTeIbHbIN MHTepec B CBASH 
c oOcyxKeHHeM MexaHH3Ma TipsAMOrO sAepHoro (oTospdpektra, T. €. MpAmMoro 
B3avMOseHCTBUA y-KBaHTOB C AJIePpHbIMM HYKJIOHAMM, He CBsASAHHOrO 
c oOpasoBaHvem cocTaBHoro Apa. Tipu Takom oOcyKeHHM WMpOKO UCcrOsIb- 
3yeTCA COMOCTAaBIeEHHe YIIOBOrO M aHepreTHyecKorO paciipeeseHuA SOoTOHYKI0- 
HOB C pe3yJIbTaTaMy, TpecKasbiBaeMbIMM cCTaTHCTMYeCKOH TeopHel, T. e. bes 
yueTa WHAMBUYaIbHbIX CBOMCTB OTJCJIbBHbIX YpOBHeH WM UX BKJaja B OOMyI0 
KapTHHy (oToAepHoro B3aMMOJeHCTBUA. 

Mexyy Tem, HauMHasd c 1952 r. rpynme KaHaycKux dusnKos (2, 3, 4) 6na- 
rofapA BbICOKOM cTaOusMsallMM SHEP YCKOpAeMbIX B OeTATPOHE IIeCKTPOHOB 
yAaslocb BbIJeIMTb B (THFaHTCKOM» pe3OHaHce yn-peakUMi JIA HeCKOJIbKUX 
Jlerkux sep (Li’, Cl?, O16 wu F9%) wesbih pA OTIC bHbIX PC3OHAHCHbIX YpoBHeH. 
Tak Halpumep, B peakuun O1%(yn) Ol (nopor 15,6 Mae) npu hy = 15,9—21,9 
Mos Habsogaetca (3) JEBATb OTCJIbHbIX PE3OHAHCOB C MHTeErpaJIbHbIMH CeYeHHSIMM 
oT 0,06 0 7,5 Maé musiimOapH, arounx B CyMMe ¢,,,,. = 14 M36 mOapu. 

IIpu Bcem WHTepece YTOUHEHHbIX UCCIeLOBAHHA HajlO, OHAKO OTMETHTb, 
¥YTO WH TPH W3y4eHHM OTICJbHbIX Pe3OHAHCOB (POTOAMEPHbIX peakUMH BoMpoc oO 
KOHEUHBIX COCTOAHMAX OOPasylOWIMXCA Aep OCTAJICA OTKPbITLIM. TlosToMy ocTa- 
JIOCb H€BbIACHCHHBIM, KaKOBA MYJIbTHMOJIbHOCTh OPIOWAeMbIX B OT/CJIbHbIX 
pe3soHaHcax Y-KBaHTOB M KaKMM, COOCTBeHHO, JOJIKHO ObITh yrioBoe pacripe- 
WesieHve MciycKaeMbIx (OTOHYKJIOHOB. 

B HacToAemM COOOM{eHAM Mbl XOTHM OTMETUTb, YTO PAL CBeeHHK, MHTe- 
PpecHbIX JIA MOHMMaHHA (oTOAMepHbIxX — yp-peakuMii, HO O cuxX Mop He 
MOJIYYeHHbIX W3 HeMocpeCTBeHHOrO UX HabJIOMeHUA (B 3HAYMTeIbHOK cTeneHH 
— 43-34 CKYJHOCTH MWCTOYHHKOB MOHOXPOMATHYeCKUX Y-KBaHTOB) MO)KHO 
3aMMCTBOBATb M3 IKCIEPUMMEHTAJIbHbIX JJAHHbIX O CeYeHHAX OOPATHbIX — py - 
peakunii, MLyuMx Oe3 KacKaflHOro MCIycKaHHA 7-KBaHTOB. 

CeueHuaA yp-peakuMi c oOpas0BaHveM OCHOBHbIX COCTOAHMM KOHeUHDIX 
Aep — 6,, CBAZAHbI C CeYeHHAMM py — peakUM NpocTbIMM COOTHOLIeHMAMH 
WeTaIbHOro OaslaHca, HallpuMep, WIA peaxuun O18 (yp)N1> umeem : 


g, 16 me* (hy —Q) 2Iy +1 
15 (hv) 2 215 +1 
Syecb : 


In(= 1/2) u Ip (= 0) — crue agep N* nu O16, m— macca nporona, Q (= 
= 12,11 Mos) —TensoBon oppext peakuuu, fy —9oneprunA y-KBaNTa, CBASAH- 
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rk) 


:) 13... 
Had c 9Heprueii Mporoua B py — peakuun (E,) coorHourenvem ; hy = Q + 6 E,- 
) 


V3 anau3a MMeIOUIMXCA B IMTepaType JaHHbIX MODKHO MOJYYUTS pst cBeenuii 
0 yp-peakUMAX C OOpasoBaHHeM OCHOBHBIX COCTOAHMI KOHCYHBIX ep MIA 
NATH Nerkux sgep: B®, C2, N14, O86 uv S82. 

CBoqKa pesyIbTaTOB NPMBOANTCA B TabNMUe 1 H Ha prc, 1—6. 


B 7, y) Be? 
72 Cun 20 moQo 
Q*G58 


Oj p munmndga7 
NS A DB & 


Ceyenne peaxynu Be? (py)B B nepBom MaKCHMyMe jlaHO B (5), a SHa¥ue- 
HHA oO [IA Pyrux ypoBHel MoyyeHbI MepecueTOM BLIXOAOB H3 TOICTOM MHLUCHH 
(7, 8). Ceuenusa peaxuun BY(py)C! npu E, < 2,8 M96 saumctBosanbt us (5, 9), 
aOcosOTH3aluA ceyeHHit Mp Oosee BLICOKUX JHEPrHAX NoMyena cCorocTaBle- 
HMeM pesysbTaTos (9) wu (10) npu E, = 2—2,8 Moe. 

CeueHusd B pesoHaHcHbIx MaKcHMyMax peakuMn Cl%(py) N“ Basitbt 43 (5), 
a JIA WHTepNoNAWMH yHKUHM BOSOyKACHHA MOXKAY MNKAMM pesOnancoB 
HCHONb30BaINCh JaHHble (11). Hakonen, adcomorHsansaA PyHKUHH BOSbyKCHHA 
peaxiun P*(py)S%2, jannoit B (14), MpoMsBoAMIACch NO AaHHbIM pavoTbl (16), B 
KOTOPOH MpMBoANTCA ceyeHHe pasMarMonHoro saxBata P* TpoTOHOB C oneprueli 
1,265 Mos. 

J\anHbie npuBoyuMble B TabMIe, He TPeOyIoT ocoObrx mocvHeHHi. Same- 
THM JIMIb, YTO Cpe BOSMOKHDIX SHAUCHHM OpOUTAbHbIX MOMEHTOB (oTorpo- 
TOHOB C CBASH C MAJIOCTbIO 9HEprHun yKasaHbl Mb | = 0, 1, 2. 

Puc. 1—5 HenocpescTBeHHO WJWNOCTPUPyWT CBeeCHHA, MpPMBe CHIC B 
Tada. 1. Ha puc. 6 pacueTHbie jaHHbIe O TOHKOH cTpyKType yp-peakunli co- 
MOCTABIAIOTCA C pesyIbTAaTAaMH HaGOLeHUA «rMranTCKOrOy Pesonanca. 

Kak sBCTByeT M3 TaOMMIbI HM PHCYHKOB, MAKCHMAJIbHbIC CeUCHHS 7p- 
peakuuii c oOpasoBaHvem OCHOBHDIX COCTOAHMA KOHCUHDIX Aep, CBASAHHDIX C 
OTICJIbHbIMM YPOBHAMM, MosYac BO MHOFO pas MpeBOCXOMAT MAKCHMAIIDHbIC 


12* 


180 B. H, POJIbQAHCKHH 


ceueHHA B «rMraHTCKOM) pesoHaHce. MuTerpasibHble CeyeHHA TaKUX peakilui, 
OOyCNOBIIeHHbIe OTACIbHBIMA YPOBHAMH, OcTHTawT mpumepHo 10% oT HHTe- 


Cy) B 77) (Q=7695) 
Guan: G2 Mab OGD 


Cz MANWOOGOH 


6 17 78 79 LO hv ab21 
Puc. 2 
2 
eae N“(xp)C73: Q=754 ae 
260 Gunn=2 3b mcg S 
250 me KY 
Ss 
14 Wy 
72 
qt 
B 
a 
8 
ge ° 
4 
Ze 
a G5 9 hv 1136 
Puc. 3 


rpayIbHBIX ceyeHHit «rMraHTCKOrO» pe3OHaHCa, OXBAaTbIBAIONIMX BCEBOSMO)KHBIC 
COCTOAHMA KOHeUHBIX Agep. Kak mpaBysio, H3MepeHMA ceyeHHit «rMranTcKoro» 
pesoHaHca yp-peakiMit MpOvSBOAATCA JIMIIb HAYMHAA C SHeEprvii y-KBaH- 


—~- = 
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ve 


TOB, MIpeBbIalO4X MOpor Ha HeECKOIbKO M36 (cm., Halipumep, pic. 6). Mosromy 
TIPMBeeHHble 3eCb pe3yIbTaTbI WalWT He BKal yp-peakunii c oOpasoBannem 
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OCHOBHOFO COCTOAHUA KOHEYHBIX Alep B THraHTCKMii pesoHaHc, a OMoOHeHHe K 
STOMyY pesoHaHcy. TaKuM oOOpasomM aHasIM3 cBeeHu 0 py-peaKWMAX MpHBo- 
AMT K HEKOTOPOMY YBeJIMYeHMIO IKCMEPMMeCHTAJIBHbIX BeIMUMH CeueHHH NMorJio- 
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Moment Op6u- 
Peaiaaia” |ecsumad| ope | “Snepraw | ypasna || ‘Sere Hornomennn]| emeaaue |i gemayee 
A hy (M38) (M36) HOCTb | y-KBaHTa npoToHa 
ypoBHA 
B. (yp) Be? | 5,6, | 6,58 | 6,58—11 6,39 | 1—| M2 SD 
3+ a | 48 7450122) Ey SD. aaa 
8,89 2+ | M1 P as 1,4 
10,83 ? ? ? : 
C2 (yp) BU | 5,9, | 15,95 | 15,95—21 16,10 | 2+] E2 P \ 
i eee ae 16,57 | 2-| M2 SD 
Teg |) Wet Pay SD 
18,39 | 24+ | E2 P | 8,2 
18,86 | ? ? ? 
19,25* | ? ? ? 
20,25 | ? ? ? 
20,49 | ? ? ? 
N%(yp)C8 | 5,11 | 7,54 | 7,54—9,2 $06.) l= et SD 
1 = 8,62 | 0+ | M1 P 
$70 | 0) BY S 5 
Gis) 2 | D ~0,6 
LES 13 | 12,11 |12,1%~13,5 | 13,09**| 1—| £1 SD 4,4 
2 
S22(yp) Pt | 14,16| 8,85 | 8,85—11,2 9,65 | 14 | MI(E1)| SD(P)|0,003 
Le Ee 9,932 | 1+ | MI1(E1)| SD(P)|0,01 
10,682 | 1—| El P 2,3 
10,772 | 1£ | E1(M1)| P(SD)/08 |.) , 
10,812 | 1—| El P 1,8 
10,915 | 1—| El P 0,4 
11,097 | 14 | MI1(E1)| SD(P)\1,3 
11,115 | 14 | M1(El)| SD(P))3,5 


* YpoBeHb OOHapy>KeH TaroKe B peaKyuH CP (yn) Cl [2] 
** YpoBeHb OOHAapy>KeH TaKKe B peakiHH N (pa) C [5] 


WeHKA y-KBaHTOB (0,) HW K YMeHbUIeHMIO pasJIMYMA MexK.y TeopeTHueCKUMU 
M SKCH€PHMeHTAJIbHBIMM 3HAUCHHAMM (0,),y.7, MIA erKMX sep, OTMeYeHHOrO, 
HallpHmep, B 15. CyleqyeT WHpOKO MpHBIeKaTb SKCMePMMeHTAaJIbHble JaHHbIle 
0 py-M ny-peakiMAx JIA He3saBMcMMOH MpoBepKH pesybTaTOB doTossep- 
HBIX MCCeOBaHHM, MPOBOAMMBIX, KaK MpaBvo, C IWMpOKMMM cMeKTpamu y 
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- 
KBaHTOB. Bpbiio Obl, B YACTHOCTH, MHTepecHO M3y4MTb MOAOOHbIe peakM MU B 
oONacTH «ruraHTcKoro» pesoHaHca. AHAaJIM3 aHHbIX 0 py-peakIHAx 6e3 Kac- 
KaqHOro MCIyCKaHuA y-KBAaHTOB MOSBOJIACT CieaTb OMpeeIeHHbIM BbIBOL 
0 npeoOsaqanum (xXOTA M He McKIOUNTeIbHOM) E1 — morsioujeHHA / -KBaHTOB 
BOTOM OOJacTH 9Heprun. B pase culy4aeB M3 ITUX JAHHbIX MODKHO CieJlaTb TaKKE 
3akuIIOUeHMe 0 CeYCHHAX AHM3OTPOMHOrO UCIycKaHHA MpOTOHOB B yp-peak- 
yuax. Hanpumep, MHTerpasbHoe ceuenve WIA ypoBHei 3, 5 u 6 B peakIHHn 


12 3B % Bhyiaabgns0 Gon ”™ 


LA Cp 8” 
3 THopecn aAMom 
PR G3B.370 71957 


OG pIN*LS) 
20 


70 


rae a? AO) a Yi ah PII el 
Puc. 6 


S32/yp/P31, cooTBeTCTBY OWIMX MCIIyCKaHH0 MpOTOHOB B p-COCTOAHMH: Oy .-- = 4,5 
Mos musimm6apH. CrenyeT mpwHuMaTb BO BHMMAHHe BKJIaj, OT/CJIbHEIX YPOBHEH 
B AHM30TpoMHoe McnycKaHve OTOHYKIIOHOB MpH conocTaBuleHuu ciieKTpa 
YrNOBOrO paciipeseeHHA 9THX HYKOHOB C pacueTaMM cTaTHcTHYeCKOl TeOpHn 
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ON (yp) REACTIONS WITH FINAL NUCLEI IN THE GROUND STATE 


By 
V. I. GoLpANskIJ 


Summary 


It is estimated the contribution of individual levels to photonuclear (py) reactions 
on five light nuclei (B™, C12, N14, 016, S32) which can be obtained by detailed balance method 
from experimental data regarding reverse (py) reactions. 

The maximum cross sections for (yp) reactions with the formation of ground state 
final nuclei sometimes exceed by a very large factor the maximum cross sections in »giant« 
resonance. The integral cross sections amount to about 10% of the integral cross section in 
»giant« resonance. 

One must keep in mind the marked contribution of individual levels in comparing the 
spectrum and angular distribution of photonucleons with calculations from statistical theory. 


ae 


®EHOMEHOJIOPMYECKOE OBOBLUIEHHE YPABHEHHMA 
TOMACA-®EPMU-TMPAKA (T®A) B CJIYUAE TEOPHM 
METAJIJIOB UW EO MEPHOQMYECKHE PEIMEHHNA 


. ® KYPOPEJIANI3E 
(Mpegcrasneno : P. Gombas — Tlocrynmio : 23 mexaOpa 1957 r.) 


O6meHHOe B3aNMOselicrBue COCeMHUX MeTAJLIMYeCKMX ATOMOB ONHMCAHO (beHOMeHONIO- 
ruyecku ypapHenuem T. ®. JI. B Buze: 4p = G(pys + 7,)3 + A. Smecb G, T) UA, ABIAOTCA 
ce0000HbiMU nNapamempamu, Komopole MozyM OviMb TOMOOpaHbl K CUeLyIOWIMM CBOCTBAM Me- 
Tama: KOHCTaHTAa pellerKu, padoTa BbIXOJa HJM MHHMMAJIbHbIM NOTeHWMAI @MepMu Hu cpeqHAA 
WIM PPaHHYHaA MIOTHOCTh IIEKTPOHOB MpOBOAMMOCTH. BpuuenanucaHHoe ypaBHenne oOosa- 
ylaer NepHOAMYeCKUMM PelIeHHAMM, CBOMCTBA KOTOPbIxX B CTATbe oOcyxxKqaoTca. Cryyali HaT- 
pusx, Kak MoKasaTesbHbIi MpuMep, TpakTyeTCA B ToApoOHOcTH. 


CormacHo 9eKTPOHHOM TeOpHU MeTAJIIIOB ypaBHeHHe (TP) c cooTBet- 
CTBYIOWIMMM rpaHHYHbIMM yCIOBMAMM — TIpPHMeHMMO H K Me¢TAJUIY [1]. Ecam 
B cilyyae M3ONMpOBaHHOrO MOHa FpaHH4Hble YCOBMA MMeHT BUT: 


lim S(r) =Z, 9 (r) =%0 (1) 


r>0 


re g(r) — peulenue ypabHenua (TP), 

Z — 3apAy Moxa, 

@ — NoTeHIMasl MOHM3AalIMN, 

TO B cilyyae MeTaJa ycuOBMA (1) CHeAyeT MONOMHUTH eLle TpeOoBaHvem Mepno- 
JMYHOCTH pelleHua c 3aaHHBIM Mepvogom 2. 

Tloqo6uas, HO AByXMepHasd 3aaya, Kora HeMHeMHOe ypaBHeHHe (T@I) 
BLIPOKMaeTCA B JIMHeMHOe ypaBHeHHe, Obia c ycmexom pemena /Tenapdom— 
Jowoucom {2]. OnHaKo, ecuiM B cilyyae JIMHeMHbIX ypaBHeHuii rpaHM4Hble yclio- 
BUA ylaeTCA YAOBIETBOPUTb MPH MOMOUIM HaOKeHHA PasJIMIHPIX pemennit 
ypaBHeHMA, TO BCuIyuae HeMHeMHbIX ypaBHeHhii, BBMy OTCYTCTBMA NpHHIMMa- 
cylepnosMuMv, pelieHve rpaHM4yHo 3afauM CTAHOBUTCA BeCbMa 3aTpyqH- 
TeJIbHBIM. 

YazaHHoe OOCTOATEIbCTBO 3acTAaBIIAeT OTKAZATLCA OT OMHOTO M3 TpaHnhy- 
HbIX YCIOBHii B Clyyae MpHMeHeHHA ypaBHeHHA (T@]) K metamny. Tak Halipu- 
Mep: OObIYHO MeTAJII paccCMaTpMBaeTCA KAK COBOKYMHOCTh HS0JIMPOBAHHbIX 
MOHOB, a MepHOAMYHOCTh BBOAMTCA MCKYCCTBEHHBIM MlyTeM, KaK MpocToe Mexa- 
wuyeckoe MoBTopeHue KapTHHE! [1], [3], [4]. Ho MoxkHo cyesaTbh ynapenue M Ha 
BTOpy!0 KpaiiHocrb : pelliMTb rpannunyto salayy ¢ TpeOoBaHvem NepHosM4HOCcTH 
MU OTKAa3aTbCA OT pellleHuA ypaBHeHMA B Haale KOOPAMHAT. 
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SAcHO, YTO NepBbI MOLXOA MOIKET aTb OTBET TOJIbKO Ha Te CBOMCTBa Me- 
Taslla, KOTOPble OMpeesIAIOTCA B OCHOBHOM CBOMCTBAMM MOHa M He MpHMeHHM 
JIA pelleHUA 3aad CBASAHHBIX C 9IEKTPOHAMM MPOBOMMOCTH, a BTOPOK NoOLxXoN 
— Haodopor. 

B mocsieqHem cilyyuae, KOTOpbId Hac MHTepecyeT, ypaBHennve (TP J]) cuexyer 
OHaKo O600uMTD. Jles10 B TOM, YTO TPH BbIBOe ypaBHeHuA (TDI) ne yantpiBaeTca 
CIOXKHOe OOMeHHOe BSAVMOeCTBHe COCeHUX ATOMOB MeTaJIa. ITO B3aMMO- 
JlelicTBue c1a00 BIMAeT Ha CBASAHHDIC DICKPOHbI M BHOCHT CYIUIeECTBeEHHbI BIA 


5:7 yp-ue /TOL/ 


p. (492.10 Na 
o [194 10%-K 


p* hy la50 ep 


S#7 W0Cuyen yp-ue /T@D/ Na, 


Y= Vifp - (03+ 6,2) 
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Puce, 7 


B TOBeeHve BIeKTPOHOB MpoBogumocTH [1]. IIpamol yuer yKasanHoro B3aH- 
MoJeHcTBMA B ypaBHeHHH (T@J]) oObluHbIM MyTeM MpecraBlAeTcA JOBOJIbHO 
TPYHbIM HM, CJI€OBATeIbHO, MMeeT CMBICJI UCKATb (heHOMeHOJIOrMYecKoe 0600- 
mleHve ypaBHeHHA. 

TIpv 9TOM MO)KHO MCXOMMTh M3 TOPO, YTO yueT OOMEHHOFO B8aMMOeHCTBUA 
AlupakaB ypasrennn (T@]]), MpHBOAMT TOMbKO K MOABJIEHMIO MOCTOAHHOLO CJ1a- 
raeMoro 7%), Np gy” B MpaBoi cropoHe ypaBHeHNsA, a yueT KOppesHOHHON 
nonpaBKu [omOauia B KOHEYHOM CYeTe CBOJIMTCA TOJIbKO K 3aMeHe YMCIICHHOrO 
3HaYeHMA NOCTOAHHOrO NapameTpa ypaBHenus (TI) — ty [3]. 

Torga o600meHHOoe ypaBHenne (T@J]) uepes Bapbupyempble TocTosHHble 
KOspPPUUMeHTHI B Be : 

Ap =i (yl? + 7%) +A, (1) 
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ae 


TpecTaBsAeTCA HAM [OBObHO OOUIMM, 
— B ypasueunn (1). 


a=A,a, T%=AyT 
Ay» Ag, Ag = const 
Jy 4g 4g HOBbIE Mapamerpbl, OCTANDHbIe OGOSHANCHHA Te Me CaMbIC, WTO HB 
cayyae oObtunoro ypaBnenus (TJ) [3] : 
a’ =4.2 095 % = 0,0955 (1/ecy)** se 0,1 (Levy) 
T) = 0,254 (e/e9)"2 cx 1/4 (e/e)**, 09 = A2/me* 2 
p=V—Votth, V=Vit Ve 


V, — nocrosnnas, 

V,— Morenuasl BHELUHerO TOJIA, 

V,— HorenuMasl 91eKTPOHHOrO Fasa, 

V —nounpiti norenuna B anno TOUKe, 


@ = Ay oy (pt/® + 7,)* + Aglaia (3) 


TWIOTHOCTh QIEKTPOHHOrO rasa, — /(eHCTBUTeIbHO : TIpH A,=Ag= 0 A, = 1 
umeem ypabnenne (TI), rip A; = 0, Ay = 0,88 A, = b ypasnenne (TJ) wpa 
A, = 0, Ay = 1, 4, = 1, ypaBnenne (T@J]) ¢ yyerom nonpasKn Pomoatia, 

Breyenne Tpex CBOGOMHHIX MapaMeTPOB jae BOSMOMKHOCH COTACOBATH 
C SKCHEPHMCHTOM TPH OCHOBHbIe NapameTpbl MeTAWIA, JWIMNY Kpucrasimueckor 
pemerkKH, padoTy BLIXOJa WIM MHHMMAJIbHbIA Morena cbepMu, HW Cpe; Holo 
WIM TPAHWUHYIO MIOTHOCh WIEKTPOHOB MPOBOMMOCTH, TockoubKy ypaBnenne 
(1), Kak ToKaspiBaercdA HUDKe, MMeCT BAMKHYTHIC TepHO/MACCKHE peieHHs, YKa- 
ZaHHY10 BHI TIPOrpaMMy MOKHO OCYMLECTBUTh MATEMATHMECKH CTPOrO, 

Bynem CunTaTb MeTaJI OecKOHeYHbIM TO BCEM TPeM HaNpaByeHHyiM u 
Oynem McKaTh Nepnosnueckne pelleHnA ypaBNenHsl (1), YAOBNeTBOpsHONHe 
yCJIOBMIO 


p>, e>9 (4) 


Besse. 

Tak Kak Dpesmosaraere A MpeslCTaBATh MepHO/MAHOCTh Kpucraswimueckon 
pelleTKH Vepes NMepnoOfbl pewleHHsA ypPaBNeHHyl (1), TO culelyer OrpanHANTbest 
npoctoh KyOuyeckoh pemerKoit. 

Kpome Toro, HilleTcsA pelicHHe POPMAMLHO CHPABe/VIMBOE [WI Bcero Tpd= 
CTpaHcTBa, HO HO CYTH [esa OHO CMPABE/IMBO TOKO B OONACTH WIeKTPOHOB 
MpoBoyMMoctH. Torenunas BAYTPH MOHHOLO ocTOBA Cilejyen HAXOMTS OOHMHbIM 
nyTem, Kak cepMyecKH CHMMCTPHUHOE PelleHHe o6pmnoro ypapnennsa (TI) 
C COOTBETCTBYIONIUMM PpaHH4HbIMH YCJOBMSIMM [dl]. 


Set Ad 
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B cBxa3u c STAM — NOCKOJIbKy He U3BeCTHAa TOUHAA pana Me)KAY IBYMA 
oOmacTAMM — BOSHMKaeT 3aTpyAHeHHe B HOPMMPOBKe pellleHHA ypaBHeHHA. 
HepbimomHuMa M 3ajaua CIIMBaHMA AByX yKa3aHHbIxX pellleHui Ha rpaHule. 
OqHako, TaK KaK 3afa4a HOPMMPOBKH B KOHEYHOM cCueTe CBOAMTCA K OMpese- | 
JIGHMIO OAHOFO 3 CBOOOMHEIX TapaMeTpoOB, TO €€ MO)KHO PeIIMTb KOCBeCHHBIM 
myTemM. 

Pemenve ypaBHeHua (1) yqoOHee McCKaTb B BHIe : 


y = 02 (B + e2 (o))? (5) 
rye a, 6 — jelcTBMTeIbHbIe NOCTOAHHBIe 4NCJia. 
o=o@r+e 
e,;(¢) = eno + tisno (6) 


cno MW sno — 9uIMOTMYueCKHe PyHKUMH. ) 
Bsuy Toro, uTO e,(c) B HEKOTOPOM cMbICJIe ABIAeTCA OOOOMeHHeEM TI0- | 

CKO BOJIHI Ha cya saMNTMYeCKUX *yHKUMi M OONaqaeT BO MHOTOM CxOj- | 

HbIMM C HAMM CBOMCTBaMM, TO HEKOTOPble W3 9THX CBOMCTB MbI 30€Cb yKapKeM : 


e, («) en(c) = 1 


t 


* (6 by) saul o) — eh, (o 
Og An) ae 2 n (2) n (0) 


ecnu +i snu dnv 


e, (u + v) = e (u,v) & (v, u); eD (u,v) = 7 
(u +0) = AP (usa) AP (0ou)s eP (uy) = ER () 
SSO (i w) e, (w x) dn ( x) 
dx 

de, (wx , 

Beles) = (iw)? {(1 — 3/2) en (ox) + 13/203 (wx)} 

de, (w x)\? - 2 She 2 2 k2/4 e4 

ey = (iw)? {43/4 + (1 — BRIA) e8 (w x) + 83/408 (wo x)} 
roe k, — riaBHbili MOLyb sJIMNTMYeCKHX dyHKuMi. 

IIpH mmpefeubHom tlepexoye uMeem : 
oe, | She Or en). 
1+ sino (8) 


SO 1>RS0 40> 


Nogcrapiad BbipapKenne (5) B (3), AIA MWIOTHOCTH IeKTPOHHOFO rasa HaXOAMM 
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ae 


Ano =aa8(y + e7 (0))® +A, (9) 


y = 6 + t/a (10) 


rye 


Tlocne nogcraHopKu B (1) Bbipaxkenum (5) uM (9), MomyYHM ypaBHeHHe OTHOCH- 
TeJIbHO e,(c) B BUJE : 


Ber +B en en + 3 ent eh + Bent +— (89 +3 veh + 37 eh + eh) = 0 (11) 
rye 
en =n (0) y= Hn (0), (12) 
a= — aa/w? 


HOBBIT MapameTp s CBA3AH C A, COOTHOIIeHHEM : 


s—l 
s 


==" [axe] at 


Ag = (s — lh a(ay}? = [sz (a 9)*] = —* [4 gaia] = 


(13) 


Vicnonpsys Telepb cBolicrBo e,(o) Mo (7) AA NapameTpoB pelleHHA a, 
2 v1 
B, ky, ©? nonyaum cucTemy asreOpawuecKHx ypaBHeHUi, pellieHMe KOTOPbIX 
Waer : 


Boe plone To arg 
= Budd 93:77) 
kt =a/5, w? = —aaja (14) 
= [0,1 + 3/16 (1—s y?) y| ny 

y= nls, w= 4/s 


B=5sy8 


sax + 018-22 (15) 


JIA Toro UTOOLI BLIACHUTh XapaKTep pellleHHA paccMOTPHM ciyyali OObIKHOBeH- 
Horo ypaBHeHua (T@Jl). Torga, Kak yoKe OblIO CKa3aHo BbIe, UMeeM: Ay = 
=A, =1, 4, =0 (s= 1) M HaxoguM: 


y= 40,731, B=+1,950, a= + 0,827, 


_ (6,085 aa (Pee rin 0,04.) 16 
a= (i885) = (RF | ot =| oi009) a6) 
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Benjy jByX3Ha4HOCTH pelweHnaA asireOpamuecko CucTeMbl ypaBHeHus 
JIA MapamerTpos, jJIA pemenna (1) NosyaMM [Ba HesaBUCcMMble NepvosMueckune 
pemleHnn. OHO U3 HAX KOMMJIeKCHOe U 6e3 OCOOeHHOCTH, a BTOPoe jeicTBUTeIIb~ 
Hoe MU C OCOHeHHOCTAMM. 

Tleppoe pemenue KoMMIeKCHOe MU 63 OCOOeEHHOCTH jaeTCA Yepes : 


P, (c) = 0,67 73 {1,95 + @ (o)}? 
0, (0) =" 0,55 (¢, 73) {0,73 + e?, (o)}* (17)3 


c nepvoxom 
Q=4K (ky) = 9,20 
re Terepb 


e, (9) = dno+ik,sno (18) 
g=Or+ce, @=0,051/a2, hk? = 0,82 


K(k,) — Nosnpit siuntTMyeckni MHTerpas 1-ro posa. 
Bropoe mepnosmueckoe pemlenne, jecrBUTesbHOe M C OCOOeHHOCTHIO © 
jaeTca yepes : 
Po (0) = 0,67 72 (— 1,95 + e2 (0))? (19) | 


Oo () = 0,55 (a5 12) (— 0,73 + e?, (z))* 
c mepnosom 


Q = 4K (ky) = 9,20 


rye Tenepb 
l1+engo 
(0) =n 
o=Or, @=0,051/a2, k? = 0,82 (20) 


Bbipankenne e,(0) IpHBeseHHoe BbILe NOyYeHO U3 HCXOMHOLO e,(o) Yepes 
(bopMy bl NpeoOpasoBannaA guIMnTMUecKHx dyHKuMK. asa pemenua m0100- 
paHa Tak, 4YTO OCOOEHHOCTh HaXOJMTCA B Hayasle KOOPMHAT. 

HvoKe paccMOTpHM B OCHOBHOM TOJIbKO BTOpoe pelleHne. 

Jia rpaduyeckoro mpeycrapenuaA dpyHKunn (19) ux Jtyume mepenucaTb 
B BUJIe : 

1% =¥?, P=—1,95 +2, (0), % = 0,67 t2 


ea =—=?, O=W + 1,22 Qy) = 0,55 (0, 7) (21) 
Kak BUIMM, 06a pelleHuA MMeIOT OAH M Te 2Ke @, Ky M, CUeMOBATeIbHO, 


OHM MH 'Te Ke HepHosibl 2 VM IMA KpHcTaJIMyecKOl pelleTKM, KOTOpad B JaHHOM 
cilyyae onpeenmerca mo dopmyyie : 


til a (22) 


/3@ 


L,, => Ly = Ihe —* 
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J[nA nocieqoBaTesbHOrO pelleHHA BoMpoca O padoTe BbIXOa CIeMOBAIO 
Obl peumMTb ypaBHeHue L/pedunzepa Cc HaWCHHbIM BbILe MOTEHIMAJIOM. OjHako 
BBY TPYAHOCTH MoMyYeHHA TaKOrO PelleHHA MOIKHO OFpaHuynTbes npHosH- 
9KEHHBIM Tpeycraplenvem padotbl BEIxoZa 10 dopmyse [5] W—~ Pepea WIM, YTO 
yuoOuee B aHHOM culyyae, M Kpome Toro OJIMKE K JeHCTBUTeJIbHOCTH [1] B Buge :* 


Ws Pmin (23) 
TOra YYTbIBAA e%,(C)/min = 0 HAXOQMM : 
W & Pmin = 0,67 73, (1,95)? = 1,13 eV (24) 


V3 rpaduxa No 1, rae mpeycrapnenbi dyHkuMH (21), BHAMM, YTO yCJIOBHe 
o > 0 ne BbInomHAeTCA Bese. ATOMBI Kak Obl ABJIAIOTCA MSOJIMPOBAaHHBIMM pyr 
OT Apyra. YKasaHHoe OOCTOATENbCTBO M MOACKASbIBAeT HEOOXOAMMOCTL MoMoI- 
HEHMA TWIOTHOCTH MOCTOAHHEIM WJieHOM oGecreunBaloulMM TpeOoBaHHe : ge > 0 
Besjle. 

PaccmoTpuM Tellepb cstyuai A, 0 (s 1), Torga, orpaHnyHBaAch 3Ha- 
yeHHAmu 2, > 0, A, > 0, ycOBHe Omin > O AaerT: 


1/3 ‘3 
42 9mn = G8 (ay)? = 0%( +0 (25) 
1—5sy 


sHauenve s < 0 otmagaer (T. K. y? > 0) uM, yarTbiBas (15), HaxojMM : 
O0<s<0, 60 (26) 


SHaueHHA NapaMmeTpoB pelleHHA ypaBHeHusA (1) COOTBETCTBYIONIMX H3Me- 
HeHMI0 s B MHTepBasle (26) npuBegenbi B Tadmuue Ne 1. 

Kak BUHO M3 TAGJIMUbI pelleHHA UMEIOT TOT Ke BUA, YTO MB Cllyuae A, = 0 
A, = 4, = 1 HO QA Apyrux 3HayeHu NapameTpoB ky ®, a, B 

Oco6o cueqyeT yKasaTb Ha TO OOCTOATENBCTBO, YTO CBOOOMHbIe TapameTpbI 
A,, 4g BKOMAT TONbKO B MacuiTad AIA Ly, p, @ M, Cl€AOBATEIbHO, MPOCTBIM H3MC- 
HeHMeM MacilTaOa MODKeM COrslacOBaTb UX 3HaYeHHA C SKCIePMMeHTOM. 

Tleiicrsurebuo, saBucumocTb Lx, p, @ OT A, Ay UMeeT BU : 


i 


Va, hy 


rye Tenepb Ly, y*, o* yoKe He comepKaT A,, Ay, s. EcuiM 3ajaHbl 9KCHepMMeHTasib- 
Hble 3HaUeHHA L2*", yTh, Ornin TO Ay, 2g, Ss MOKEM ONpPefeIMTh U3 ypaBHeHHH - 


eee te 


PHB, O=oOrts:4h-h (27) 


* YKasaHHoe MpHONMKeHMe OTHOCHTCA K MIpHOMKeHHOMY 3a/\aHUIO 9KCIEPHMCHTAIb- 
HOO 3HAYCHHA Pmin, Aa He MATeMATHUECKYy!IO CTOPOHy BOIIpoca, 
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ta <= LE hie = va (21) 


Qmin +S > Ay Ay AS = Ornin (28) 


JleticTButesbHo, UcKIo"aA 4,, A, M3 NepBbIX JBYX ypaBHeHuh (28) HaxoquMm 


L2 
x a * | (29) 
Pmin /oxen Ta6nnu. 


YpapHenne (29) OnpemesiaeT sHauenne s (cm. Tadsuuy Ne 1) u, cule o- 
BaTeJIbHO, BS, Sita Ooi Jjanee, McMoub3yA MosyueHHble 3Ha4ueHHA LS @min 
M3 MlepBbIX JBYX ypaBHeHHi (28), HaxoguM A,, A, 

B KayectTBe IIpHMepa paccmMoTpuM HaTpuii Na u Kanu K. 

Kak usBecTHo Na u K umewrT rpanelleHTpHpoBaHHble KyOMYeCKHe pelleTKH, U 
OHM OJIM)Ke BCeX K MpocTow KyOnyuecKoN pelleTKe (Tak Ke KaK M Apyrve wWe04G- 
Hble€ Me€TAJIJIbI). 

Vimeem B cylyuae** Na 


Ly Omin 
Pmin 


ie = 8,36 a> Pane SW = 1,80 eV P) Onin a Ocpen = — 2,4 5 LO=2%) (30) 
Torga 
2 ee 
eau = 0,94. 10% (31) 
PY min sKcnep 
u3 Tadsuubl Ne 1 Haxoqum : 
x=0,05, LY =7,1844,, min = 2,53 eV (32 


s=0,41 of =so%in = 4,56 - 102 


U3 ypapuennii 


8,36 = 7,184 be sh, B) = 2,5 aeA5 (33) 
E Wie 
Tloulygaem : 
A, = 0395, A, == 0:85 (34) 


A; M o’ oMpeyeuAWTcA M3 yipaBsenusa (13) 


Jy = @ [(s — 1) 1823 (a! 79] =S—* A, 2B 40- of = — 3,96 (a'r)? (35) 
s 


* Sananne oT okBMBaeHTHO HOpMMpoBKe ucKOMOH gyHKuuu. B jaHHOM cmy4yae 


min “@cpeq PABHOCHABHO NpHOnMKeHHOH HOpMupoBKe peulenus. 


** UVCeHHbIe aHHbIe B3ATbI U3 [1]; OHH pacxOfATCA c Oonee NO3HHMM AAHHbIMH. 
Tlostomy MpuMepbl HOCAT TOJIbKO MJIOCTpaTHBHbIM XapakTep. 


Tad. No 1. 


| 5 | 
e: : : ee (a! AEs ee te’v)® lh Be ee 
. ie E t= A Aa ce Nee ee x(1022 eras oe ee (a’ y)8 x 
i + ae ee Ge 
1 \| 0,600 | 0,5773| 0,5763} 974,8 | 1,108] 14,96] 0,066) 59,0 54,583 3,909 0,476) 53650,46 — = 1782178188,9 lq 
0,98 | 0,5939| 0,5745| 0,5616| 77,49 | 1,108} 14,98} 0,066 4,70 4,399 | 0,310 1,167) 3218,97 52372,187 2,16 | 83180,541) 1,98 
0,95 | 0,5845] 0,5699| 0,5375) 34,25 | 1,108} 15,04} 0,066 2,05 1,928 0,136 2,545) 576,203 4346,608 4,96 | 7436,583) 0,95 
0,90 | 0,5679| 0,5630 0,5069 17,52 | 1,108] 14,87) 0,066 1,06 0,980 0,070 3,590) 134,045 544,389 | 5,23 958.6 | 0,90 
0,85 | 0,5502| 0,5559| 0.4731) 12,11 | 1,108| 14,79} 0,066 0,73 0,677 0,049 4,273 55,8076 167,414 | 5,44 304,3 | 0,85 
0,80 | 0,5312| 0,5486| 0.4396) 9,135) 1,108) 14,73| 0,066 0,55 0,511 0,037 4.933 27,404 | 66.506 5,92 125.20 | 0,80 
0,75 | 0,5109} 0,5418| 0,4067| 7,403) 1,108} 14,89) 0,066 0,46 0,414 0,031 5,442 15,402 | 32,725 6,24. 64,05 | 0,75 
0,70 | 0,4893] 0,5343] 0.3726) 6,184) 1,108} 14,52) 0,066 0,37 0,335 0,025 6,065 9,027 17,585 | 7,04 35,14 | 0,70 
0,65 | 0,4662| 0.5280) 0,3431 5,405} 1,108} 14,51) 0,066 0,33 0,309 0,022 6,38 5,450 10,965 | 7,60 23,25 | 0,65 
0,60 | 0.4416] 0,5215| 0,3113] 4,776 13,77| 0,070] 0,29 0,266 0,021 | 6,852 3,751 6,8183 | 8,53 | 15,44 | 0,60 
0,55 | 0.4154! 0,5148] 0,2825} 4,317 14,22 0,070 0,26 0,241 | 0,018 7,184 2,530 4,565 | 9.36 / 10,94 10,55 
0,50 | 0,3875| 0,5119/ 0,2800| 3,968 14,52) 0,070 0,24 0,222 | 0,0164 | 7,475 1,802 ) 3,243 10,08 ) 8,37 | 0,50 
0,40 | 0,3264| 0,4960| 0,1991| 3,367] 1,109| 13,83] 0,072\, 0,20 0,187 | 0,0150 | 8,132 0,770 | 1,518 | Ei an 4,65 | 0,40 
0,30 | 0,2577| 0,4817| 0.1443) 2,971) 1,109} 13,25] 0,075 0,18 0,165 0,0134 | 8,809 0,311 0,755 18,80 2,93 | 0,30 
0,20 | 0,1808) 0,4701| 0,0938| 2,663] 1,109| 13,01] 0,077] 0,16 0,147 0,0123 | 9,250 0,106 0,354 | 28,48 | 1,956) 0,20 
0,10 | 0,0951| 0,4583] 0,0457| 2,430) 1,109} 12,67) 0,079 0,145 0,134 0,0115 | 9,737 0,00187 0,130 66,4 | -— 0,10 
(ah —— | = sim = = = = pA | 1,37 | 0,01 
0 ee 0,4472! 0 2,236] 1,109| 12,46) 0,081 0,135 0,123 0,01038 10 0 . 0 | 1 10 
| | 


a=Ta’, 8=1/4(e/a,)~1,7eV, 9 =Omin(y = 4, = 1) 
@Mopmy.1bi MpeodpasonanA. 
lw? = a2 >0, B=R>1 en(wy, ky) = cn (wy, hy) + isn(m,, k,)=dn(@,, ky) + ikzsn (w,, fy) @,=kyw,. hy = I/ky 
PAO == (tee (yu) i he aa 
en (@,5 ky) = en(@,, ky) +isn(@,, ky) =en(iay, ky) +isn(io,, )=dn (io, hk, 1ky) +i 1/k, sn (iw, ky, 1.) = 
_d (ko, VI—Ikf) + i (1h) on (ky 03, Vi Tk) _ dn @,, by) hy s0_ (yy) 


en (ky 2 , yi— 1/k%) en (@, hy) 


, = 0=h, 3, ky = VI—i/k2 , ky = 1h, , 1, = iwi 


dn(o + K)—kjsn(o + K)_ kyjljdno—kieno/dng ___ 1—eno 
en (o + K) —Fisno/dno dno 


en( + ¢)/c=K + en(o + K) = 


aa i 7) ij 
; yep ey | “ 
' whe ae 
i ~ / (ee Li , 
#6 ni 8 ORO 
J 9 Ashe 


‘ 12a 
02. ae 

ie: hake 
gig’ 
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» 6 =A 40 = — 3,96 (0) tf) ~ — 3,96 - 10” 
OOobmeHHOoe ypaBHeHve (TMJ) mpumer Buz: 
A g =a’ {0,95 [y1/? + 0,85 7]? — 3,96 73} (36) 
a fepwomuueckoe pellieHve JaHHOrO ypaBHeHA OyzerT : 


y = a (6 + e2 (0)? = 13,55 7 lo. 2.83 (" + eng 


272 
| eo 
Q/eo = (y + &h (0)? + (s — 1) 78 = (0,51 + eF (0))® — 0,08 

Oy = (Gy 18) 4, 48.- a * = 49,8 - 10% 


sn 0 


rye 


| 


o=or, ©? = 0.26 - 0,808 - 1/c2 = 0,021 (38) 


on 


G 


k? = 0,066 


PewieHve umeet nepnon 2 = 4K = 6,40 quuna nepvoga Ly, = 8,3dy MHHMMaJIb- 
HbId MoTeHwMasl PepMH WM MHMHUMAJIbHaA TWIOTHOCTbh (min = LS MOV Se Omin = 
= 2,4- 107? cooTBeTCTBeHHO. 

Auasiorv4Ho B clyyae K nmeem 


Lx" — 10,309, pxr~W=1,60eV, ox —1,3- 10” (39) 
i Cmin = 0,85 - 1024 
quin en 


us Tadsmuubr Ne 1 Haxoaum : 
x= 0,60, “s= 0,44, L2=6,854,; Pmin = 3,75eV (40) 


ete Spr, = 6,82 1O tem 
U3 ypaBHeHnAv 


10530) shed , 1,601 3,75 «Ag (41) 
YA, As 
nosyuaeM. : 
A,= 0,65 A, = 0,65 (42) 
CneqoBaTesIbHO 
iS 7 
The, = A, 4242 - 0% = — 1,49 (a’ 73 
3 A 1 42 20 (a’ 7) (43) 
o =A1,/4a = — 1,49 (a 73) = — 1,49 - 10% cm~* 


a oOoOmjeHHOe ypaBHeHHe IIpHMeT BHI: 
Ay = a’ {0,65 [¢1? + 0,65 t9]* — 1,49 ue (44) 


M MepMoguyeckoe pelileHve JaHHorO ypaBHeHHA Oyler: 
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y = 9,79 240,31 + (45) 


0/0) = (0,52 + e2 (a))® — 0,07 
0) = 19,4 - 102 (46) 
o=oar, o2=0,124. Yaz, k? =0,07 
ev 103 a, Wm OeV, ee, a3 
Q = 6,40 


JlocToeH BHUMaHMA M TOT He TPHBMAaJIbHbIM pe3sysIbTaT, YTO CorlacHo Tab- 
auubt Ne 1 mp yBesmyueHvu AJIMHbI KpucaMyecKoK pewleTKM paboTa BbIxoa 
(TOUHCE Pmin) YMeHbIaeTcA. YKaSaHHAaA 3aKOHOMEPHOCTh eHCTBUTEIbHO HaOsO- 
yaeTcn y UestOUHbIX MeTAaJIJIOB. 

Tot (akT, uTO ypaBHeHve (TP) umeet Ba HesaBUCHMbIX Me pvoOAMYeCKUX 
pelleHHsA TpW OHUX VM TeX Ke 3HAYCHHAX NapaMeTPOB, OAMH U3 KOTOPbIX C OCO- 
OeHHOCTbWO, a BTOPOe Ge3 OcOOeHHOCTH Ha Hall BSPIAL 3acyKUBaeT ocoboro 
BHUMaHHA. 

Ja Oonbulei HarsiAfHOCTH XapakTepa MOJIYYeHHbIX pellleHH, MO)KHO 
UCHOJIb30BATb MAJIOCTh PaBHOrO MOAYIA QIIMNTMYeCKUX yHKUnit ky = 0,07 
M B pelleHHAX 3AMeHUTh QIWIMNTHYeCKHe (PYHKIUMM TpHrOHOMeTpHyeCKUMH, Up 
S9TOM MorpellHocTH OyyT NopsAAKa ky MU cieqoBaTebHO, MadIbI. 
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PHENOMENOLOGICAL GENERALIZATION OF THE THOMAS-FERMI-DIRAC 
TFD) EQUATION IN CASE OF THE THEORY OF METALS AND ITS. PERIODIC 
SOLUTIONS 


By 
D. F. KurDGELAIDZE 


Summary 


The exchange interaction between metal atoms is taken into account phenomenologically 
by writing the TFD equation in the form; Ag = @ (p+ T))? + A;. Here Got, and A, are 
treated as free parameters to be adjusted to the following properties of the metal: lattice 
constant, work function or minimal Fermi-potential and average or boundary density of 
conducting electrons. The equation possesses periodic solutions and the properties of the 
latter are discussed. As an illustrative example, the case of sodium is investigated in detail. 
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ON THE CRYSTAL STRUCTURE OF AICI, 


By 


K. SasvAri 
CENTRAL CHEMICAL RESEARCH INSTITUTE OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 


(Presented by Z. Gyulay — Received: XII. 18. 1957) 


The crystal lattice of AICI], has been derived on the basis of crystal-geometrical con- 
siderations starting from the dimension of the unit cell and from the fact that in the crystal 
lattice, according to the electric conductivity measurement of BiLrTz and VorcT, there should 
be ionic bonds. The crystal lattice derived in this way proved to be the same as that given 
by KETELAAR and his collaborators in 1947. Therfore the statement seems to be justified that 
there cannot be AI,Cl, molecules in the solid phase of AICI,, as has been suggested by GERDING 
and Sit on the basis of investigations of Raman spectra. In the lattice a graphic picture is 
given for the mechanism of transition of the crystal lattice to the Al,Cl, molecules of the 
liquid or vapour phase, and also for the mechanism of transition in the reversed direction. 


KETELAAR [1] in 1935 was the first to determine the crystal structure 
of AIC],. In this the cubic close-packed arrangement of the Cl atoms proved 
later to be correct. The hexagonal cell assignable inthe anion frame is 


ay = 5,92 A, (1) 
cy = 18,22 A. 


The Al ions are placed in the holes of the given frame so that a monoclinic 
symmetry should take place. The axis c of the monoclinic unit cell is one third 
of the smaller body diagonal of the hexagonal cell, therefore data of this are 


a = 5,92 A, 
Cc 

b = 10,22 A, B = 180° — arc tg |—~ |=108°, (2) 
5) 

c= 6,16 A. 


KETELAAR placed the Al ions originally in pairs into each octahedron, 
in which case the distance between such two Al ions would be 0,64 A. Such 
a close arrangement of the Al ions is entirely impossible this, however, cannot 
be discovered in the X-ray diagram, since the scattering of the Al ions 
makes only a small contribution to the intensity of the reflexions. 

In the first structure given by KeETELAAR AI,Cl, molecules were present. 
Patmer and Exxior [2] showed by the electron diffraction method, that in 
the saturated steam of AICI, such molecules are present which consist struc- 
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turally of two AICl, tetrahedra with a common edge. GERDING and Smit [3] — 
also give an account of the existence of Al,Cl, molecules on the basis of Raman- 
spectroscopical investigations carried out with liquid and solid AICI. 

KeTELAAR and coworkers [4] in 1947 have shown that the measured 
intensities of the X-ray reflexions can be approached much better by calcu- 
lation if, in place of the tetrahedral molecule arrangment, the Al ions are 
placed in individual octahedral cavities. They abandoned existence of the 
Al,Cl, molecule in the solid phase and attained the layer lattice given by 
them recently which is in contradiction to the statement of GERDING and 
Smit. Partly, however, owing to the better agreement of the intensities and 
partly because of the fact that the Raman spectra obtained in solid and liquid 
phase do not agree as well as those obtained in the case of AlBrs and AlJ, 
(GeRDING and Smit) the conclusion may be drawn that the existence of Al,Cl, 
molecules in the solid state may not be considered as established. Therefore 
KETELAAR’s newest structure must be taken as correct. 

In the present paper the author wants to show that the structure, given 
recently by KeTe.aar, can be attained on the basis of the close packing in 
the ionic crystals, which has been treated elsewhere [5, 6]. 

Let us start from the data of the unit cell, considering that the conduc- 
tivity measurements of Bitz and VorcrT [7] indicate the presence of an ionic 
bond in the crystal. 

From the data of the unit cell the volume vc;= 29,7 A® for one Cl ion 
is essentially smaller than that of Cl ions with radii of 1,81 A in closest packing 
(35,5 A). Kerenaar therefore was led to the statement that the structure is 
based on the closest packing of the Cl ions. 

In a regular close-packed anionic plane the two axes of the assignable 
orthorhombic cell are 

a=a'- /3, 
b= Send 


if a’ is the distance between two adjacent ions. If these two axes are identified 
with those of the monoclinic cell a and b given by KETELAAR [2] we obtain 
from both equations similarly 


a ==3 ADEs (3) 


This does evidently mean that in the anionic planes the Cl ions are arranged 
regularly but are closer to each other than the distance (3,62 A) calculated 
from the ionic radius of the Cl ion. 

The cations are placed in the spatial cavities of the close-packed anionic 
frame in such an arrangement that the monoclinic symmetry should be ob- 
tained. 
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For the tetrahedral cavities of a regular close-packed anionic frame 


retry ae | =222, (4) 


if a’ = 3,62 A. This is small compared with rc; + ra; = 1,81 + 0,57 = 2,38 A, 
thus the lattice has to be extended if the Al ions should find room in the 
tetrahedral cavities. On the other hand, however, the lattice is contracted 
according to the value a’ = 3,42 A. This is the reason why the tetrahedral 
arrangement of the Al ions has to be rejected. 


if 


Fig. 1. Hexagonal close-packed anion frame perpendicular to the close-packed planes. One 
third of the octahedral cavities are filled with Al ions and build columns perpendicular to the 
planes 


We can assume that the Al ions occupy octahedral cavities. The number 
of the octahedral cavities in the close-packed anionic frame is here thrice the 
number of the Al ions. If we want to place the Al ions in these, considering 
Pauling’s coordination principle, then every corner of the octahedra filled by 
Al ions has to be common with another octahedron. 

Assuming a hexagonal close packing of the anions, a realization of this 
could be obtained in such a way that a third of the octahedral columns with 
common sides are filled up by Al ions (Fig. 1). This cation distribution is 
unrealizable because the identity in the direction ¢ would then be a sixth of 
the value found. Since, however, the identity c is equal to the distance of 
seven successive close-packed anionic planes we must reject the possibility 
of a hexagonal close packing of anions. There remains for the anions the pos- 
sibility of a cubic close packing. In this the octahedra are connected to each 
other only by edges or corners and Pauling’s coordination principle can only 
be satisfied when 2/3 of the octahedral cavities within the plane intervals are 
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filled up by Alions. In this way only every second plane interval can be occupied 
by Al ions and in the direction of the axis c,; merely every fourth of these 
occupied layers will be identical with the first which is just in accordance 
with the identity measured in the direction cy. 

Accordingly, the AIC], can only be a layer lattice with layers known 
in CrCl, and Al(OH). All subsequent layers can be only geometrically identi- 
cal, but considering their relative position, two different cases can be 
distinguished. 

Piacing the cation arrangement, as above described, in every second 
plane interval of the cubic close-packed anion frame layers are obtained 
between which every two adjacent layers can be transferred into each other 
by a parallel displacement. This displacement of the given cationic arran- 
gement, is always parallel to the smaller body diagonal of one of the hexagonal 
unit cells, which can be set up in the cubic close-packed anionic frame. As 
this hexagonal unit cell can be chosen in three different ways, differing by 
120°, the position of the adjacent layers can also be of three different kinds. 
The cationic arrangement of the subsequent layers within a crystal lattice 
can be selected so that either each of the three directions of the displacement 
is playing a part or, throughout the whole lattice the neighbouring layers 
are transferred one into the other by a shift in the identical direction. By 
these two possibilities two different crystal lattices can be obtained. 

Carrying on in the cubic close-packed anionic frame the cationic arran- 
gement of a starting layer in the subsequent layers so that each of the three 
kinds of displacements takes place in some order, the subsequent layers, 
dependent upon the order of the displacement, can be transferred into each 
other by a right- or left-handed threefold screw axis (3, or 3,). Fig. 2 represents 
schematically the sequence of layers. The cation distribution of layers is 
easily recognizable on the right in the Fig. Here the horizontal lines signify 
the close-packed anionic planes in a projection parallel to the layers — the 
three different positions of the close-packed anionic planes succeeding each 
other in the manner of cubic close-packing are represented by three different 
notations — the circles show the notation of the three cation distributions 
following one another between the anionic plane-pairs. In Fig. 2 the basis 
of the three different hexagonal cells is marked and the numbered arrows 
signify the projection perpendicularly to the layers, of the threefold sliding 
direction. The order of slidings is given by the numbers beside the arrows. 
The displacements of the starting layer given here result in a crystal lattice 
of hexagonal symmetry the unit cell of which is identical with that mentioned 
above. This case is found in the structure of CrCl,. 

If the subsequent layers are shifted into each other throughout the 
whole crystal lattice, always in one direction (Fig. 3), and it is taken into 
consideration that the mentioned displacement of the cationic arrangement 
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leads always to an anionic environment identical with the former, then 1/3 
of the body diagonal of the hexagonal cell — the length of one displacement — 


Fig. 2. Tonic arrangement of CrCl,. The right side of Fig. 2 shows the sequence of the anion 
planes and cation arrangement 
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Fig. 3. Tonic arrangement of AlCl, perpendicular to the close-packed anion planes. The right 
side of Fig. 3 shows the sequence of the anion planes and cation arrangement 


is the identity. This will be the real axis c of the unit cell and instead of the 
hexagonal cell we attain a monoclinic cell. This is the case with AICI. 
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The dimension of the unit cell and the ion coordinates in the lattice 
deduced in such a way can only be given approximately. Exact numerical 
values of the coordinates have to be determined from reflexion intensities, 
but this causes no essential change in the lattice structure. 

Mere geometrical considerations lead therefore to the structure of AICI, 
which — as has been mentioned — has recently been determined by KETE- 
LAAR [1] on the basis of X-ray diffractions. Accordingly, Al,Cl, molecules do 
not exist in the solid phase and this is the reason why it has not been possible 
to give a convincing proof of the existence of molecules in the solid phase 
even by Raman spectra [3]. 

Weare able now to picture the mechanism of the Al,Cl, molecule for- 
mation which follows when the solid phase ceases to exist. 

When by an increase of temperature solid AIC], melts, breakdown of the 
crystal lattice can be imagined in the following way: first the loose bonds 
between the layers are interrupted and afterwards the layers fall apart owing 
to a re-arrangement of the Al ions which takes place within the loosened 
layers from octahedral to tetrahedral cavities and so Al,Cl, molecules are 
formed, The mechanism of this re-arrangement of cations and the formation 
of molecules is shown in Fig. 4 in which one layer of the AICI, crystal lattice 
is represented schematically in the projection perpendicularly to the layer. 
The Al ions are shifted during the re-arrangement in the direction of the arrows 
into the adjacent tetrahedral cavities and the formation of Al,Cl, molecules 
given by PAumer and Exuior [2] occurs practically without a change of the 
position of the anions in the layer. The Al,Cl, molecules formed in the layers 
in this way are in the Fig. separated from each other by dotted lines. It may 
he imagined that the layers cease to exist only after the formation of the 
molecules, as soon as the bonding force between them ceases to exist. 

From the fact that AICI, is easily sublimable and at a slow precipitation 
small crystal plates appear the conclusion may be drawn that some insignifi- 
cant bonding force between the molecules must be present, and the layer 
only falls apart when the bonding energy is outbalanced by the heat motion. 
On the other hand, at precipitation with diminuation of the heat motion the 
small forces between the molecules are prevailing and the molecules will 
occupy their places beside each other corresponding to the former layers. 
And, by the inversion of the above mechanism the layers will be formed 
during the temperature decreasing when the Al ions are transferred again 
to octahedral cavities. This kind of layers placed one under another leads. 
to macroscopic crystalline plates. 

The mechanism given in Fig. 4 is a reversible one, which means that 
the mostly ionic bonding of the solid phase occurs prevalently in covalent 
bonds when during the increase of temperature Al,Cl, molecules are formed 
and, on the other hand, the prevalently ionic bond returns during the decrease 
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of temperature, when the Al ions occupy again the octahedral cavities. This 
phenomenon is only then comprehensible, if we assume that the interaction 
which Al and Cl atoms produce upon each other becomes apparent in the 
alteration of the electron configuration, but this effect changes with the 
influence of temperature so that the partial atomic bond turns into a poor 
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Fig. 4. A layer of the crystal lattice of AICl,. The dotted circles represent the cation arrange~ 

ment in the crystal lattice ; the circles in full line give the re-arranged cation distribution 

after building Al,Cl, molecules at the temperature of sublimation. The manner of cation 
re-arrangement is outlined by arrows 


atomic bond and vice versa. Unfortunately we are not yet sure of the existence 
of such an effect, however, by lattice-structural considerations it becomes 
obvious that factors of this kind are playing a role in the formation of lattice 
geometry and its alteration. 
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O KPHCTAJIJIMUECKOM CTPYKTYPE AICI, 
K. WAUIBAPU 


Peswme 


Pemerka AICI, BbIBegqeHa Ha OCHOBE KPHCTaNI0-reoMeTpHY4eCKUX COOOparKeHuH, UCXOA 
M3 PaSMePOB BEMeHTAPHOM AVeHKU VM U3 (PakTa, YTO COrMaACHO U3MePEHHAM JMEKTPHYeCKOH Ipo- 
BOAMMOCTH, TIpOMsBeAeHHLIM Buabyem u Movrrom, UMeeTCA MW HOHHAA CBASb. PelleTKa, BbIBe- 
JI@HHad 9THM CMOCOOOM, OKA3aNab UAeHTHYHOM C BbIBeAeHHOM Keramap u COTp. pewleTKOH B 
1947 rogy. STo, KaKeTCA MOATBeprxKAaeT, YTO B TBepAOM dase AIC], Her MomeKya Al,Cl,, Kak 
mpeamarann Tepauur u Cmut, Ha OCHOBe UCCHeAOBAHUM ClieKTOPOB KOMOHHALMOHHOTO pacces- 
Hua. [ana wariaguaad KapTHHa MexaHu3ma Mepexoga pelleTKH B MOseKysbI Al,Cl,, xapak- 
Tepusyloulne XKUAKYIO MU NapoByto (aspl. 
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ON THE STATISTICAL TREATMENT OF THE 
FERMION GAS I 


By 


P. SzepFALUSY 
PHYSICAL INSTITUTE OF THE UNIVERSITY FOR TECHNICAL SCIENCES, BUDAPEST 


(Presented by P. Gombas. — Received: I. 5. 1958) 


A new statistical method, very similar to the one generalized to contain the Weizsacker 
jnhomogenity correction modified by Gombas, is derived. With regard to the approximations 
introduced the summation over quantum states need not be approximated by integration but 
can be carried out exactly. In addition to the determination of the density from the variation 
principle more accurate methods are described. It is shown that from Plaskett’s equation the 
density can only be determined within the classical allowed zone” and the proper equation 
for the ,,forbidden zone” is given. 


1. Introduction 


For the interpretation of the bound state of systems consisting of 
particles with spin 1/2 the statistical method was first developed by Tuomas [1] 
and Fermi [2], who worked independently of each other. Later on the sta- 
tistical method was improved in two main fields. On the one hand in order 
to calculate the energy due to the interaction of particles more accurately, 
the theory was generalized by Drrac [3] to contain the exchange interaction 
and by GomBAs [4] to contain the correlation correction. These attempts, 
however, failed to eliminate the essential shortcomings of the density calculated 
on the basis of the Thomas-Fermi method. It is a common characteristic 
of all the investigations aiming at the correction of these defects that they 
are essentially independent of the interaction of the particles. In this connection 
I would like to refer to the papers of We1zsAcker [5], GompAs [6] and Puas- 
xeEtt [7], which are the papers most closely related to the present one. It will 
be shown that the Weizsicker inhomogeneity correction modified by GomBAs 
and the generalization of the Thomas-Fermi method suggested by PLASKETT 
can be traced back to a common basis further that the method described 
here can be regarded as an improved version of these methods. 

In connection with the statistical energy expression obtained here it is 
suitable to make the following preliminary comment. In deriving the Thomas- 
Fermi statistical energy expression with the aid of the Wentzel-Kramers- 
Brillouin (WKB) method Marcu and Puaskett [8] have shown that the 
statistical method involves two essential approximations as compared with the 
exact wave mechanical calculation. On the one hand it is based on the results 
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of the WKB method and on the other it approximates the summation over 
the quantum states by integration. To correct the latter error MArcH and 
PiasKett apply the Euler-Maclaurin formula which makes a more accurate 
evaluation of the summation possible. In a former paper [9] we have shown 
that with a certain approximating assumption the summation over the quan- 
tum states can be carried out exactly. In the present paper this approximating 
assumption is necessarily involved thus the exact summation of the quantum 
states becomes possible. 

We begin our investigation with wave mechanical considerations. Start- 
ing from the Schrédinger equation of n fermions we consider the form the 
one-particle state equations take if one-particle wave functions not orthogonal 
to each other are chosen. The equations thus obtained underlie the derivation 
of a new statistical model. 

We now disregard the interaction of particles and restrict ourselves 
to the one-dimensional problem. 


2. Non-orthogonal one-particle wave function system 


The Schrédinger equation of n particles in the potential field V(x) is 


DY A(x) =E®, (1) 
t=1 
where 
Ae de 
H = — ——_ + V (L’ 
(x) putea 1) (L’) 


is the one-particle Hamiltonian. 
Apart from the normalization constant a proper antisymmetrical 
solution of this equation is 


G9 (x1) x. (4). G2 (%,) X (Gp) 
PY (%) X— (91) - + - PE (Xn) HX (On) 


2 


Seer Soe. F (2) 
| 99 (2s) 2. (04) «+ « GP (%n) X, (Gn) 
| P9 (x1) x (61) «+» PF (Xn) X— (Gn) 
| 9 (x4) 75 (01). - G2 (Xn) Le (Fn) 


if the one-particle wave functions satisfy the equation 


} 


OO 
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H 9° (x) = 7° (x) E. (3) 
Here (x) is the row vector formed from the wave functions i (x) 
G° = (P15 92> +++ P2)> (3°) 
E is a diagonal matrix 
E, 
E, 
E= og 3 (3") 
| E,) 


_ The spin variable has been denoted by o and the spin functions corresponding 
to the two possible spin states by y, and y~— respectively. f and g are defined 
in the following manner 


where q = 0 if nis even and q = Lif nis odd. If nis even f = g and the term 
with index g in wave function (2) should of course be omitted. The spin function 
of the g-th state may be either 7, or y_, this being indicated by the index 
-_ of the spin function. 


Substituting the wave function ® in (2) into equation (1) the energy 
eigenvalue of the system is 


§ 
€=2DE,— gE,. (4) 


i=1 


The wave functions g} are orthogonal as they are the eigenfunctions 
belonging to various eigenvalues of the same operator. This is indicated by 
the index 0. 

By direct substitution we find that equation (1) can also be satisfied 
by such a wave function 


@, (4) %. (01) «+= Pr (%n) X- (Gn) | 
Vy (x) = (04) soe Py (x,,) ne (G,,) 


Rial t) Gel ©. © Slacel ©. da S18 6, Wi <A le & Syeie) 


Py (x1) X+ (0) sith Py (Xp) N+ (o,) 
py (%1) % (01) «+ Py Hn) XH (On) 
Pg (1) X+ (o,)--- %g Gn) te (¢,) 
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the elements of which statisfy the equation 


Hy (x)= (x)€, (6) 
where 
P = (Pp 2 ---> Pg) (6’) 
and 
Cre orn 
(Sa rs sy ee s (6”) 7 
Eg ++ +> Egg 


Equations (3), (3’), (3’’) correspond to the special case of equations 
(6), (6’), (6) where the matrix € is diagonal, i.e. the one-particle wave functions 
are orthogonal to one another. 

The eigenvalue now is 


& 
F = 2 SEG — Egg. (4’) 


i=) 


At the same time it is obvious that the wave functions (2) and (5) can 
differ but by a proportionality factor. From this follows that between the 
one-particle wave function systems gy? and @ the following linear relation 
must exist 


As the components of both the vectors g® and ¢ are linearly independent, 
C cannot be singular, i. e. there also exists the inverse transformation 


i= gy C°, 


& 
Pi = > OCR- (7) 


kt 


ll 


C° denotes the reciprocal of the matrix C. 

It is suitable to take the wave functions g{ and g; as normalized to 1. 
Further, as is known, in the case of a bound state the wave functions vp. and 
gi can be regarded as real without restricting the generality. Thus 


J Po gt dx = 0, 
and 
\ vidx =1. 
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Now equation (7) immediately gives 


and 


Apply transformation (7) to equation (3) : 
H 9 (x) = 7 (x) CEC. 
Comparing this equation with equation (6) we obtain : 
e=CEC. 
Using this transformation equation (6) takes the following form 
(H + 0;) 9; (x) = E; 9; (x). (8): 


QO; may appear in the concrete form of e. g. an integral operator 


a 


0,9; (2) =| > (Ei — E,) 92 (x’) 2 (x) @: (x') ax’, 


k=1 
or, what is essential for our considerations below, it can also be written in 


the form 


A : 
O; = —(pi— 3); (9) 


2m 
where Pi and a; are the quantities defined by equations 


po Pi(*) 


=i? —__—* = pi (x) 9? (*) (9’) 
dx* 
and 
d? yp; (x * F 
pe EP) _ 3x) 9, (x) 0") 
dx? 
respectively. 


Substituting the form (9) of O; into equation (8) after rearrengement we 
may cancel by g(x) and obtain for wave functions g(x) the equation (3). 
Thus if 0; is expressed in the form (9) equation (8) is a trivial transformation 
of (3). However, as we shall see later, with some further conditions on the 
wave functions @, (pi- m;)|/2m can be expressed in a_ semi-classical 
approximation by the wave functions q,, i. e. in such an approximation 
equations (8) and (9) can still be used for the determination of a non- 
orthogonal one-particle wave function system ¢. 


es * * 


208 P, SZEPFALUSY 


For the following we shall need the expression of the density. The 
density of the i-th particle is by definition 


J [Py - Meas By Megas - + +9 Hp) Pde... dx; dH i441... de, 


§|@l2dx,... dx, 


» (x) 
and, as @ is antisymmetrical, v(x) is the same for any particle, the total density 
thus being 


o (x) =nv(x). (10) | 


In the case of orthogonal one-particle wave functions the integration — 
ean readily be carried out and the following result is obtained 


g(x) =2 > 9 (x) — a 98 (2). (10’) 


To the energy expression (4) and the density expressions (10’) the follow- — 
ing meaning can be attributed. We may imagine the particles of the system 
to fill the one-particle states characterized by the wave functions g; and the 
energy eigenvalues E; and the respective sums of the densities and energies — 
of the particles thus distributed give the density and energy of the system. 
It must be emphasized that this is only to illustrate the situation as in reality 
the densities of the individual particles are identical and according to (10) : 
they are equal to the n-th part of the total density. 

Let us investigate the situation from this standpoint, in the case of | 
non-orthogonal one-particle wave functions. The expression (10’) of the density 
remains unchanged if 


g ees 
2S 91" (x) — 99% (%) = 2 & vi (x) — 99% (2). 


i= 


Then, provided that n is even, the transformation the matrix of which is 
C or C° is orthogonal. This means, however, that wave functions qg; also form 
an orthonormalized system of functions which contradicts our assumption. 
If n is odd, but sufficiently large, the wave-functions ¢; become quasi-orthogo- 
nal, which is also incompatible with the following. 

This problem can be solved if the wave functions satisfy the following 
conditions 

a) the wave functions g; should be everywhere positiv nodeless wave- 
functions. 

b) the densities ¥; = i should average the densities »? = go as well — 
as possible. (Thus e. g. », =») Between the wave functions g; and g the 
linear transformation (7) must exist. The matrix components of C® should 
be chosen so that, in addition to satisfying condition a), the values of the 
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integrals of »; and vy? agree for the subsequent intervals. (These intervals 
are first of all determined by the nodes of wave-function gi. If i < g limits 
for these intervals can also be designated between these nodes which are 
suitable to assume where the two neighbouring nodes are far from each other.) 
Thus the function 
g 
N(a)=2.501—4% (10°) 
i 
averages the density g well and in the following can also be regarded as a 
density. Thus, with regard to equation (8) the visualizing idea that the energy 
and the density of one-particle states can be regarded as the energy and 
“density, respectively of the individual particles can be maintained in the 
case of the non-orthogonal one-particle wave function system ¢. 
The necessity of condition a) will be shown below. 


3. Semiclassical approximation 
Consider what the semi-classical analogue of the expression (9) of Q; is. 


Applying the first approximation of the WKB method p;/2m is the kinetic 
energy of the particle in the i-th state thus 


(Ei) y 
2 { p,dx = (i — 1/2)h, (11) 
x(Ei) 
where 
pi = [2m(E; — V(x))}? (11') 


and «,(E;) and x,(Kj) are the classical turning points.! 


Introduce the notation 


P; = (pi + Pi+1)/2: (12) 


P; can be regarded as the maximum momentum of the particles occupying 
the quantum states of energy lower than that of the (¢ + 1)-th quantum 
state. The density of these particles be denoted by 


N; = 2 Yee (12’) 


kel 


1 Here E; means the eigenvalue obtained in the WKB approximation, whereas in 
the preceding chapter Ej; detoned the exact eigenvalue. In the following the exact 
eigenvalue as well as the eigenvalues obtained in the various approximations will be 
detoned by Ej. In the case where this might lead misunderstanding special reference will 
be made. 
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As a first approximation of the WKB method the well-known statistical 
relation can be derived : 


aa : 
P; — —N, . 13) 

- (13) 

We note that in a former paper [9] this relation was improved to 

distinguish between systems consisting of an even or odd number of particles. — 

Thus for the g-th state : 


Fe eae ae (13’) 
2n | 
Here the notation Pg = P has been introduced. If.n is even (13’) goes over — 


into (13). (Then N = Neg.) 


vy; can be written in the form 


1 2 
0 SN eee havea (3) \ 


By relation (11’) 


Pi+1 — Pi-1 = 2m(E;4, — E;-)), | 
(i = 2) 
based on which and using (12), (13) and (14) we obtain : 
ye m (E;+,—E;-,) 1 7 
U h DP, 9 


(i > 2) (14’) 
where 


P; = (Pita + Pi-1)/2 « 4 


With this, according to equation (9) taking the condition a) at the end — 
of the previous chapter into account 


1 14 = Ae Pt fea li 5 , 
2m 2m dx? ; | 


(i 22) 


which in the region V < E; 


(i= 2) , (15) 
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To evaluate this let us consider the following. 
MitneE [10] suggests the following way to determine the eigenvalues 


2{Pidx=ih, (16) 


where P/ satisfies the following second order differential equation 


if 2 2 p’-1/2 
Ps A pare d? pt" 4 Vi(x) = E,. (16’) 
dx? 


2m 2m 


The similarity between the equations of Milne’s method and those of 
the WKB method is striking, an essential difference, however, is that MILNE’s 
method is exact (E; is the exact eigenvalue). Comparing equation (16) with 
(11’) we see that in the WKB approximation, in which case the eigenvalues 
E; in the equations (16’) and (11’) agree, p, and P;’ must be related in the 
redion V < FE; in the following manner 


: ay: 
eed p? = —_ PP? — — P22? —_.. (17) 


Assumption (16) makes very plausible that the function P; and the 
momentum P; in (13) may be taken as approximately equal. This relation 
has been shown by Plaskett [7]. 

Assuming further that 

d2p 1/2 iva CPi” apt Pin” 


(le F =P; sf de 
dx? ‘ dx? - dx? eb 


we obtain from (17) and (15) that in the region V < Fj 


(§ 22) (15’) 


In the region V > E; O; = 0 as here the wave functions g? and g; can 
be taken as approximately equal by conditions b) of the previous chapter, 
since in this region the function g; has no node. 

By substituting this form of Oj into equation (8) we obtain a system 
of equations from which the wave-functions 9; and the eigenvalues E; can 


actually be determined : 


14* 


0 
ho 
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Ae dee 1 

: -_—— — P?+V=E,,V <E)), 8’ 

Qm yl? dx* Se x ( ) @) 
A? 1d Ale 


2mytl2 dx? 


+V= E; 2 (4 > E;), (8”) 


(i > 2) 
7 is 1 d? yi? 


2mvii? dx? 


Spee Ee sy 


For the following the relation of equation (8’) to PLASKETT’s equation 
is essential. Substituting in equation (8’) the approximation (14’) of »; valid 
for the region V < E; and using (17’) 


2 2 —1/2 
BT ny SLS gett Pek Vos ees (16”) 
2m dx? 2m 
(i = 2) 


However, in the region V > EF; the assumption can be allowed that 
»; is proportional to N; as, if V > E; »; is practically identical with N;. Thus 
according to equation (8”), 
2 d2 Ni2 


— — N;¥?-—__+4+V=E,,(V >E)). (16’’’) 
2m dx? 


Plaskett’s equation is obtained by replacing P’; in equation (16’) by 
P; in (13). The equation thus obtained agrees with (16”) it does not, however, 
involve the restriction that the equation is valid only for the region V < E;. 
In deriving form (15’) of O; Plaskett’s equation has been used and the first 
approximation of the WKB method has been applied. Thus one term of 
equation (8’) also contains these approximations. Equation (8’’) is free of 
them as it can be regarded as the direct consequence of the fact that in the 
region V > E; the wave functions pi and g; are approximately equal. Equation 
(16”), which is the approximation of equation (8’) is identical with Plaskett’s 
while equation (16’’) is, according to above, certainly more accurate in the 
region V > E; than Plaskett’s equation. We may thus conclude that equations 
(16’’) and (16’”) are the improved versions of Plaskett’s equation. 

BavLLincer and Marcu [11] investigated the solution of Plaskett’s 
equation in tke case of an oscillator potential and found that the solution 
is not unique. According to the above, however, we must proceed in such 
a manner that the solution of equation (16’’) obtained in the region V < EF; 
must be fitted to the solution of equation (16’’’) obtained in the region 
V> E;. The fitting is a new condition for the solution of equation (16’’) 
whereby the solution is likely to become unique. 
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The question arises whether an equation could be found from which 
the density could be determined for the whole space. Assume that in the region 
V < E; the densitiy is large as compared to the variation of the density. 


Then we have 
PNY? _ _ ye 2 NI? 
dx? dx? 


N;1/2 


U 


nd equation (16”) can be written in the form 


2 2 A/2 1/2 
A yey PNOP 1 pp Bp POY _ pe, 


Applying (17) and (17’ 
2 2 Pali 2 —1/2 
A pp Epa SP a) yp — * pak, 
2m m dx* 2m 2m dx? 


further, by generalizing relation (17) to some extent 


ioe A, d®pj il? tog 
2 12 — — P? 
2 aed 2 me dx? 2 : 
Thus 
h2 d2 N12 1 : 
Nr2 hosts Gaza ee Ee 18 
2m — dx? So | es 


If i = 1 this equation goes over into the exact wave mechanical equation, 
further, if V > E; into equation (16’’), since, in this case, P- ;/2m can be 
neglected. Thus equation (18) can be regarded as valid for all states and the 
whole space. 


4. The statistical energy expression 


Starting from equation (18) a further approximation makes it possible 
to express the energy of the system with the aid of the particle density of 
the system. The energy value E; is obtained by multiplying equations (18) 
by N;/2i and by integrating over the whole space. The total energy is obtained 
by summation according to (4) 


— 1 h d? Nii? Soya i | 
fe Ni? — dx + —— | N?_,Nid N,V dx \— 
é >; | eat Fiat ae ik = + "| 


; 2 N12 2 
1 A ce 5 Me jad Ng dx i [mpanyde + [N Vax}. 
dx? 32 m FE 
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21 
Introduce the approximation that VN; =—N. Then the energy expres- 
n 


sion is 
E=Ewt+Ext+ép (19) 
where 
h? d2 N1/2 Ae dN)? 

erp INC fies, = : 

ew . dx? 8m N ee 

éx= Pee ee q(g — 1)* Ae 

8 mn? 3} 
Op =| Vind 


Obviously &y is just the energy which is generally called the Weizsacker 
inhomogeneity correction. It is suitable to compare the kinetic energy &,x 
with the Fermi zero point kinetic energy. The expression for the zero point 
kinetic energy has been improved upon in a previous paper [9] in such a 
manner that — under condition similar to those of the present paper — 
instead of integrating over the momentum space we summed over the states 
exactly 


Ey = 


hee: ° (aig? =) 


- qa(g 1/2) (w a 


o 


8 mn? 
Comparing the expressions of &, and & we have 


Zig l)e Ger 1) og (e > 11) 
g (48? — 1) — 6q(g—1/2)? 


where 


= 


or in a different manner 


n—2 
iis even: 
n+1 
PU aa [here hea if n is odd. 
n[n? + 2] 


If the number of particles is 1 or 2, @, = 0 thus here the total kinetic 
energy is represented by the Weizsaicker correction only and the relations 
go over into the exact wave mechanical expressions. 

The fact that in the satistical theory the zero point kinetic energy should 
be decreased when the Weizsacker correction is incorporated in the theory 
was first pointed out by Gomis [6]. His method was confirmed by his cal- 
culations for atoms. 
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5. Determination of the density 


The statistical equation determining the density can be obtained by 
searching for the density for which @ is a minimum. Elementary calculation 
yields 

foe: INT oe ot 
~ 2m NU? dx? 2mng? 


[(e—Ns2s—1)—34a(e—1))] PP? +V=V, 
(19’) 

where V, is the Lagrange multiplicator. 
The determination of the density is more accurate if the following 
procedure is applied. Let us write equations (16) and (16’”’) for the g-th state. 
Take into account that Bs = P and if nis even Ng = N and if n is odd, we 


2 
may use the approximation NV, = mals 


mn 
2 2 —1/2 
Monae ee ee ers E,); (20) 
2m dx? 2m : : 
2 2 N1/2 
ee ey. ty SE). (20') 
2m dx? 


Instead of using equation (20) of Plaskett we may also proceed in the 
following manner. Equation (8’) for the g-th state ‘is 


R21. d2 vibe 1 
PE) SB Es reel By @) 


2mvyl2 dx? 2m 


Calculate the density from equation (19) for the case when the number of 
particles of the system is n and n — 1 resp. The difference between these 
two will yield approximately »,. Knowing v, and using (13’) from equation 
(21) we may express N 

h2 Lyd? vile (* 


2 
oa 4 9 ae C 21’ 
h g | { § 2m? x2 || ( 2) ( ) 


Equation (20) and (21’) are both approximations of equation (21). 

In conclusion it should be mentioned that for a large number of particles 
we may obtain from (21) a partial differential equation for N as the continuous 
function of the number of particles. Regarding N as the derivable function 


a a 


aN 
dk and if n is large ’g = which 
n 


of the number of particles, then = 


n—1 


substituted into equation (21) yields that 
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2 


( O2N 4, 


Oxon 


2 h2 g2 


8 m n2 


aN 


on 


N2 


h2 ON BN h2 
a : . -f- 
Amdnodx20n 8m 


aN)? 0 N\? 
+¥{ | ==. | |v < Bp. 


on On 


Similarly, starting form equation (8’’) assumed for the g-th state 


2 


° 


aN 


On 


k20N 8N he 


7 a. RD f g 
4moO0n0x*0n 8m 


Oxon 


a2N \2 ( aff Si 


Welia 


(V z= E,) 
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O CTATHCTHYECKOH TPAKTOBKE ®EPMHOH-FA3A 
Ml, CEM@AJTYLUA 


Peswme 


BbIBOAMTCH HOBAA CTATHCTHYCCKAA MOCIb, KOTOPA B OONbINOM Mepe MOA0OHA BHAONS- 
meHenHoOH PomOaiwem mojenn Batincexkepa, AONONHeHHOK TompaBKOH Ha HeOAHOPOMHOCTh- 
TIpH BBECHHDIX NpPHOMOKeHHAX CYMMMPOBAHHE MO KBAHTOBDIM COCTOAHHAM HE HAO antipo- 
KCHMUPOBATH HHTerPHPOBAHHeM, a MOKHO MpOHsBecTH TOUHO, Kpome onpesenenua mIoTHOCTH 
M3 BAPHANHOHHOLO TIpHHMMa, TOKAsAHbI HM HoOee ‘TOYHDIe MeToAbI pacyera. JoKaspiBaercs, 
4TO TWIOTHOCTS H3 ypaBHeHHi Miackera MOOKHO ONPeCINTh TOKO B PaMKAX «KTACCHYeCKH 
AOTLYCTHMON OONACTHY MH BHIBOMMTCH COOTBETCTBYIONINE ypaBHeHHe Ha «sampeUeHHy to OOTACTD». 


HEKOTOPbIE BOMPOCbI, OTHOCHIWMECH 
K BbIPALMBAHHIO MOHOKPHCTAJIJIOB MOJTYMIPOBOL- 
HUKOB, UX CTPYKTYPE HU CBOMCTBAM 


(Mi3noxxeHue MaTepHasoB seKUHi) 


. A. METPOB 
UHCTUTYT METAJIIYPPHM AKAQEMMM HAYK, MOCKBA, CCCP 


(Mpegcrasseno Z. Gyulai — Tocrynuno 10 anBaps 1958 r.) 


Boia uccneqoBpana TepMuyecKan yCTOHYMBOCTb HEKOTOPbIX MOJTYMPOBOAHHKOB Tuna 
AlllgpVv — AISb, GaSb, InSb — u Ge u3mepeHvem BaA3KOCTH MX pactimaBa. CoorBercrByW- 
He KPHBbIe cBoOOaHOL SHeEprHu o0mayawr MMHHMYMOM, KOTOpbIt — NOBHXMMOMY CBUACTCIIb- 
cTByeT 00 H3MeHEHHH KOOPAMHAUMOHHOrO YHCa, MpHOIMKAACh TAKUM 00pa30M K CrpyKType 
Kpucrammmyeckott asp. anbi BaxkHeiMe yCIOBAA MOHOKPUCTAIMYeCKOrO pocTa, Ha OCHOBE 
KOTOPbIX OMMCAH MOAMUUMpOBAHHbI BapuaHT MeTOAa UoxpasbcKoro. B KOHUe H3s107%KeHA 
CBA3b M@KAY HeKOTOPbIMH CTPYKTY PHO-4YBCTBHTCJIBHBIMH CBOHCTBaMH H cTpyKTypoi MOHO- 
KPHCTAJIIOB. 

Tomyuenve MOHOKPHCTaJJIOB repMaHWA MW KpeMHHA aBHO BBILLIO M3 CTCH 
jadopaTopuii- M cTaJIO MACCOBbIM MPOM3BOACTBOM B IeXaX 3aBO/OB. COTHM MOHO- 
KPUcTaJIIOB 9THX MATePMasIOB BbINYCKATCA C)KEMHEBHO VIA YAOBIETBOPeHMA 
HYKJL PaAMO- VW 9IEKTPOTEXHMYECKON MPOMbILUICHHOCTH, TpaHclopTa HW gHepre- 
THKM. ObecreyeHHe MACCOBOrO MPOvSBOACTBa MOHOKpicTas0B TpebyeT camoro 
TIUaTebHOO UM JeTaIbHOro W3y4eHHA BCeX CTOPOH ITOTO Mpotlecca. 

HanOosilee pacnpocTpaHeHHbIM MeTOJOM MOJIYYeHHA MOHOKPHCTAJVIOB U3 
9TUX MaTepHaOB ABJIAeTCA MeTOL YoxparocKoed. 

STUM MeTOAOM MOHOKPUCTaJJIbI MoyuawTcA KpucTasMsayMen M3 pac- 
mapa. 

Usyyaa mpouecc dopMupoBaHuA KpHcTalia HM USMeHEHMA, KOTOPbIe MOLYT 
HacTyaTb B HEM IIpM OXxJIaxKeHHM ero OT TeMMepaTypbI o0pas0BaHHA, KpHcTa- 
JOPUSHK MIM MeTAUJIypr HE MODKET OFPaHHYMBaTbCA M3yyeHHeM CTPYKTypbl H 
CBOMCTB CaMOro KpHcTaJia MW UX H3Me€HeHHAMM TIO, BJIMAHHeM BHYTPCHHUX 
BHeINHUX (pakTopoB. B uccreqoBaHve Hev30e)KHO BOBIEKACTCA TakoKe pactias, 
M3 KOTOporo sbopMupyeTca KpucTas. OT CTpyKTYpbI H CBOMCTB pactwiapa cylue- 
CTBEHHbIM 00pa30M 3aBMCAT CBOMCTBa MU CTpyKTypa KpHCTaJia. 

Eme 6osee 9TO OTHOCHTCA K OOaCTH MCCIeLOBAaHHA MOHOKPHCTAJJIOB 
XUMM4eCKUX COeMMHEHHH — MOJIYMpOBOAHUKOB, B TepBy!0 oyepeslb Klacca yg 
BY, xoTopble B OsvKaiiuiem OyAyulem OyAYT UrpaTb HEMEHbUIYIO POJIb B MOJY- 
TIPOBOJHUKOBOM TeXHHKe, YeM CeFOHA MOHOKPHCTAaJIbl TepMaHHA MH KPeMHHs. 

Bompocbl TepMvuecKoH ycTOHYMBOCTH XHMMYECKUX coequHeHH — mosly- 
MPOBOJHUKOB — B paciilaBJieHHOM COCTOAHMM OKa3bIBaloTCA CYLeCTBeHHbIMH 
JIA pala coeqMHEHHK pH peweHuM MpoOJeMbI NosyaeHUA UX MOHOKPHCTAILIOB. 
Kak pas, NOBMAMMOMY, OAM M3 HanOosee MHTeEPeCHbIX coeqMHeHUH 9TOrO Kacca 
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— GaAsuInP cunbHOo AMCCOuMMpyT c OOpas0BaHMeM 9JIeEMeHTApHbIX BeLecTB 
elle JO Nepexofa B XKMAKOe COcTOAHMe. C CHHTE3OM COeAMHEHMK U3 IJIEMeCHTOB 
TaKoKe CBA3AH PA], BOMPOCOB, KOTOPble NoseKaT U3yyeHNW. 

3aHUMMasch UCCIeOBAHHeM MIpOleccoB NOJyYeHHA MOHOKPHCTAJIOB Mosy- 
MIpOBOJHUKOB, MbI yileJsIAeM HeEKOTOPOe BHAMAHHe UCCIIeAOBAHMO TaKKe STUX 
BOMpOcoB, M A xoTes Obl BHAYAJIe U3IIOXKUTb KPaTKO pe3yJIbTaTbl ITHX MCCIe- 
OBaHui. 


Uccnefopanve TepMuyuecKow ycTOw4MBOCTH HeKOTOPbIX COeqHHEHHH Kacca 
A™BY w repMaHHA MW HeKOTOpble 3aMeyuaHHA NO NOBOAy NoBeseHHA 
PaCcHIaBNeHHbIX NOYNpOBOAHHKOB B NpeAKPHCTAaAM3alHOHHbI nepnor 


TepmMuueckan YCTOWYMBOCTh COeqMHeHHK onpesesAach Ha OCHOBaHMM 
U3MepeHUA BASKOCTH UX B TeMMepaTyPHOM UHTepBalie OT TOUKM TWiaBIeHHA UM 
BbIle. PesyIbTaTbI MsmMepeHHnii WIA AlSb, GaSb, InSb u Ge mokasaHbl Ha puc. 1. 
JlerKo BUeTb, YTO JIA BCeX Tpex COeMHEHUH, B OTIMUNe OT repMaHuA, KpMBbIe 
BASKOCTM C H€KOTOPbIX TeMMepaTyp, PasHbIx AIA KarKLOFO U3 MCCIeAOBAHHbIX — 


006 
7080 1100 7160 1200 120 7300 1350 1400 


CC —-= 


l/a 


Val 


FB 
a 
iV 


x 
8 
8 
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~ 
5 


Puc. 7. Baskoctb coequHenuit AlSb, GaSb, InSb u Ge sBeuue TouKH maiaBseHHA 
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COeMMHEHHH, HAYHHAT 3HAYMTEJIBHO YKJIOHATHCA OT N€pBOHAYAJIbHOrO TWIaBHOrO 
Xa. ITM PesybTATbI HECOMHEHHO CBUJETEIbCTBYIOT O HAYMHAIOUIeHCA Mpu STHX 
TemMepaTypax 3HaUMTEJIbHOH AMCCOMMALMM COeMMHEHMM Ha COCTABHbIEC 3JIEMCHTHI. 
3ameTuM WIA JalibHeiwero, uTo WIA InSb Temnepatypa Hayasla AMCcOUMalMn 
J1@KUT SHAYMTEJIbHO HUIKE TeMUMepaTy pb M1aBIeHNA repMaHUA, WIA AByX Apyrux 
coeqMHeHuii OHa — BbIIe ITOH TemMepaTypbI, OMHAKO, HC3HAYMTEJIbBHO. 

OOpaTum jamee BHUMaHHe Ha TO, UTO MpM TemMepaTypax OIM3KUX K TOU- 
KaM JWIaBJICHMA COeIMHeHM, T. e. B MpeAKPMCTAaJIM3allMOHHbI Mepvod, BAS- 
KOCTb CO€¢AMHeHMM M repMaHMA NpM OxaxKeHHM HapacTaeT Oosee peso, YeM B 
o6macTu 6onee BEICOKHX TemMepatyp. M3 xofa KPMBbIX BASKOCTH, MCIOJIb3SyA 
ypaBHenne cBOOo,HOM 9HEPrMM BASKOrO TeueHHA : 


Lise, ii ee 
Nh 


MODKHO TOCTPOUTb KpMBble H3MeHeHHA CBOOOAHOK SHEprHH Mpowecca OT TeM- 
nepatypbl. PesybTaTbl MoKasaHbl Ha pH. 2. 


| cal a 780 G20 Ho 30 


7000 
925 G75 1025 ee 125 «1175 1225 1270 
t% 


Puc. 2. Vismenenne cBoOogHoii sHepruu BASKOrO TeyeHHA C TemMeparypor 
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OOpamaer Ha ceOA BHYMAaHMe HasMune MAHUMyYMa Ha 9TMX KPHBbIX, 3a 
KOTOPbIM SIPM NOHMKeHHM TeMMepaTypbl CBOOO/ HAA BHEpruA BOspacTaeT. MMHH- 
MYM COBMaaeT TIPKOJIMZMTEIbDHO C H3JIOMOM Ha KPHBbIX BASKOCTH. STO cBHIe- 
TEIbCTBYCT, KAK HAM MpescraBsAeTCA, OO ONpeeIeCHHOM Pa3spbIXJIeEHMM (pacuin- 
PCHMN) HHAKOCTH, B CBSBM C MepeXO/OM Ce B MpeKPHCTAIJIMZalMOHHY!0 OOJACTb 
M TIpHOJIMOKEHHeEM IICMCHTOB ee CTPYKTYPbI K CTpyKType OyfAyuero KpucTasa. 
K00POUHAYUDHHOe UUCAO Y WKMJIKUX TePpMaHUA UW KPCMHUA, HU, BEPOATHO, Y M*KHI- 
KUx coeynHHeHui Kiacca A™' BY 6au3KO K BOCbMM, TOra KaK B KpvcTasuIM4ecKoM 
COCTOAHMM COCTaBsIAeT YeTbIPe. 

VUnrepecuo OTMe1NTh, YTO TIP MepeoxaKeHHAX pPacsNaBOB ITMX BeLeCTB 
NOJOOHbIX HIMeHeHHKW He HadIOMAeTCA. 

OTM (pakTbl, KaK HAM TIpe/[cTaBAAeTCA, UMELOT HeMOCpeCTBEHHOe OTHO- 
weHne K (POPMMpPOBAaHMIO CTPyKTYPbI KpHcTasia, OOpasy1ouerocA U3 pacriiaBa, 
K KMHeETHKEe Mpouecca KpHCTaIMsalMnH, HU, BOSMO)KHO, MOrYT ABUTbCA OHM 
U3 OO'bACHEHHM BOSHUKHOBEHUA JIMCNOKANMK B mpouecce pocra Kpucraa. 

EcJin XO/L KPUBbIX H3MeHeHUA CBOOOAHOK oneprun jecTBUTeILHO CBASAH 
C VUBMCHEHHEM KOOPJMHALMOHHOrO UMCa, TO B MpeKpuCTasIM3auMOHHbI TMe- 
PHO Y ACCHELOBAHHBIX MOJIYMPOBOHUKOB JLOJKHA AHOMAJIbHO MW3MCHATbCA 
TAaAOKE MIOTHOCTh. M3mMepeHuA MJIOTHOCTH OTAX BeLeCTB B MHTepecyloulem Hac 
TEMNEPATYPHOM HHTEPBAE MOSBOMJIN Obl OKOHYATEJIDHO PeWIUTh ITOT BOTIPOC. 


YcnoBuA WH TeXHHKAa NONY4eHHA COBEPLICHHbIX MOHOKPHCTAaIIOB 
NONYNpOBOAHHKOB 


Copepiuiennbid MOHOKPHCTaJUI sABJINeTCH TePMOMHAMMYeCKH HanOouee 
ycrohunBou crpyKrypokK TBepsoro Tea, BcvKne OTCTYIJIeHHA OT COBePIeHCTBa 
CBABAHbI C YBEJINUCHHEM CBOOOMHOK OHEprnn KpHcTasia, W OSHaYalOT Hapylmienne 
HOPMAJIDHbIX PACCTOAHHU WM C/Ie/OBATeIDHO CBxAZeH Me)K/LY ATOMAMM B pellleTKe. 
BesKoe HapyYWeHHe CBASH M@HULY ATOMAMM OSHAYACT BOSHHKHOBeHHe YacTHYHO 
CBOOOMbIX HII NOJIYCBOOOMHDIX CBABCH, aT. K. CBASb OCYLIECTBIIAETCH IeKTPO- 
HAMM, TO C/COBATE/IbHO BOSHAKHOBEHNE YACTHYHO CBOOOHbIX WIM MOJTYCBOOOs- 
HbIX WiekTpoHoB. Tak Kak KPHCTAJWI MOJTYMpOBOAHHNKA OCYLeCTBIAeT Cpely, 
B KOTOPOH MpoOTekalwor dIEKTPOHHbIe TMpOLWecchl, MOOOHbIe MpOMCXOAAWIMM B 
BbICOKOM BaKYYMEe DICKTPOHHOK JaMMbI, TO BCAKOe Hapyllenne coBepiuieHcTBa 
KPHCTAJWIa CBAZAHO C BOSHHKHOBEHHEM MOMeX TIpOTeKAaHHIO OTHX TIpoOMeccoB u 
CHELOBATEJIDHO C YXY/{WIEHHeEM padoTb! MaTepHaia B NpHoOope. 

CoBeplicHHbIh MOHOKPHCTAsWI ABJINeTCA CHcTeMOM HanOoslee MpnOsIMoKato- 
ulehcw K paBHoBecHoh. EcrecrBenHo, uro ycsloBMA pocTa Takoro KpHcTasvia 
JOJDKHbE ObITh COOTBETCTBYIOUWIMMH, Hjeasibubli KpHcTaJ1 MOKeT BbIPactTaTh, 
OUCBHIHO, TOKO B YCOBMAX Kpalne MejWIeHHOrO (opMHpoBaHusA, Orcryn- 
JICHHA OT paBHOBeCHbIX ycOBUH pocra OyzyT Tem Gosbie, 4Yem Obicrpee pacTeT 
KpHcraw, OTCryMieHHs! OT MeJVICHHbIX CKOPOCTeH PpoOcTa JOJDKHbI TIpHBOMTb 


HEKOTOPbIE BOMPOCbI, OTHOCALIMECH K BbIPALUMBAHHIO MOHOKPHCTAJWIOB 221 


K BOSHUKHOBCHHW BCAKOLO POA CTPYKTYPHIX HECOBEPLICHCTB B MOHOKPHCTALIE 
B BUe TUCNOKAUMH, TBOMHUKOB MH AP., HB KOHEYHOM CueTe K NOJMKpPHCTASWING- 
HOCTH BbIPau{MBaeMoro CJINTKA. 

BecbMa coBepllieHHble MO CTpyKType KPpHcTaWIbl B HAcTOMIMee BpeMst 
BbIPAlMBawTCA BNapooOpasHoli (pase B BUE OVEN TOHKUX HHTEM, CEUCHHS KOTO- 
pbIX HE MIpeBbIalOT, NpaBa, NOPAAKA HECKObKHX MAUKpOH, Mexannueckasi 
TIpOUHOCTh TAKMX HHTeH, HECYINMX TOIBKO CMHMYHYIO AMCOKAHIO, mpHuowiu- 
yKaeTCA K TeopeTMuecKomy mMpexey. Jit KpeMHHs Obi NoyHenbl HATH C 
npounocrbo 400 Kr/MM?, mpeBbiiuaonell B HECKOHKO pas Mpowocrbh xopouieil 
craJin, 

Tak Kak BbIpauMBaemblli KPHCTaWI OGaAAeT TeOMeETPHYECKHM OObEMOM, 
BOSHHKaeT BOMIpoe 06 ero OHOPOAHOCTH BO BCeX TOUKAX OODeEMAa. HeoHOpO- 
HOCTb KpHcrTaJiia MODKET ObITb BbISBAHA, KAK HEONHOPONHOCTHIO pachpelesienust 
B HEM IpuMeceii, TAK MH HCOAHOPOAHOCTHIO pacmipeleNeHAA CTPYKTYPHbIX HApy- 
wenHi, JlokasbHoe CKOTIeHHe NpHMecelt WIM CTPYKTYPHBIX HeECOBEPIEHCTB B 
o0’beme MOHOKPHCTaTa BbISbIBAeT COOTBETCTBCHHbBIE JLOKAJTbHbIC HapyUleHhst 
TIPOUCXOAAMIMX B KpPMCTAWIe BIEKTPOHHbIX MpoLeccos, 


AFEOKABA 36D" 


Puc. 3. Vamocrpanusa K PopMe PPaHHibl PasEA MOKY KPHCTANIOM He PAcHABOM 


OAHUM H3 MeponpHATHI, HANpPABJIEHHbIX Ha COBLAHHe YCNOBHE TOTYYHHS! 
OMHOPOAHOFO MOHOKPUcraa, sABJIAeTCH OOeCHeVeHHe WIocKOH PpaHHitbl pas- 
lesa M@KLy pacTYLWMM KPHCTAaJIOM HW pactwlaBom, 

B oObMHbIX YCOBNAX BbIPAMBAHHA KPHCTAWIa 9TO YCNOBHE, KAK TIpa- 
BUJIO, HE BBIMOJIHACTCS. 

Beslescrane ZHaUMTebHOrO OTBOA Tema B CTOPOHbI (prc. 3), Temnepa- 
Typa Ha MoBepxHocTH KpHcTaia B KAKOM-HHOY)ib TOPHSONTAIbHOM CeueHHH 
HMDKe, YEM B HeHTpe Kpucrasia (puc, 3). PIpH ocrbIBAHHM TOBEPXHOCTHBIE CJION 


222 . A. METPOB 
c MeHbuUen TemnepaTypou liperepleBaroT MeHbINee coKaTHe, 4M LICHTPaJIbHble 
yacTu cMTKa. B CIMTKe BOSHUKAaIWT TepMnueCcKHe HalipA KEHNA. Iloka KpMcTaJJI 
HaxOJUTCH B oOmacTH TemilepaTyp, MIpH KOTOPbIx BO3SMO)KHbI WlacTMyecKhe 
jeopMaluv, 3TO cTpemsiIeHHe TIPOABIIAeTCA B BOSHUKHOBe€HUU JIOKAJIbHbIX 


V CONTIWUGTIOKCb| —— 


Q900 
900 950 1000 1050 1100 1150 7200 
te SS 
A/a 
Puc. 4. Makpohororpapua caurka repMaHua, WOCTpupylollad HepaBHOMepHOe pacripe- 
jeneHHe ucnoKaHi 


4/0 


TwlacTHuecKUX CABUrOB. Tlocsej He BbISbIBAIOT BOSHUKHOBCHHE JOMOJIHMTEIBHbIX 
OKAJIbHbIX Hapylulenui (AMCNOKayHit) B KpMcTase. OTA HapylleHuA paciipe- 
yleAIOTCA HepaBHoMepHoO B KpMcTaswie, KaK yKa3blBaeT puc. 4. CpeaHAA Mo 
BbICOTe YaCTbh KPHcTasWia pacreT, M0-BMAMMomy, B HavOosee ONaronpvATHbIX 
YCIOBMAX B CMbICIe (POPMbI rTpaHUIbl pasyesa paciaB-KpHCTasI, M OHA MeHbIle 
Bcero NHopaokeHa jedektamu. HanOomee noparkeHa edeKTaMM BepXHAA WM HYDK- 
HAA UACTH KpHcTasia, JIA KOTOPbIX rpaHnua pasqea HeGaronpHsATHa. OcobeHHO 
nopaokeHa jledbeKTaMM MOBepXHOCTHaA KOPKa KpHCcTaswa. 
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B COBPeMeHHBIX YCTAHOBKAX CTPEMATCH CO3LATb YCIOBHA, TPH KOTOPbIX 
HanMune MWIOcKol rpanuibl oOecneqMBaeTcA ABTOMATHUECKH B Mpowecce pocTa 
KpucTala B JHOOOM CeYeHHH. ITO AOCTHTAeTCA COSTAHHEM COOTBETCTBYHOMLETO 
TeMMepaTypHOrO NoOIA B OONACTH PpaHHbl pasqea H NepemeulenHemM Harpe- 
BaTeIA MH THPIA OTHOCHTEIbHO pyr Apyra. 


Trornocrh = aprcroxonind 


5/a 


@7TI2 $ 4S E78 FSVRARBBAES 
Bromocta amcroxaumnt 30 So 3/ 
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Puc. 5, Sasncumocrs BpeMeHH YKHGHH HEOCHOBHBIX HOCHTeTel TOKA OT TWIOTHOCTH JHC10- 
Kant B MOHOKPHCTAIIAN repMaHist H KpeMHHst 


Hannune miockol rpaHnitbl pasesa MOMHOCTHIO paspeMlaeT TAKOKE Npo- 
OleMy OAHOPOAHOCTH KPHCTAIa NO pacmpeleeHHto tipumeceit. 

Kpaiine HexKeuaTesbHbIM ABIISIOTCH BCAKHE Ooee HIM MeHee PeskHe Hapy- 
INCHHA CKOPOCTH BbIPALIMBAHHA KPHCTAWIa H TeMMepaTypbl paciwiaBa, PesyJib- 
TATOM VOMOOHBIX HApyUleHHii ABIAeTCA BOSHHKHOBEHHE MHOKECTBA MECTHBIX 
CTPYKTYPHbIX HECOBEPIUeHCTBR KPHCTAWIA, 

Tloqep Kanne mocrosHCTBa CKOpOCTH BbIPalMWBaHHsA HM TemMlepatypbl 
pacnaBa ABAeTCA OHUM HS BarKHeHIUNX YCIOBHH B COBPEMEHHDIX YCTAHOBKAX, 

OAHHM MS CYLIECTBEHHDIX HELOCTATKOB, CBOHCTBEHHBIX MeTOY Yoxpalb- 
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CKOrO, ABJIA€TCH HepaBHOMePHOCTh paciipeeseHHA MpMMeceH BAOIb AJIMHbI 
cIMTKA, CJIMTOK NosyyaeTca Oosee YMCTbIM OT IpUMeceii B BepXHe uacTH U Oosee 
3arpASHEHHbIM TIPHMeciMM B HMDKHeM YacTH. 

Ucripapslennue 9T0ro HEAOCTATKA MODKET ObITh OCYLECTBIICHO ABYMA MyTAMH. 
B amMepWkKaHCcKOM BapMaHTe 9TO ocTHraeTCA TporpaMMHbIM MU3MeHeEHHeM CKO- 
pocrn BbIpauMBaHnA. BHayasle, Kora KpucTasJI pacreT Ooee UMCTbIM, CKOPOCTb 
YBeJIMYMBAIOT, CO31aBaA OArONpUATHbIe YCOBMA VIA MeXaHMyecKOrO 3axBaTa 
OTTeCHACMOM KpHcTaJJIOM TpuMecu. K KOHIY BbIpallMBaHWA CKOPOCTb YMeHb- 
wlaloT, KOMMeHCMpys TEM CaMbIM OOJIbIUMM 3aXBaT TIpMMeCH K KOHLYy Mpowecca. 

B Haulem BapvaHTe co3faHve OAHOPOAHOCTH NO AIMHe CUIMTKA JlOCTH- 
raeTcA HelpepbIBHbIM TIMTaHHeM pacilaBa MaTepHasIOM TOTO Ke COCTaBa, 
KakOH 3allaH JIA BbIPalMBacmMoro MOHOKpucTasia (4). B 9TOM BapMaHTe 
OTCYTCTBYeT BbIHYKCHHOe HSMeHEHMe CKOPOCTH BbIPal[MBaHHA, HeKeMATeJIb- 
HOCTb KOTOpOrO OOCYKaIaCcb BbILLUEe. 

A paccMOTpes] TOJIbKO OCHOBHbI€ CTOPOHb! COBPeMeHHOM TeXHMKM BBI- 
pallMBaHNA COBePIeCHHbIX MOHOKPHCTAJJIOB MOJIYMpOBOAHMKOB. JTa TexXHuKa 
TpeOyer CosaHus BeCbMa COBEPUIeCHHbIX MeTAJJIyprMueCKUX YCTAHOBOK C BeCbMa 
TOUHO padoTalOLMMH MexaHv3mMamu, OOeCTIeYMBaIOUIMMU BbICOKOe MOCTOAHCTBO 
CKOPOCTHBIX M TeMMepaTypHbIX (aKTOPOB BbIPalWMBaHHA KpNcTasa. 


CrpykKTypa H CBOMCTBa MOHOKPHCTaIIOB 


QNeKTpMuecKkve CBOMCTBAa KpHCTasIa KpawHe 4YBCTBUTeJIbHbI K COjeEp- 
)KAHMIO B HEM TIpHMecei. IlooTomy HepaBHOMepHoe paciipesereHve MIM OOIee 
MZO0bITOUHOe COseprKaHHe MpMMecM HeOMAarOMpMATHO JIA BCeX IEKTPMYeCKUX 
CBOWCTB KpMcTasia. 

Ha cTPyKTYpHble H€COBEPWIeHCTBa pearMpyloT He BCe, a TOJIbKO TaK Ha3bi- 
BaeMbl€e CTPYKTYPHO-4YBCTBUTEIbHbIe XapaKTepUCTHKUM Kpuctasa. OcodeHHo 
CTPYKTYPHO-4YBCTBUTEJIbBHbIM CBOMCTBOM ABJIACTCA BPeCMA PKU3HM HEOCHOBHBIX 
HocuTesleh TOKa. [losTomy Oopbba 3a BbICOKOe BPEMA PKM3HU HeEOCHOBHbIX HOCH- 
TeJleH BO BCeM OObeMe KPHCTaJIa ecTb OOpbOa 3a BbICOKOE COBEPLIEHCTBO KpH- 
cTasia. CTPYKTYPHO-4YBCTBUTEJIbHbIMM CBOMCTBAMM ABJIAIOTCA jaslee. MOJBUDK- 
HOCTb OCHOBHbIX HOCHTeeH, OOPaTHOe HalIpAKeHHe, KoOIpPPMUMeHT yCHIeHHA 
MHeKOTOpHIe Apyrne. 

Vimeetca ocTaTouHO OOJIbUIOM OKCNePpUMeHTaJIbHbIM MaTepMall, NMocBsA- 
WEHHbIM BOMpOcy CBASM CTPYKTYPHbIX jles)eKTOB M QIEKTPHYeCKHX CBOHCTB 
MOHOKpHCTaJJIOB. 

OOUlaA SaKOHOMePHOCTh TaKOBa, YTO C TOBbILeHHeM TJIOTHOCTH Hapy- 
IWeHHA (MCOKaWMA) yXyWaloTCA CTPYKTYPHO-4YBCTBUTEIbHbIe XapakTepH- 
CTHKH KpHcTaJia. B OcOOeHHOCTH pesKO, KaK yoKe ObIIO OTMeUeHO, yxyWlaeTcA 
BpeMA DKUSHH. ITO usNOCTpupyercA puc. 5 u3 (5), Ha KOTOPOM MOKa3aHo u3Me- 
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HeHHe BPeMeHH DKHSHM JIA TepMaHHA C BbICOKMM Y/CJIbHbIM COMPOTHBJIEHHeM, 
6u3KuM K cobcTBeHHOMy (30—40 OMcM) M KpeMHHSI C Y/eJIbHbIM COMPOTHBJICHHeM 
nopayka 40 omcM. 


6/6 


6/B 6/n 


Puc. 6. Muxkpodororpadpun KPeCMHHA, CHATHIC B MAKPOCKOTIC C HAPpakpacHbIM HCTOYUHHKOM CBeTAa 


IIpw myioTHocTH jMcNoKaWMH NopxyKa 107/cm® BpeMA XKH3HM JWI rep- 
manna cocraBiset 10 mKceK, JIA 5,104/cem? cootBeTcrBeHHO ~ 2000 mKceK. JIA 
KpemHMs pH mioTHocTH 107/em? ~ 4—5 mKceK, jJIn 5,10® ~ 80 MKCeK. 

ToTHOcTh jeeKTOB B KpUcTa/wax KpeMHMA OObINHO OoOJIbUIe YeM B KpH- 
cTaslax repMaHus. Iro OObACHAeTCA B MepBylo OUepeb TEM, YTO TEPMHYeECKHe 
HanpAKCHUA B KPCMHHM OJKHbI ObIT SHAYNTEIbHO OOJbIIMMH, YeM B repMaHHn, 
U3-3a 3SHAYMTCIDHO OoNbIUeM TenooT_AWM C NOBePXHOCTH, 
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a. A. TIETPOB 


Kpaiine wHTepecHoh npoOsemoi sABIAeTCA B3aMMOMEMCTBMe MpuMmecehH u 
CTPYKTYpHbIX jledeKToB. TpeycTaBiad oOnacTH c M30bITOUHBIM 9JleKTpHyeCKUM 
3apAQOM, CTPYKTYPHble eeKIbl ABIAIOTCA MeCTAMM, Ha KOTOPbIX JIerKO MOryT 
coOupaTbcaA HW M0 KOTOPbIM HaKOosee erKO MOrYT AZK@MyHAMpoOkaTb MOHM3Upo- 
BaHHble TIpHMecu. 

IlpumeHsAsd UcceqOBaHve MOHOKPHCTAJIOB NOJYNPOBOAHHKOB B MMKpo- 
cKone c MHppakpacHbIM MCTOUHMKOM CBETA, MO)KHO HaOJIOaTb, KaK 9TO BMepBbIe 
yianocb Jfewy (6), pactipeqenenve MU POpMy AMCOKAaMA BOSHUKINMX B Mpo- 
Wecce pocTa KpHCcTaJiia WIM BbISBAHHBIX TIPVJIOXKEHMEM BHEIWHUX BOSTeHMCTBUH. 

Ha muxkpodotorpaduax Jleuia oTueTIMBO MpocMaTpuBalwTCA JIMHMM, 110 
KOTOPbIM AM@pyHAMpoBaa Megb. JlMcoKayMU B OOUeEM CeMyWOT BAOIb OCU 
pocta. OHM 6GepyT Hayao Ha AMKAX TpaBJIeHUA Ha OOOMX MOBeEpXHOCTAX OOpasia. 
UactTo AMCOKalMM paciipocTpaHANWTCcA Ha BCHO AJIMHY KpHcTasia. 

IipumMeHenve UHpakpacHoro MMKpoOcKoNa B COUeTAaHMM C APyrMMu MeTO- 
jlaMM VicceqOBaHNA BecbMa LeslecooOpasHo Mpu M3yyeHHM BsaMMoseHCTBHA 
mpvmece Cc AMCIOKaWMAMH. 

He cleqyeT OrpaHW4MBaTbcA pH WSyYeHHM CTPYKTYPHbIX HeECOBePLIeHCTB 
B MOHOKPHCTaJIIaX MOJYMpPOBOAHMKOB OObeEKTAMM TOJIbKO STOM crelMasibHon 
oOnacTH. Kpaiine BaoKHble pe3yJIbTaTbl MIPHHOCAT paOoTbl TaKKe C ApyrMuMu 
BEWIeECTBAMM, Ha-NepBblii B3TJIA MMeCHOWIMMM TOJIbKO OTJaJIeHHOe OTHOWeHHe K 
MOJYNpoOBOAHMKaM. 

CleqyeT YKa3aTb B 39TOM OTHOWeHHH XOTA Obl Ha padoTy AmwcusomaHa U 
Almconcona (7), B KOTOpOH ObIM MCCeqoOBaHbI AMCCIOKaWMH B KpHcTaiax 
MTHK-prop. ABTOpaM yaJlOcb NOKa3aTb HaJIMYHe KaK KPaeBbIX, TAK M BUHTO- 
BbIX JIMCOKaLMi B STHX KpMcTasax, HadOLaTb Nepememenve McHOKayHi B 
Tipowecce TpaBJIeHHA BCIeACTBMe peslaKcalMM, pasIM4HbIe POPMbl AMOK TPpa- 
BJIeHHA. 

STa oOacTh M3yyeHa JaJIeKO HEAOCTATOUHO HM TpeOyeT camoro MpHcTasb- 
4HOrO BHHMaHMA MCCJIeAOBaTeA. 
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SOME PROBLEMS OF GROWTH, STRUCTURE AND PROPERTIES 
OF SEMICONDUCTOR MONOCRYSTALS 


By 
D. A. PETROV 


Summary 


Thermal stability of some A!!! BV type semiconducting alloys—AlSb, GaSb, InSb and 
Ge — is investigated by viscosity measurements in their molten phase. The corresponding 
free-energy-curves possess a minimum possibly indicating a change in the coordination- 
number, approaching in this manner the structure of the crystallized phase. Conditions of 
monocrystalline growth are given and based on it, a modified version of the Czochralski method 
is described. Finally the connection between some structure-sensitive properties of crystals 
and their homogenity is discussed. 
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DIE LAGE DER ABSORPTIONSBANDEN 
VON STORSTELLENELEKTRONEN IN IONENGITTERN 


Von 


O. StTasiw 


INSTITUT FUR KRISTALLPHYSIK DER DEUTSCHEN AKADEMIE DER WISSENSCHAFTEN, BERLIN 


(Vorgelegt von Z. Gyulai — Eingegangen: 20. II. 1958) 


Die Lage der langwelligsten Absorptionsbande in Silberhalogeniden mit Fremdionen- 
zusatzen O-, S-, Se~ und Te~, und der Farbzentrenbanden laSt sich durch eine empirisch 
gefundene Beziehung darstellen. Es resultiert ein Zusammenhang fiir die Bindung der Elek- 
tronen an Fremdionen und Farbzentren. Es 14Bt sich weiter zeigen, da fiir die Absorption 
der gebildeten photochemischen Reaktionsprodukte nach der Bestrahlung die Polarisierbar- 
keiten der Fremdionen eine wesentliche Rolle spielt. 


1. Einleitung 


Seit einigen Jahren wird versucht, die Absorptionsspektren der Farb- 
zentren in den Alkalihalogeniden theoretisch zu erfassen. Nach Mo.tiwo! 
gilt in guter Naherung die Beziehung. 


Ymax d2 = const (1) 


(d = Gitterkonstante*). Spater wurde von Morr und Gurney®, Trpps*, 
Srmpson®, PINCHERLE! u. a. ein vereinfachtes Modell des Farbzentrums 


e 
untersucht. Als Potential wird ein Coulombpotential —— angesetzt, wobei 
“-9 


x die makroskopische Dielektrizitatskonstante bedeutet. Zu diesem Potential 
gehéren wasserstoffahnliche Energiezustande und Eigenfunktionen. PEKAR® 
behandelt die Farbzentren wie ruhende Polaronen in einem durch die 
statische und optische Dielektrizitatskonstante bestimmten Coulombfeld. 
Die Abschatzung der Energieeigenwerte eines im Gitter eingefangenen 
Elektrons ergibt bei fast samtlichen Modellen, daB die Eigenfrequenzen um- 


* Abweichend von der tiblichen Bezeichnung soll hier unter Gitterkonstante der kiirz- 
zeste Abstand zweiter Ionen im Kristall verstanden werden. 

1 —. Mottwo, Gétt. Nachr. Math.-Phys., Klasse 97, 1931. 

2 Vgl. Morr u. Gurney, Electronic Processes in Ionic Crystals, Oxford (1948). 

3S. R. Trsss, Trans. Faraday Soc., 35, 1471, 1939. 

4 J. H. Simpson, Proc. Soc. (London), A 197, 269, 1949. 

5 I, PINCHERLE, Proc. Phys. Soc., (London), A 64, 248 1951. 

6 S. 1. Pexar, J. Exp. Theor. Phys., 16, 335, 1946; 17, 868, 1947; 19, 746, 1949; 
20, 510, 1950. 
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gekehrt proportional dem Quadrat der Gitterkonstanten sind, also eine der 
Mollwo-Formel entsprechende Beziehung jedoch mit abweichender Konstanten. 
Allerdings sind noch die Energieterme von der makroskopischen Dielektrizi- 
tatskonstanten des Alkalihalogenids abhangig. Der geringe Unterschied der | 
Dielektrizitatskonstanten der Alkalihalogenide 148t eine Entscheidung tiber 
den EinfluB von ~ auf vm, nicht zu. Damit bleibt von dieser Seite offen, | 
ob das fiir das Farbzentrum zu Grunde gelegte Modell eine ausreichende 
Naherung darstellt. 


2. Neue Ergebnisse der Untersuchung der Absorption von Stérstellenelektronen 


In der letzten Zeit ist es gelungen,’ fiir die ersten Absorptionsbanden, 
die in den Silberhalogeniden mit 0?~-, S?--, Se?-- und Te?~-Zusatz bei tiefen 
Temperaturen beobachtet werden, eine einfache empirische Beziehung anzu- 


geben. Es gilt 
hy d? = aR — bR? 


oder umgeschrieben 


2 
hyd? = —— —b|R (2) 
4b 


Dabei bedeuten: hy die absorbierte Energie im Maximum der Absorptions- 
bande, d die Gitterkonstante des Grundgitters und R der Ionenradius des 
eingebauten zweiwertigen Fremdanions. Die Konstanten a und b kénnen aus 
den gemessenen Werten fir die Maxima der Absorptionsbanden und den 
zugehérigen Ionenradien ermittelt werden. In der durch (2) gegebenen Dar- 
stellung sind die Konstanten a und b weder vom Grundgitter noch von den 
eingebauten Fremdanionen abhiangig. 

Abb. 1 und Abb. 2 zeigen die Abhangigkeit der absorbierten Energie 


im Bandenmaximum vom Ionenradius. In der Abb. 1 wurde, um die Kon- 


2 
iiber R aufgetragen. 


stanten a und b empirisch zu ermitteln, als Ordinate 


Es ergibt sich im Bereich der vorgegebenen Ionenradien eine Gerade. 
Diese Darstellung, Abb. (2), fihrt zu dem Ergebnis ; Fiir einen bestimm- 


a . 
ten Ionenradius, der dem Wert ey} entspricht, gibt es einen Grenzwert in der 


absorbierten Energie. Dieser Wert wird durch das Maximum der Parabel 
festgelegt. Es kann auch gezeigt werden,’ daB, falls man dem Farbzentrum 


a 
einen fiktiven Ionenradius ee sich dann die von Mo.tuwo! auf- 


” H. D. Koswie, Z. Physik, 149, 204, 1957. 
8 H. D. Koswie u. O. Stasiw, Z. Physik, 149, 210, 1957. 
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12 13 14 15 16 17 18 19 20212223 RIA) 
Abb. 1 


Q910 17 1293 14 15 6 17 18 19 2027 2223R/A) 
Abb. 2 


2 
_ gestellte Beziehung (1) ergibt, wobei die Konstante der Gl. (1) sich zu ue 


4b 
erhalt (Gl. 2). 


3. Diskussion der Gln. (1) und (2) 


Die Méglichkeit der Beschreibung der Absorption der Farbzentren in 
den Alkalihalogeniden mit der fiir die Absorption der zweiwertigen Fremd- 
ionen in Ag-Halogeniden giiltigen Beziehung (2) laBt einige Folgerungen iiber 
die Natur der Stérstellen zu. Die Konstanten aund b sind weder vom Fremdan- 
on noch vom Grundgitter abhangig. Fiir den Ahsorptionsvorgang der Fremd- 


232 0. STASIW 


ionen in den Silberhalogeniden spielt z. B. die Elektronenaffinitat keine Rolle, 
wie man es zunichst erwarten wiirde. Die Konstanten a und b kénnen also 
nur durch die Stérstelle selbst bestimmt sein. Beriicksichtigt man weiter, 
daB mit der Gl. (2) auch die Farbzentren beschrieben werden, dann bedeutet 
das, daB die UberschuBelektronen der zweiwertigen Anionen in gleicher 
Weise an die Stérstelle gebunden werden wie das Elektron im Farbzentrum. 
Ein derartiger Bindungszustand des UberschuBelektrons wiirde auch ver- 
standlich machen, warum z. B. die Elektronenaffinitat keine Rolle bei der 
Absorption der Anionen spielt. 

Damit erscheint die von Mouitwo! gefundene Beziehung (1) als ein 
Sonderfall der allgemeineren Gleichung’ 


hyd? = F(R), (3) 


F (R) ist dabei eine Funktion des Ionenradius der eingebauten Stérstelle. Die — 
von Mou.iwo! ermittelte Konstante ergibt sich dann, wenn fiir das Farb- 


. . . . a . . vee . ee 
zentrum ein fiktiver lonenradius oh (3) eingefiihrt wird. Fiir das Farb- 


zentrum, das als ein in eine Halogenliicke eingefangenes Elektron betrachtet 
wird, bedeutet dies, da das eingefangene Elektron sich einen giinstigen 
Ionenradius selbst schafft. Dieser Radius entspricht einem Gleichgewichts- 
zustand mit gréBter Bindung des Elektrons, wie es auch durch das Maximum 


der Parabel beschrieben wird. 
a? 
Die Konstante vr der Gl, (1), ist eine vom Gitter unabhiingige 


GriBe, da sie sowohl fiir die Alkali- als auch fir die Silberhalogenide 
gilt, 

Fiir die Lage der Absorptionsbanden des Farbzentrums und der Fremd- 
anionen kann also in dieser Niherung nicht die makroskopische Dielektrizi- 
taitskonstante zur Beschreibung herangezogen werden, Nur die Gitterkonstante 
und der Raumbedarf der Stérstelle, der beschrieben wird durch den Ionen- 
radius, bestimmen die spektrale Lage der Absorptionsbande. 

Eine genaue Diskussion der Konstanten a und b zeigt, daB eine Abhiin- 
gigkeit von den Eigenschaften des Grundgitters, in das die Stérstelle einge- 
bettet ist, zwar noch vorhanden sein kann. Jedoch mii®Bten a und b dann so 


° 
. Ye . 7 . + . a* 
von dieser Gittereigenschaft abhiingen, da® sich fiir alle Kristalle = const, 


ergibt. 

Interessant ist noch das Verhalten der Silberhalogenide. Aus der Gl. (3) 
errechnet man die Lage der Farbzentrenabsorption fiir AgBr zu 2,59 eV. 
Bisher konnten die Farbzentren in Silberhalogeniden experimentell noch nicht 
nachgewiesen werden. Eine genaue Betrachtung der Absorptionsmessungen an 
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Ag-Halogenid-Mischkristallen von VoLKE® zeigt insbesondere bei den Se- und 
Te-haltigen Kristallen an dieser Stelle einen durchaus anormalen Verlauf der 
Absorption. Bei den O- und S-haltigen Silberhalogenidkristallen diirfte diese 
Betrachtung kaum durchzufiihren sein, da die Absorption der Fremdionen 
nahe an der Grenzenergie liegt. Die Absorptionsenergien in den letztgenannten 
Mischsystemen im AgBr weichen nur geringfiigig von dem berechneten Wert 
der Farbzentrenbande ab. Genaue Untersuchungen iiber den anormalen Ver- 
lauf der Absorption, insbesondere in Se- und Te-haltigen Kristallen, sind im 
Gange, da die Existenz von Farbzentren in AgBr durchaus wahrscheinlich ist. 


4, Zur Absorption der photochemischen Reaktionsprodukte 
Wird der Kristall mit Anionenzusiatzen bestrahlt, dann bilden sich im 


langwelligen Bereich, wie die Abb. 3 zeigt, photochemische Reaktionsprodukte. 
Das langwellige Hauptmaximum der gebildeten photochemische Reaktions- 


a AgBr(Te! | Ag&r1S2)\ Ag Br (5) 
0 
2 ( 
\ 
06 
O4 
20 18 16 14 12 hriev/ 
Abb. 3 


produkte nach der Einstrahlung in das durch Sensibilisierung hervorgerufene 
Spektrum bei Ag,S-haltigen Silberbromidkristallen liegt langwelliger als das- 
jenige bei Ag,Se-Zusatz. Das durch Sensibilisierung hervorgerufene Spektrum 
selbst zeigt dagegen ein entgegengesetztes Verhalten ; und zwar liegt das 
Maximum der ersten Bande der Auslauferabsorption in Ag,S-haltigen Silber- 
bromidkristallen bei 490m und in Ag,Se-haltigen bei 514 mw. 

Dieses an sich merkwirdige Verhalten der durch Sensibilisierung hervor- 
gerufenen Absorption und der Absorption der photochemischen Reaktionspro- 
dukte kann leicht durch Bildung der einfachsten Zentren Ajg [SGBr,,] und 
Ag,[Seg¢Br,] qualitativ erklart werden. Ein Ag, [S4Br]-Zentrum ist gleich- 


‘Cu, Vorxe, Z. Physik, 138, 623, 1954; Ann. Physik, (6), 19, 203, 1956. 
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bedeutend mit einem Farbzentrum, das an einen Frenkelschen Komplex 
Ag,S,, angelagert ist. ‘ 

Die Energie, die bei Lichtabsorption an einem Ag,[SéBr_]-oder Ago 
[SegBr.]-Komplex aufgenommen wird, kann durch folgenden KreisprozeB 
berechnet werden: Man entfernt zunachst das angelagerte Farbzentrum vom 
AgiS¢-Komplex. Die dazu notwendige Arbeit hat den Betrag A,. Zur Ioni- 
sierung des im Gitter auf diese Weise entstandenen isolierten Farbzentrums 
(unter Bildung eines freien Elektrons und einer Bromliicke) ist anschlieBend 
noch der Energiebetrag AE aufzuwenden. Bei der Anlagerung der Bromliicke 
an den Frenkelschen Komplex AgjS¢, (wo zuvor das Farbzentrum abgetrennt 
wurde), wird ein Energiebetrag A, gewonnen. Die absorbierte Energie ist 
demnach 


hy h ited Bae. 


Der Energiebetrag AE ist fir Ag,[S¢Br,|- und Ag,[SegBr_ ]-Komplexe gleich. 
Dagegen unterscheiden sich die Energiebetrage A, und A, wesentlich. A, 


e2 
besteht aus zwei Anteilen: Aus einem Coulombanteil a und dem Anteil 


ee werttg, : : 
der Polarisationsenergie re. der das Dipolmoment des Fremdions bedeutet. 


2 

Es ist also 4p = = f = A -Das Dipolmoment 4 wird von dem Silberion 
auf Zwischengitterplatz erzeugt, das sich in unmittelbarer Nachbarschaft 
des Fremdions befindet. Bei der Anlagerung der Bromionenliicke an einen 
AgoSc- oder Ag,Seg-Komplex wirkt dieser Anteil im entgegengesetzten Sinne 
wie die Coulombanziehung, also abstoBend. Infolge der gréBeren Polarisierbar- 
keit der Selenionen ist der Betrag A, beim Ag,[S¢Br_]-Komplex kleiner als 
beim Ago[S¢Br,]-Komplex. Dieser Unterschied bewirkt, da8 das Ansorptions- 
spektrum der schwefelhaltigen Komplexe entsprechend der letzten Formel, 
die aus dem Kreisprozef gewonnen wurde, langwelliger als bei den selenhaltigen 
liegt. 


Etwas problematischer ist die Abschatzung des Energieanteiles A,. 
Sicher ist jedoch, daB die Elektronenbahnen des Farbzentrums die des Schwefel- 
ions infolge geringerer Polarisierbarkeit der Schwefelionen durch die ange- 
lagerten Silberionen auf Zwischengitterplatzen stairker tiberlappen als die 
der Selenionen. A, bewirkt, daB die Bindung des Elektrons des Farbzentrums 
an dem AgoS¢-Komplex lockerer ist als die an AgySeg. 

Kin ahnliches Verhalten zeigen auch Ag,[Te{Br,]-Komplexe. Das Ab- 
sorptionsspektrum dieser photochemischen Reaktionsprodukte ist noch kurz- 
welliger als dasjenige von Ag,[SegBr_]. Andere Zentren, z. B., die einfachen 
Zentren S¢Br,, oder SegBr,,, werden ein solches umgekehrtes Verhalten gegen- 


DIE LAGE DER ABSORPTIONSBANDEN VON STORSTELLENELEKTRONEN IN IONENGITTERN 235 


iiber der sensibilisierenden Absorption nicht zeigen. Nur wenn gleichzeitig 
ein Silberion auf Zwischengitterplatz an SGBr,, angelagert ist, was eine zusatz- 
liche Polarisation hervorruft, ist ein solches umgekehrtes Verhalten zu er- 


warten. 
Gleiches Verhalten zeigen die Absorptionsspektren der photochemischen 
Reaktionsprodukte und das durch Sensibilisierung erzeugte Spektrum der 


Ag,S- oder Ag,Se-haltigen Silberchloridkristalle. 


MONOMEHHE ABCOPBLIMOHHbIX TOJIOC TE®EKTHbIX SJIEKTPOHOB 
B HOHHbIX PELUETKAX 


0. CTACHB 


Peswme 


HonooKeHuad JIMHHOBOJHOBEIX AOCOpUMOHHEIX Mosc B ramoreHugax cepeOpa Cc TIpH- 
mMecamu uoHoB O-, S-,Se- u Te~, MH MomO0C UWeHTpPOB, OKpalMBaHHA MOFYT ObITh mpey- 
CTaBeHbI HaliMeHHbIM OKCHepHMeHTaNbHO cooTHOMeHHeM. TlomyyaeTcaA COOTHOUIeHHEe WIA 
CBASH QeEKTPOHOB B WeHTpax OKpamuBaHuA. MoKeT ObITh TAKE TOKA3AHO, UTO B adcopouuu 
oOpasy1oujuxca Tocne OOy4eHHA MpOAyKTOB dboTOXuMMyeCKOH peakUMH, MOApH3yeMOCTb 
TIPHMeCbHbIX MOHOB HIpaeT BayKHy!O POJIb. 
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LETTER TO THE EDITOR 


CALCULATION OF THE ENERGY EXPRESSION IN CASE OF A WAVE 
FUNCTION BUILT UP FROM TWO ELECTRON ORBITS 


(Received: IV. 29. 1958) 


The wave function of a system is built up by the HLSP and LCAO 
methods from one electron orbitals. In principle, however, also many electron 
orbitals may be used as building units. The use of two-electron orbitals has 
been primarily suggested by Fox [1]. In the case examined by him, two 
electron orbitals are symmetric in the space coordinates. Then the whole wave 
function can be written as the linear combination of determinants. The energy 
expression for a wave function of this type has been derived by Hur.Ley 
LENNARD-JoNES and Popte [2]. 

By us the wave function of the system is built up from antisymmetric 
_ two electron orbitals p(1|2) eee 


v(1|2) = —y(2{1)- 


Here also the spin coordinates are included in the arguments. Let us assume 
that : 
1. the number N of the electrons of the system is even ; 


2. The wave function of the system can be approximated as the product 


N 
of ir two electron functions : 


1 (1|2) Po (3/4) Ys (5/6) --- Py (V — 1|N)- 


By the Pauli principle it is required to antisymmetrize this product : 


Soe) Pi M2) 10+ Yi (2/4)... py (Ur) «+» Py  — Li) 3) 


Here C is the normalization factor, whereas P signifies those permuta- 
tions by which electrons are interchanged between the individual two electron 
orbitals. We have to sum over these. (Permutations by which electrons are 
interchanged within the individual two electron orbitals should not be con- 
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sidered, since two electron orbitals are already antisymmetrical in themselves.) 


In our case ES different permutations exist. 
22 
For the sake of further simplification of computations let us assume 
that the two electron orbitals are orthonormalized, i. e. 


{ pF (12) ye(L|2)drd7, = 1, 


| (2) 
fvFQlx)y(l|adz,=0, if ij. 


Considering these, we obtain from the condition {[O*Odr = 1, that 


N 
Q4 


OS a (3) 


If mean values of physical quantities (energy, dipolmomentum, diamagnetic 
susceptibility etc.) should be determined, then it is advisable to produce the 
density matrices /” of @: 


PUR... 9|12...9) = [7 (Or (U2... 9' 9 I. ON) O02 oe 
ale 
soul Cea wee @Eiy : (4) 


By using these, the physical quantities can be easily computed. If our 
aim set is the calculation of the energy, then it is sufficient to compute the 
first and second order density matrices (if we confine ourselves to two-body 
forces). 

Considering formulae (1), (2), (3) and (4) as well as the fact, that operator — 
H is symmetric in the electron coordinates, the first order density matrix 
will be the following : 


N 


rajy=2 Sfyt aidan, 


whereas the second order density matrix : 


N 


I? (1° 2'|12) = Svia2 yi (1|2) +4 Ss S {vt (1'|3) vf (214) ¥, 3) yj (24) — 


=i 


— pi (1’|3) yj (2’|4) 9; (2|3) vj 14) fat, dt, 
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and the energy can be written : 
E =H (0) +{H()T(V\)dry, + H (12) I? (1’ 2’|12)dt,dt,. 


Here H(0) signifies the part of the Hamilton operator not depending on 
electron coordinates, H(1) that one depending only on the coordinates of 
one electron, whereas H(12) the part which depends on the coordinates of 
two electrons. 

Let us introduce the following denotations : 


E,=25 vf (12) zo +58 02)]y (1|2)dtd7,, 


vt (1|3) vy (2|4) H (12) y; (1|3) 9; (2/4) dtd dtd 7,, 


a 


| 
qs 
A,;= >’ Ser (1|3) pF (2|4) A (12) y; (2/3) » (1|4)dt,dt,dt,d7,. 
j 
(&’ means that the term j =i should be omitted from the summation). 
’ As a final result we obtain the following simple formula 


E=H(0)+ ¥(E,+2C,—24). 


The descriptive meaning of the individual terms is the following : E; is the 
energy of an electron pair being on the i-th orbit, C; is the Coulomb-like 
interaction energy of one of the electrons on the i-th orbit with electrons being 
on other orbits. Whereas A; is the exchange energy of one of the electrons on 
the i-th orbit with electrons on other orbits. 


E. Kapuy 


Research Group for Theoretical Physics of the 
Hungarian Academy of Sciences, Budapest 
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BUCHBESPRECHUNG — BOOK REVIEW — OB30P KHHT 


E. L. Nrxouat: Theoretische Mechanik. Band I. Deutscher Verlag 
der Wissenschaften, Berlin, 1956, 282 Seiten 


In der Ausgabe des »Deutscher Verlag 
der Wissenschaften« zu Berlin erschien in 
deutscher Ubersetzung das russische Lehr- 
buch »Theoretische Mechanik« von E. L. 
Nixotatr. Das Werk besteht aus zwei Teilen ; 
der erste ist der Statik und Kinematik, 
der zweite der Dynamik gewidmet. Vorliiufig 
gelangte nur der erste Teil zur Ausgabe. Das 
Werk erreichte im russischen Original 15 
Auflagen. Mit Hinsicht auf die Fruchtbarkeit 
der russischen Lehrbuchproduktion verleiht 
diese Tatsache dem Lehrbuch schon im vor- 
hinein ein gewisses Ansehen und erweckt 
im Leser berechtigte Erwartungen. Eines 


aihnlichen zeithestandigen Charakters kann, 


sich vielleicht nur die Abraham-Beckersche 
Elektrodynamik riihmen. 

Bei der Beurteilung des Werkes ist in 
Betracht zu ziehen, dass es ausgesprochen 
als einleitendes Werk fiir Anfanger verfasst 
wurde. Die Beurteilung hat sich also in erster 
Linie auf die Anordnung des Stoffes sowie 
auf die angewandten Methoden zu richten. 
Der an den technischen Hochschulen all- 
gemein iiblichen Gewohnheit entsprechend 
bevorzugt das Werk die graphostatische 
Behandlungsmethode. Die auf das Koordi- 
natensystem beziigliche Komponentenme- 
thode ist im Werk nicht grundsitzlich aus- 
geschlossen wird aber nur der Einfachheit 
und Vollstaindigkeit halber angewendet. 

Die vorsichtige Einfiihrung des Vektoren- 
begriffes gilt als Musterbeispiel fiir die 
didaktische Sorgfalt des Authors. Es muss 
jedoch bemerkt werden. dass es vorteilhafter 
gewesen wire, die Vektorenaddition der 
Definition der Vektoren anzuschliessen, um 
so darauf hinweisen zu kénnen, dass der 
endliche Drehwinkel — der ebenfalls durch 


16 Acta Physica IX/1—2 


eine orientierte Lange dargestellt werden 
kann — aus dem Gebiet des Vektorenbe- 
griffes auszuschliessen ist. Auch ist es nicht 
iiberfliissig, darauf hinzuweisen, dass der 
Einheitsvektor als dimensionlos zu betrach- 
ten sei. Hingegen offenbart sich didaktisches 
Taktgefiihl darin, dass die Unabhiingigkeits- 
beweise der sechs auf das Gleichgewicht der 
starren Kérper beziiglichen Axiome auf dieser 
Anfingerstufe nicht Gegenstand einer be- 
sonderen Untersuchung bilden. Den Axiomen 
folgen mit Euklidischer Strenge jene Theo- 
reme, welche die geniigenden und hinreichen- 
den Bedingungen des Gleichgewichtes der 
starren Kérper enthalten. Das Prinzip des 
stufenweisen Fortschrittes gelangt hier voll 
zur Geltung. Zuerst wird die Bestimmung 
einem Punkte 
angreifenden Krafte gemiiss der Polygon- so 
wie der Komponentenmethode behandelt. 
Dem schliesst sich der Fall der verschiedenen 


der Resultierenden der in 


Angriffspunkte an, wodurch die Einfiihrung 
des Kriiftepaares benétigt wird. Die Herlei- 
tung der Gleichgewichts-iiquivalenz der Kraf- 
tepaare sowie im Zusammenhang damit die 
Addition der in einer Ebene liegenden und 
dann der in verschiedenen Ebenen liegenden 
Kriiftepaare erfolgt in instruktiver Art und 
Weise. In diesen Ableitungen bewahrt der 
Author die methodische Reinheit und be- 
niitzt iiberall das graphische Verfahren. 
Die Konstruktion des Angriffspunktes 
der resultierenden Kraft erfolgt wie iiblich 
mit Hilfe des Seilpolygons. Die Darlegung 
ist so klar und iibersichtlich, dass auch ein 
mittelmissiger Anfiinger keine Schwierig- 
keiten begegnen wird. Er wird wahrscheinlich 
nur bei der Lésung der am Ende der einzelnen 
Kapitel yvorkommenden 


sehr praktischen 
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Aufgaben verblifft sein. Die meisten Auf- 
gaben sind mit richtigem Gefiihl so ausge- 
wahlt, dass sie an die Abstraktionsfahigkeit 
des Lesers ziemliche Anforderungen stellen. 
Das Geriist der mechanischen Krafteverhalt- 
nisse muss erst herausgeschalt werden, um 
unter den anzuwendenden Theoremen die 
entsprechenden herausfinden zu kénnen. 

Das zweite Kapitel ist dem Begriff und 
der Bestimmung des Schwerpunktes gewid- 
met. Es wird nachgewiesen, dass in Falle 
homogener Korper der Schwerpunkt in einer 
Symmetrieebene liegt, falls eine solche exis- 
tiert. Im Werke sind die beiden Guldinschen 
Regeln, die sich auf den Schwerpunkt von 
Drehkérpern und Drehflichen beziehen, 
ebenfalls dargestellt. Einige lehrreiche Bei- 
spiele heben den Reiz des Kapitels bedeutend. 

Die Richtlinie der Kinematik ist natiirlich 
bestimmt. Die zu behandelnden Quantitéten 
sind die Verriickung, die Geschwindigkeit 
und die Beschleunigung. Die Einfiihrung 
dieser Begriffe erfolgt mit bis ins kleinste 
gehenden Sorgfalt. Die Beschreibung der 
Bewegung eines Punktes erfolgt zuerst durch 
Angabe der Bahn und der Zeitabhangigkeit 
der durchlaufenden Weglinge und dann 
weiter mit Hilfe von zeitabhingigen Funktio- 
nen der Koordinaten in verschiedenen Koor- 
dinatensystemen. So wird stufenweise aus 
dem Geschwindigkeitsskalar der Geschwin- 
digkeitsvektor entwickelt, und so dAndert 
sich auch seine Definition zum zeitlichen 
Differentialquotienten des Vektors der Ver- 
rickung anstatt jenes des Weges. Hier 
taucht im Leser die berechtigte Frage auf, 
ob vom didaktischem Gesichtspunkt eine 
allzu eingehende Behandlung sozusagen offen- 
sichtlicher Tatsachen richtig ist. Zweifellos 
kann ein fiir Anfanger bestimmtes Lehrbuch 
die Evidenz nicht missbrauchen, der richtige 
Weg ist jedoch nicht das entgegengesetzte 
Extrem. 

In denselben zwei Schritten erfolgt die 
Einfiihrung der Beschleunigung. Die fiir die 
Schmiegungsfliche angewandten zwei Be- 
nennungen: Tangentialebene bzw. Kriim- 
mungsebene klingen ungewohnt. Die Bestim- 
mung der tangentialen und normalen Be- 
schleunigungskomponenten erfolgt traditions- 
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gemiss durch die Einfiihrung des tangentia- 
len Einheitsvektors. 

Die Anwendung auf die gleichférmige 
Kreisbewegung wird auf spater verschoben, 
weil der Author die Behandlung der fort- 
schreitenden Bewegung und Rotation der 
starren Kérper dazwischenschaltet. Die letz- 
tere bietet Gelegenheit zur Einfiithrung der 
Winkelgeschwindigkeit und Winkelbeschleu- 
nigung. 

In den folgenden zwei Kapiteln ist die 
Frage erértert, wie die Verriickung, die 
Geschwindigkeit und die Beschleunigung 
eines sich bewegenden Punktes in irgend- 
einem Inertialsystem bestimmt werden kann, 
wenn diese in einem sich relativ zu dem 
Inertialsystem bewegenden Koordinaten- 
system gegeben sind. 

Das Problem wird fiir zwei besondere 
Falle gelést. Das zweite Koordinatensystem 
fiihrt im Verhaltnis zu dem Imertialsystem 
eine fortschreitende Bewegung aus, bezw. 
rotiert um eine feste Achse. Die hier ange- 
wandte geometrische Methode ist umbedingt 
anschaulicher, als die allbekannte analytische, 
die zum Beispiel in der Sommerfeld’schen 
Mechanik benutzt wird. Verwunderlich er- 
scheint es jedoch, dass in der in Rede stehen- 
den 15-ten Auflage das Attribut »inertial« 
noch immer nicht gebracuht ist, hingegen 
statt dessen der vollkommen veraltete Aus- 
druck »absolut fest« steht. Es stand dem 
Ubersetzer allerdings frei, den modernen 
Ausdruck zu gebrauchen. Als Anwendung 
der Ergebnisse finden wir die Ableitung der 
expliziten Form der Beschleunigungskom- 
ponenten in ebenen Polarkoordinaten. Be- 
kanntlich werden dieselben bei der Behand- 
lung der Planetenbewegung benétigt. Die 
Anwendung ist geistreich, die beiden Probleme 
sind jedoch so fernliegend, dass auch die 
direkte Ableitung der Polarkomponenten 
ratsam gewesen wire. 

Dem Geiste des Werkes entsprechend geht 
der allgemeinen Bewegung der starren Ko6r- 
per die einfachere ebene Bewegung voran 
bei der auch jeder seiner Schnitte in einer 
Ebene bleibt. 

Das weiteren werden der Geschwindig- 
keits- und Beschleunigungsplan, das Schal- 
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sche Theorem sowie das Geschwindigkeits- 
zentrum besprochen. Das Anwendungsgebiet 
besteht in diesem Falle in der Bestimmung 
_ der sich auf die einzelnen ebenen Teile irgend- 
eines Mechanismus beziehenden momentanen 
Geschwindigkeitszentren. 

Im letzten Kapitel wird die Rotation eines 
starren Kérpers um einen festen Punkt 
behandelt. Die lineare Geschwindigkeit und 
Beschleunigung eines Punktes des starren 
Kérpers wird durch den Author mit ausser- 
ordentlicher Ausfiihrlichkeit hergeleitet. Die 
Berechnung wiederholt sich bei der allge- 
meinsten Bewegung des starren Koérpers, 
die auf die Schraubenbewegung zuriick- 
gefibrt werden kann. 

Die Anspriiche des Anfangers werden 
durch das Nikolaische Lehrbuch weitgehend 
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zufriedengestellt. Zum Privatstudium kann 
ein geeigneteres Lehrbuch kaum empfohlen 
werden. In dem sich auf 17 Bogen erstreck- 
enden Werk ist sozusagen auf jeder Seite 
eine Abbildung vorzufinden, die den Text 
vorziiglich illustriert. Das Prinzip des vor- 
sichtigen Fortschreitens vom Einfachen zum 
Komplizierten kommt iberall zur Geltung. 

Die Anzahl der Druckfehler ist viel héher, 
als aus der beigelegten Druckfehlerberichti- 
gung ersichtlich ist. 

In der von X. EpER und R. RomMPE 
herausgegebenen Lehrbuchserie ist die Mecha- 
nik von NIKoLAI zweifellos ein willkommenes. 
Werk. 

Professor A. NOVOBATZKY 
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UBER DAS VERHALTNIS DES WELLENMECHANISCHEN 
ENERGIEEIGENWERTPROBLEMS ZUR KLASSISCHEN 
MECHANIK 


Von 


I. FENYES 
INSTITUT FUR THEORETISCHE PHYSIK DER ROLAND EOTVOS UNIVERSITAT, BUDAPEST 


(Vorgelegt von K.F. Novobatzky. — Eingegangen: 3. VIII. 1957) 


Das Hauptziel dieser Arbeit ist es, den mathematischen Zusammenhang zwischen 
zwei Theorien aufzuklaren und die theoretische Begriindung der von klassischen Grundlagen 
ausgehenden wellenmechanischen Naherungsmethoden zu geben. Es werden weiterhin noch 


einige prinzipielle Probleme der klassischen Begriindung der Quantenmechanik beriihrt : 


1. Im allgemeinen haben die Kigenwertprobleme keine klassisch mechanischen Grenzfille. 2. 


Die Abbildung des Problems des Energieeigenwertes auf ein Modell von klassischem 
Charakter. Die Schwierigkeiten der klassischen Interpretation der Energieeigenzustande, 
die durch reelle Eigenfunktionen charakterisiert sind. Die formale Losung der Schwierig- 
keiten. 3. Gegenseitige Eindeutigkeit der Abbildung. Die Wellenmechanik als Verallge- 
meinerung der Bohrschen Theorie. 5. Einige charakteristische Eigenschaften des »Impulses« 
u und der »Wirkungsfunktion« S. Die Giiltigkeitsgrenzen des klassischen Modells : Analogie 
zur statistischen Interpretation der Hydrodynamik. 


1. Es wird allgemein anerkannt, dass ebenso wie die klassische Mecha- 
nik aus der relativistischen Mechanik durch den Grenziibergang c—> © er- 
halten wird, so wird sie auch aus der Wellenmechanik durch den Grenz- 
iibergang A —> 0 erhalten. In einer friiheren Arbeit [1], in welcher sich der 
Verfasser mit dem Divergenzproblem der W. K. B. Methode befasste, unter- 
warf er den in der Wellenmechanik angewandten Grenziibergang A — 0 einer 
eingehenden Untersuchung. Das dort erhaltene Resultat war, dass jene 
wellenmechanischen Gréssen, die als Analogen bestimmter klassisch mechani- 
scher Gréssen betrachtet werden kénnen, im Falle von Eigenwertproblemen 
im allgemeinen an der Stelle A = 0 eine wesentliche Singularitat aufweisen. 
Auf diese Weise haben die wellenmechanischen Eigenwertprobleme im allge- 
meinen keine klassisch mechanischen Grenzfalle. Diese Eigenschaft der Wellen- 
mechanik ist nicht alleinstehend. Auch die Elektrodynamik hat als not- 
wendig relativistische Disziplin gewénlich keinen klassischen (nicht-relativis- 
tischen) Grenzfall. Wir kénnen also behaupten, dass das wellenmechanische 
Eigenwertproblem als eine notwendigerweise nichtklassische mechanische 
Disziplin keinen klassisch mechanischen Grenzfall hat. 

Das Gesagte ist ebenso vom prinzipiellen wie auch vom praktischen 
Standpunkt (Naherungsmethoden) aus von grossem Interesse. Was die prinzi- 
pielle Frage der Quantenmechanik anbelangt,so bezweifelt die obige Behauptung 
nicht die Berechtigung jener Bestrebungen, deren Ziel die deterministische 
Erklarung der Wellenmechanik ist. Der Verfasser ist der Meinung, dass die 


1 Acta Physica [X/3. 
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erwahnten Schwierigkeiten von solcher Natur sind, dass sie die Méglichkeit, | 
den wellenmechanischen Vorgingen einen kausalen Hintergrund zuzuschreiben, — 
nicht eindeutig ausschliesst. Soviel ist allerdings auch aus dem Obenerwahnten 
ersichtlich, dass das Grundprinzip der Quantenmechanik — namlich dass — 
die Messung das System immer im Eigenzustand findet — der Méglichkeit ~ 
einer deterministischen Erklarung widerspricht. Infolgendessen kann die , 
Quantenmechanik nur dann auf eine — die Existenz der verborgenen Para- — 
meter annehmende — Theorie zuriickgefiihrt werden, wenn das erwahnte — 
Grundprinzip durch ein anderes ersetzt wird. Es bleibt eine offene Frage, © 
auf welcher Art dies realisiert werden kénnte. Die prinzipiellen Aspekte dieser ~ 
Frage werden hier nicht eingehend behandelt. Das Verhaltnis zwischen — 
Wellenmechanik und klassischer Mechanik soll hier tiberwiegend von dem ~ 
Gesichtspunkt der sich auf klassische Grundlagen aufbauenden wellenmechani- © 
schen Naherungsmethoden untersucht werden. 
Die Ansicht, dass die klassische Mechanik als der Grenzfall der Wellen- 
mechanik betrachtet werden kann, beruht auf zwei wohlbekannten Tatsachen : | 
a) Werden die klassischen Griéssen durch die entsprechenden wellen- — 
mechanischen Operatoren ersetzt, so gelangt man zu giiltigen wellenmechani- — 
schen Beziehungen. 


b) In den aus der Schrédinger-Gleichung 


h2 Ap + p?y=0 (1) 


durch die Transformation 
y = exp— W, (2) 7 
h 
h 7 ’ 
y aU (3) 
ta) ; 
gewonnenen Gleichungen 
were ye w 
t 
bzw 
h 2 2 
5 IV ye a (5) 
1 


hat y eine dem klassischen Impuls, W hingegen eine der klassischen Wirkungs- | 
funktion analoge Bedeutung. Wird der Ubergang h—>0 formal durchge- — 
fiihrt, so werden fiir y und W wirklich die klassischen punktmechanischen | 
Gleichungen erhalten. 

Beide oben erwahnte Gesichtspunkte sind aber vollkommen formal, — 
sowohl hinsichtlich ihres physikalischen Inhaltes wie auch betreffs ihrer mathe-_ 
matischen Beziehungen. Der Begriff des Grenzfalls hat namlich nur dann einen 
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Sinn wenn er das Ergebnis eines gut definierten Grenziiberganges darstellt. 
Der Grenzibergang hingegen bedeutet einen stufenweisen Prozess, also ist 
die Interpretation des Grenzfalles dann nicht formal, wenn diese gleichzeitig 
eine stufenweise Uberbriickung der exakten Theorie und jener, die den Grenz- 
fall bildet, ist. Es ist offensichtlich, dass dieses Kriteriuam weder von a) noch 
von b) befriedigt wird. In diesen Fallen handelt es sich nicht um Grenziiber- 
gange, sondern bloss um formale Analogien, die vom mnemotechnischen Ge- 
sichtspunkt aus sehr niitzlich sind. Hingegen kénnen sie nicht die theore- 
tische Basis jener Untersuchungen bilden, die sich entweder auf die prinzipiel- 
len Fragen der Quantenmechanik oder auf die von der klassischen Theorie 
ausgehenden Naherungsmethoden beziehen. Werden zum Beispiel in den 
Gleichungen (4) und (5) die Glieder die A explizit enthalten, vernachlassigt 
so wird nicht der Grenziibergang A — 0 durchgefiihrt, dazu miisste namlich 
die Abhangigkeit von A von y baw. W in Betracht gezogen werden. Wird 
diese Frage untersucht [1], so stellt sich heraus, dass y bzw. W an der Stelle 
hk = 0 wesentliche Singularitaten haben, infolgedessen existiert der gesuchte 
Grenzwert nicht. Demgegeniiber charakterisiert die Aussage, dass die relativis- 
tische Mechanik mittels des Ubergangs c—> © in die klassische Mechanik 
ibergeht, einen gut definierten und sinnvollen Prozess. Die klassische Mechanik 
nahert sich namlich umso mehr der relativistischen Mechanik, je kleiner die 
in Rede stehenden Geschwindigkeiten im Verhaltnis zu c sind. Weiterhin 


v 
kénnen die relativistischen Gleichungen wirklich nach Potenzen von — in 
c 


Reihen entwickelt werden. 

Das obige Problem behandelten wir deshalb so eingehend, weil es die 
prinzipielle Basis unserer weiteren Gedanken bildet. 

2. Dem friither Gesagten scheinen jene Tatsachen zu widersprechen, die 
darauf hinweisen, dass Naherungsmethoden existieren, die von klassischen 
Uberlegungen Gebrauch machen und die haufig die Ergebnisse der exakten 
wellenmechanischen Berechnungen zufriedenstellend zu reproduzieren fahig 
sind. Solche Naherungsmethoden sind die folgenden: die Bohrsche Theorie 
die W. K. B. Methode und das statistische Atommodell. Im der erwahnten 
Arbeit [1] des Verfassers wurde zum Teil schon darauf hingewiesen, dass diese 
Naherungsmethoden von den mit dem Ubergang A —> 0 verbundenen Erkla- 
rungen unabhangig gemacht werden kénnen. Diesbeziiglich wurde dort ein 
ebenfalls klassisches Modell der Wellenmechanik angewandt, dessen Grund- 
gedanken aus den friiheren Arbeiten von L, pE BRrocuie [2] und L, A.Youne [3] 
genommen wurden. Das Modell hingegen wurde keiner eingehenden Unter- 
suchung unterworfen, infolgedessen blieben mehrere Fragen unbeant- 
wortet. Auch wurden die Anwendungsméglichkeiten nicht vollkommen 
ausgebeutet. Im weiteren soll versucht werden, gerade die obigen Liicken 
auszufillen. 


1* 
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Es ist wohlbekannt, dass L. DE Brocuie [2] bei der Untersuchung der 
Méglichkeiten der kausalen Interpretation der Wellenmechanik das Verhaltnis 
zwischen der Schrédinger-Gleichung und der klassischen Mechanik in folgender 
Form angegeben hat: Es werde die Schriédinger Gleichung 


pee PE os 0 (6) 


i Ot 2m 


betrachtet und es werde gepriift welche Beziehungen hinsichtlich der Ampli- 
tuden (y) der komplexen Wellenfunktion © und der Phase (S) giiltig sind. 
Da ; 


D= yexp— 8, (7) 


so werden aus (6) die folgenden zwei reellen Gleichungen erhalten : 


as ‘| he A 
ae) ae (8) 
oe + oe div (y2V S) = 0, (9) 
Ot m 
wo laut der Bornschen Hypothese 
y= 0 (10) 


die Wahrscheinlichkeitsdichte und Vv aie Geschwindigkeit der Wahrschein- — 
lichkeitsstrémung ist. 

Die Gleichung (8) entspricht hinsichtlich ihrer Form der Hamilton— | 
Jacobischen Gleichung der Punktmechanik mit dem Unterschied, dass in 
ihr auch das »Quantenpotential« 


Og ee (11) 


auftritt. Gleichzeitig ist (9) die durch (10) definierte Kontinuitatsgleichung 
der Dichteverteilung. Sieht man davon ab, welche prinzipiellen Interpretatio- 
nen den Gleichungen (6)—(11) gegeben werden kénnen und ohne irgendeine 
Anschauung hinsichtlich der Richtigkeit einer derselben zu vertreten, so kann 
die mit den Gleichungen in Verbindung bringbare Betrachtung klassischen 


Charakters doch in jedem Fall angewandt werden, in dem es sich um eine auf | 


klassischen Grundlagen aufgebaute Naherung (also nicht um eine Interpreta- 
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tion) der Wellenmechanik handelt. Wird nun versucht, den bekanntgegebenen 
Formalismus auf das Energie-Kigenwertproblem anzuwenden, so stésst man 
auf folgende Schwierigkeiten : 

Die Eigenfunktion, die zu einfachen Energieeigenwerten gehéren, sind 
immer reell, wire die Eigenfunktion namlich komplex, dann wire notwendiger- 
weise zugleich auch ihre Konjugierte eine Eigenfunktion (von der sie linear 
unabhiangig ist, im Gegensatz zu der Voraussetzung). 

Im Falle von entarteten Problemen, wenn zu dem Eigenwert Eigen- 
funktionen ungerader Zahl gehéren, ist von diesen mindestens eine aus dnlichen 
Griinden unbedingt reell. Weiterhin ist es auch offensichtlich, dass die komple- 
xen Eigenfunktionen konjugierte Paare bilden, aus denen reelle Eigenfunktions- 
paare konstruiert werden kénnen. Ohne die Allgemeinheit zu beeintrachtigen, 
kann deswegen behauptet werden, dass die Eigenfunktionen immer reell sind. 
Um dies auch in de» Bezeichnung zum Ausdruck zu bringen, seien die reellen 
Eigenfunktionen mit f bezeichnet. Dementsprechend ist die Schrédinger- 
Gleichung der Eigenwertprobleme die folgende : 


n? Af + pf =0, (12) 


wo p der klassische Impuls ist. Die Schwierigkeit besteht darin, dass in Ver- 
bindung mit (12) die Substitution (7) keinen Sinn hat. Es ist gar kein prinzi- 
piell begriindbarer und in der Quantenmechanik verwurzelter Grund dazu 
vorhanden, die reelle Funktion f durch eine komplexe Funktion ® zu substi- 
tuieren!.Von dem Gesichtspunkt der mit den Gleichungen (8) und (9) verbunde- 
nen dynamischen Anschauung bedeutet die Tatsache, dass f xeell ist, soviel, 
dass das in Rede stehende Problem statischen Charakters ist. In diesem Fall 
ist nimlich die Wirkungsfunktion S vom Ort unabhangig, und der Wert des 
‘Impulses VS ist gleich Null. Dementsprechend, da in der Gleichung (12) p? == 
2m (E — U), ist 


A Ay 
2m Pa 


ih == OU (13) 
d. h. die Energie besteht nur aus den zwei potentiellen Energien und enthalt 
die kinetische Energie (VS)?/2m nicht. Dies hingegen entspricht weder der 
Bohrschen Theorie, noch der W. K. B. Methode oder der anschaulichen Auf- 
fassung des statistischen Atommodells. Diese Naherungsmethoden wenden 
" namlich ausdriicklich dynamische Anschauung an. Obzwar wir unser Verfahren 
auf diese Art prinzipiell nicht begriinden kénnen, wird die Abbildung auf ein 


1 Wir erhalten (12) aus (6) durch die Substitution 
@D = f exp 2 (Et + a), 


‘welche die stationiren Probleme charakterisiert, sodass also in (12) der exponentielle Faktor 
yon ® nicht mehr vorkommt. 
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Problem von klassisch dynamischem Charakter der Gleichung (12) bendtigt. 
Es kann namlich nur auf diese Weise ein konsequentes (mathematisches) 
Verhaltnis zwischen Wellenmechanik und Bohrscher Theorie aufgefunden 
werden. Es ist der Standpunkt der Zweckmissigkeit, der die Anwendung der 
Substitution (7) in Verbindung mit der Gleichung (12) begriindet. Anderer- 
seits ware es genau so berechtigt, nicht durch die komplexe Quantitat (7) 
sondern zum Beispiel durch ein Quaternion oder auch durch hyperkomplexe 
Quantitaten von héherer Ordnung zu ersetzen. Im letzteren Fall wiirde man 
anstatt (12) nicht zwei, sondern vier, bzw. noch mehr reelle Gleichungen er- 
halten. Es bedarf keiner eingehenden Begriindung, dass der physikalischen 
Realitat solcher Abbildungen von dem Gesichtspunkt der konventionellen 
Mechanik jede Grundlage fehlt, jedoch kann das Verfahren vom praktischen 
Gesichtspunkt e2us begriindet sein, vorausgesetzt, dass man dadurch in den 
Besitz einer leicht handhabbaren Naherungsmethode gelangt. 

Es sei der Energieausdruck (13), der zu dem Eigenwertproblem (12) 
gehért, in Betracht gezogen und der Ausdruck des hier vorkommenden 
»Quantenpotentials« so formal in zwei Teile zerlegt, dass der eine Teil formal 
als klassische kinetische Energie betrachtet werden kann. Ks sei also 


Az A 1 A? A 
pee Sp 2 (14) 
2m f 2m 2m yp 
wo VS der »Impuls« ist, also 
1 
a We (15) 
2m 


die klassische kinetische Energie und 


— he (16) 
2m y 


das »Quantenpontential« des zu interpretierenden dynamischen Modells. 
Da die Gleichung (14) das Verhiltnis von S und y unbestimmt lasst, besteht 
die Méglichkeit der willkiirlichen Hinzunahme noch eines Zusammenhanges. 
Es ist am zweckmassigsten, y” auch jetzt als Dichte zu betrachten, so dass der 
fehlende Zusammenhang eben die Kontinuitatsgleichung 


div y2vS=0 (17) 


wird. Letzten Endes bedeutet dieses Verfahren, dass die statischen Higen- 
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gustinde, die durch reelle f charakterisiert sind?, durch Anwendung der 
Substitution 


fop=yexp—s (18) 


auf die »zugeordneten«, stationaren Zustinde, die durch die komplexe Wellen- 
funktion g charakterisiert sind, abgebildet werden. Es sei namlich in (12) 
an Stelle von f aus (18) g substivuiert, dann erhalt mann die Kontinuitats- 
gleichung (17) und die folgende dynamische Gleichung 


env, 


19 
2m yp (19) 


pe etal oy ae 
2m 
Das ist eigentlich eine Energiegleichung, deren Gradient die dynamische 
Gleichung ist. 

Es ist sofort ersichtlich, dass die Abbildung von (12) auf die Gleichungen 
(17) und (19) nicht ein-eindeutig ist. Mit der Anwendung von weiteren 
Beschrankungen kann hingegen die Ein-Eindeutigkeit der Abbildung auch 
gesichert werden. 

Die Gleichungen (17) und (19) sind formal die Gleichungen einer potentiel- 
len Strémung, in welcher das in (16) hervorgehobene Energieglied dic von der 
inneren Spannung herriihrende Energie bedeutet. Die Dichte des »Mediums« 
ist 

cep =v (20) 
die sich offensichtlich stark von der Wahrscheinlichkeitsdichte des ent- 
sprechenden Higenzustandes 


foie (21) 


unterscheidet. Die Verallgemeinerung der Abbildung (18) auf einen nicht 
stationaren Fall, wird so erhalten, dass die reelle Funktion die in (8) und (9) 
vorkommt, wieder durck eine komplexe Funktion substituiert wird. Wire 
die gestellte Aufgabe, die Bohrsche Theorie, die W. K. B. Methode und das 
statistische Atommodell auf einen nicht-stationaren Fall zu verallgemeinern, 
so miisste wirklich dieser Weg befolgt werden. 

3. Es sei angenommen, dass im gegebenen Fall alle Lésungen von (17) 
und (19) bekannt sind. Die Frage ist, auf Grund welcher Kriterien werden 


2In den Fallen, in denen die Eigenfunktionen auch komplex sein kénnen, diirfte die 
hier erwihnte Schwierigkeit dadurch vermieden werden, dass von der Erzeugungsméglich- 
keit der Eigenfunktionen in reelle Form abgesehen wird. Jedoch in allen Fallen, wenn zu 
dem Energieeigenwert eine ungleiche Zahl von Eigenfunktionen gehort, ist der Auftritt bestimm- 
ter reellen Eigenzustinde notwendig. Die reellen Eigenzustiinde haben also immer einen 
Sinn; ohne Beeintrachtigung der Allgemeinheit kann deswegen behauptet werden, dass 
die Energieeigenfunktionen f reell sind. Die reellen Eigenzustiinde entsprechen stehenden 
Wellen. 


iw} 
OU 
ine) 
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unter den Lésungen jene y und S ausgewahlt, aus welchen die Eigenfunktionen 
konstruiert werden kénnen. Weiter muss auch auf die Frage geantwortet 
werden, auf welche Weise die Eigenfunktion y und S konstruiert werden 
kann. Diese letztere Frage kann sogleich beantwortet werden. Dap und 7* 
eleichfalls Lésungen von (12) sind, ist die reelle f Funktion 


f=[@+9")=peos— 8 (22) 


ebenfalls eine Lésung, die bei geeigneten S und yp eindeutig normierbar und 
zweimal differenzierbar ist und im Inneren des Bereiches tiber eine vorgeschrie- 
bene Anzahl von Nullstellen verfiigt. Wenn wir wirklich solche y und S finden 
kénnen, dann sind die f Eigenfunktionen. Da die Gleichung (17) zwischen 
y und S ein bestimmtes Verhiltnis vorschreibt, kann f gemass (22) schon 
auf Grund einer geeigneten S auferlegten Forderung zur Eigenfunktion er- 
klart werden. Die allgemeine Behandlung der Frage im Falle von mehr- 
dimensionalen Problemen ist aus mathematischen Griinden zu kompiliziert, 
deswegen wird hier eingehend nur das eindimensionale Problem behandelt. 
Aus (17) erhalt man 


2 
es ds = a > y? i2 04 Onsite: ? a — ° (23) 
dx y dx wil? 
also 
a i 
{== cos — (judx + 6), (24) 
mite h 
a 1 


= sie cos ; 
Falls S die Lésung der Gleichungen (17) und (19) ist, dann ist S einwertig 
und dreimal differenzierbar, falls f ebenfalls einwertig und zweimal differenzier- 
bar ist. Die Normierbarkeit von f und die Forderung, dass es im inneren des 
Bereiches tiber eine gegebene Anzahl von Nullstellen verfiige (k-te Lésung 
mit k-] Nullstellen), kann dadurch befriedigt werden, dass laut L. A. Youne [3] 
die folgende Quantevbedingung auferlegt wird : 


{ udx = kim. (25) 


Diese Quantenbedingung bedarf in bestimmten Fallen einer Modifizierung. 
(Die Korrektion und die wellenmechanische Begriindung von (25) wird an 
einer anderen Stelle behandelt.) 

4. Man sieht, dass die Gleichungen (17)—(19) in sich zur Charakterisie- 
rung des quantenmechanischen Eigenwertproblems noch nicht geeignet sind. 
Hingegen sind die Gleichungen, die durch dieses klassische Modell charakt eri- 
siert werden, entsprechend gequantelt zur Beschreibung der Energieeigen- 
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wertprobleme geeignet. Es ist offensichtlich, dass dies die Verallgemeinerung 
der Bohrschen Theorie ist. Gemiss dieser Auffassung ergibt sich also das 
durch die Gleichung (12) charakterisierte Eigenwertproblem als die Ver- 
allgemeinerung der Bohrschen Theorie. Das bedeutet hingegen, dass die Wellen- 
mechanik naher nicht durch die Gleichungen (17)—(19), sondern durch die 
von diesen nicht herriihrenden und separat zu postulierenden Quantelungs- 
regeln charakterisiert ist. 

Der Ubergang von der klassischen Mechanik zu der Wellenmechanik 
besteht also aus den folgenden Schritten : 


a) 
B= (ysP+U. (19') 


Die obige Hamilton—Jacobi-Gleichung wird durch das Quantenpotential (16) 
erganzt zu 


R= eet, sy +U— Piad Age (19) 


2m 2am 


b) w? werde in (19) als eine Dichtefunktion betrachtet und zu (19) die 
Kontinuitatsgleichung (17) hinzugefigt : 


Sokutas}e20.0 0 (17) 


c) Die Gleichungen (17) und (19) kénnen mit der Ableitung der kom- 
plexen Funktion 


p= yexp— S (18) 


zu einer Wellengleichung zusammengefasst werden : 
Ap + p?y = 0. (26) 
d) Der erste Schritt der Quantelung besteht darin, dass die Wellen 
y und y* miteinander interferieren und so entsteht die stehende Welle : 


f=yocos F (S+0). 


e) Der zweite Schritt der Quantelung schreibt die Anwendung der 
Quantenbedingung (25) vor. 

Die Wellenmechanik unterscheidet sich also in drei charakteristischen 
Punkten von der klassischen Statistik : in der Anwendung des Quantenpoten- 
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tials, in der Interferenz und in der Phasenquantelung. Der Umstand, dass in 
der Wellenmechanik das Quantenpotential (16) am wenigsten charakteristisch 
ist, wird durch folgende Tatsache nachgewiesen. Es gibt solche Potentiale U, 
zu denen Quantenpotentiale von konstanten Werten gehéren 


AX “Ay 
2am yp 


= E, = konst. (27) 


In diesem Falle charakterisieren die Gleichungen (17)—(19) ein vollkom- 
men klassisches Problem, aus welchem durch die Anwendung der zwei Quanten- 
bedingungen (die Interferenz und die Phasenquantelung) die exakte Liésung 
des betreffenden wellenmechanischen Eigenwertproblems erhalten wird. Mit 
dem Fallenlassen der Quantenbedingungen lassen wir hingegen das Higen- 
wertproblem selbst fallen. 

Es seien alle méglichen Lésungen von (27) in Betracht gezogen und es 
seien die als Lésung erhaltenen q in die Gleichung (17) substituiert und die 
zu den einzelnen g gehérenden S bestimmt. 

Die erhaltenen Lésungen S seien in (19) substituiert, dann gibt das auf 
diese Art erhaltene Verhaltnis von U und E dariiber Auskunft, welche Probleme 
bei Behandlung gemiass der Bohrschen Theorie und der Wellenmechanik zu 
analogen Ergebnissen fihren. 

5. Es seien einige charakteristische Eigenschaften des »Impulses« u 
und der »Wirkungsfunktion« S untersucht. u kann mit Hilfe von f folgender- 
massen ausgedriickt werden. 


Es werde die Variable 
1 
Z = cos zc (j udx + 6) (28) 


eingefiihrt. Dann erhalt man einerseits aus (24) 


u = — Z?, (29) 
anderseits aus (29) 


=( udx + 0) = arecosZ, 


ihe 
a a 
iz 


u=> 


(30) 


Wird u aus (29) und (30) eliminiert, so bekommt man beziiglich die folgende 
Differentialgleichung 
2 , 
f? ji-2 
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welche durch Separierung der Variablen einfach integriert werden kann 


es du=h yi-2 
Pp ze 
aT (32) 
lpa . 2 
1+ les dx 
und so aus (29)? 
e 
“72 2 
De ew a cn — (33) 


weiterhin 


ie 
S = harctg | lag + Sy. (34) 


In erster Linie ist es auffallend, dass c und x, vollkommen willkiirliche Konstan- 
ten sind, d. h. die Giiltigkeit der Quantenbedingungen (25) hangt nur davon ab, 
welche Werte f an den Grenzen annimmt und wie oft es im Inneren des Be- 
reiches zu Null wird. Die Quantenbedingung (25) ist fiir unendlich viele Werte- 
paare x, c erfillt, so dass unendlich viele S bzw. u existieren, von welchen ein 
jedes dieselbe Eigenfunktion f erzeugt. Dementsprechend kénnen zu einem 
gegebenen p? unendlich viele u? zugeordnet werden. In dem Bereich, in welchem 
p? > 0, gehért zu jedem x ein solches u, dass an dieser Stelle 


u (x) = p(x) - (35) 


Ein anderer wichtiger Umstand ist, dass u laut der Gleichung (33) eine 
definite Funktion ist. (Sie kann hingegen an den Endepunkten auch Null sein, 
falls aber die Endepunkte unendlich entfernte Punkte sind, dann ist sie dort 
notwendigerweise Null.) Hingegen ist p nicht einmal iiberall reell, Eben deshalb 
ist es zweckmassiger, u2 und p? zu vergleichen. Solange u” iiberall positiv ist, 
ist p? ausserhalb des klassischen Bahnbereiches negativ. Dieser Umstand weist 
darauf hin, dass es nicht am vorteilhaftesten ist u durch p anzunahren. Es 
ist viel niitzlicher u durch eine solche Funktion P anzundhern, die gequantelt 
werden kann und im allgemeinen iiber dieselben qualitativen Eigenschaften 
verfiigt wie u [5]. 


3 Beziiglich einiger speziellen Falle hat auch I. Lenrer [4] den Zusammenhang (33) 
abgeleitet. 
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Betreffend die Zahl der Integrationskonstanten unterscheiden sich der 
quantenmechanische »Impuls« u und die »Wirkungsfunktion« S in bedeuten- 
dem Masse von ihrem klassischen Analogen. S enthalt drei Integrationskon- 
stanten von denen eine additiy ist, die anderen zwei hingegen sind %) und c. 
u enthalt zwei Integrationskonstanten x, und c. Das ist selbstverstandlich, 
da S durch die Gleichung dritter Ordnung 


q 


3(S8")2 it NZ 
2 taht Anes 
|| | ; ine 52 =0, (36) 


u hingegen durch die Gleichung zweiter Ordnung 


A2 


Suh Chale oe UME 
1 pp? — u® = 0 37 
4 ‘a Ze | ee Sad 


bestimmt ist. Dieser Umstand bedeutet eine uniberwindliche Diskrepanz 
zwischen der klassischen Punktmechanik und der Wellenmechanik. Man ver- 
fahrt viel konsequenter, wenn ¢ als Potentialfunktion und (19) als die Gleichung 
einer potentiellen Strémung betrachtet wird. (Von diesem Gesichtspunkt ist 
es aber gleich, ob yw? als eine Wahrscheinlichkeitsdichte oder als die Dichte 
eines imaginaren »Mediums« betrachtet wird.) 

Im ersten Augenblick erscheint der Gedanke, dass die erwahnten, un- 
bestimmten Konstanten mit den verborgenen Parametern in Verbindung 
gebracht werden kénnen, als gewinnend. Die zwei Dinge haben jedoch nichts 
miteinander zu tun. Nicht weil die vom Gesichtspunkt der Punktmechanik 
iiberfliissige Anzahl von Konstanten nicht durch ein klassisch mechanisches 
Modell interpretiert werden kénnte, dies wiirde namlich eben den Uberschuss 
bedeuten um den die Quantenmechanik vom physikalischen Gesichtspunkt 
aus komplizierter ist als die klassische Mechanik. Der Umstand, dass in der 
Quantenmechanik die Messangaben und die Eigenwerte zusammenfallen, 
zieht notwendigerweise (wie es von NEUMANN bewiesen wurde) die Unmdglich- 
keit der verborgenen Parameter nach sich. Solange also die mathematische 
Modellierung des quantenmechanischen Messbegriffes sich nicht entsprechend 
andert, ist es ein Unsinn, den Gedanken der Méglichkeit der verborgenen 
Parameter aufzuwerfen. 

6. Die laut (22) und (25) quantelten Lésungen der Gleichungen (17) 
und (19) liefern die Lésung der Eigenwertprobleme (12). Es ist also gelungen, 
durch Anwendung der erwahnten Gleichungen und Quantenbedingungen dem 
wellenmechanischen Energieeigenwertproblem ein anschauliches Modell zuzu- 
ordnen. Es besteht aber die Frage, ob dieses Bild klassischen Charakters fiir 
alle quantenmechanischen Probleme angenommen werden kann. Offensicht- 
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lich ist die Antwort verneinend. Es ist namlich auffallend, dass hier das 
Aquivalent des klassischen Impulses p \S ist, das formal auch ein klassischen 
_Charakters ist, obzwar in der Wellenmechanik in Wirklichkeit dem klassischen 
Impuls der Operator 


entspricht ; dies hingegen ist der klassischen Anschauung vollkommen fremd. 
Eben deshalb ist es bedenklich, die Operatoren und die beziiglichen Kommuta- 
 tionsverhialtnisse ohne Kritik in den Hintergrund zu schieben. 

| Es wird sofort ersichtlich, dass bei den Energieeigenwertproblemen die 
Schwierigkeit durch die Anwendung des Quantenpotentials eliminiert wird, 
hingegen ist dies bei anderen Eigenwertproblemen nicht der Fall (bzw. wird 
sie durch andere Quantenpotentiale behoben). Es sei zum Beispiel der 
Erwartungswert des zu x gehérenden Impulsoperators gebildet ; dann erhalt 
man die folgende Gleichung 


A{ , Op 8 
* (a 
j \e Ox is Ox (38) 


L 


Weite rhin ergibt sich der Erwartungswert des Operators der kinetischen Ener- 
gie zu 


ef. Ae (Af) aa limes 
| EN =| i | es. ee om | a (39) 


Im falle der Anwendung der Operatoren wird also das Quantenpotential formal 
als eine kinetische Energie betrachtet. Die einheitliche Behandlung der zwei 
Energieglieder kann jedoch nur durch Einfiihrung des Impulsoperators 
durch die angewandte spezielle quantenmechanische Mitteilung realisiert 
werden. Dadurch, dass in der Gleichung (19) dreierlei Energien eine Rolle 
spielen, wird die Darstellung der Operatoren formal vermeidbar, hingegen kann 
bei anderen Problemen keine Aquivalenz zwischen den beiden Behandlungen 
bestehen. Je nach dem, um welches Eigenwertproblem und um welche Grésse es 
sich handelt, miissen verschiedene (aufeinander nicht zuriickfihrbare) physi- 
kalische Gréssen zur Aushilfe eingefithrt werden. Ein Modell klassischen Cha- 
rakters kann also dem Eigenwertproblem einer jeden Grisse zugeordnet werden. 
Diese Modelle andern sich hingegen von Grosse zu Grésse und folgen nicht 
auseinander. 

Der folgende Vergleich beleuchtet das Gesagte noch besser. Es ist bekannt, 
dass die Gleichungen der klassischen Hydrodynamik auch statistisch inter- 
pretiert werden kénnen. In diesem Falle bedeutet die Flissigkeitsdichte 
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(entsprechend normiert) die Wahrscheinlichkeitsdichte eines auserwahlten 
Molekiils, die Geschwindigkeit der Fliissigkeit hingegen der Erwartungswert 
der Geschwindigkeit des Molekils (an gegebenem Ort und zu gegebener Zeit). 
Im einfachsten Fall, dem Fall einer potentiellen Strémung ohne innere Reibung, 
ist das Wahrscheinlichkeitsverhalten des auserwahlten Molekils durch die 
folgenden Gleichungen charakterisiert : 


U+P()+—-WS=E, (40) 


div (evS) = 0- (41) 


Auch hier kommen dreierlei Energien vor, jedoch kann durch die Einfiihrung 
eines Operators p formal erzielt werden, dass nur kinetische und potentio-— 
nelle Energien zu behandeln sind. Der Operator muss so bestimmt und eine — 
spezielle Mittelungsmethode so interpretiert werden, dass 


p=vs (42) 


und 


on P=PO + 5-05? (43) 


wird. Von dem Gesichtspunkt der angewandten Anschauung klassischen 
Charakters geschieht in der Wellenmechanik bei der Einfiihrung der Schreibweise 
der Operatoren genau dasselbe. Vom Gesichtspunkt der Hydrodynamik ist 
die Darstellung der Operatoren nur ein leerer Formalismus. In Fallen, wenn 
zur praktischen Lésung der hydrodynamischen Probleme die wellenmechani- 
schen Analogien eine Hilfe gewahrleisten kénnen (z. B. die Erweiterung von 
wellenmechanischen Naherungsmethoden in die Hydrodynamik) kann das 
Verfahren unbedingt auch annehmbar und von Nutzen sein. 

Es sei zum Schluss bemerkt, dass sowohl die in der Wellenmechanik an- 
wendbaren Bilder klassischen Charakters und auch die in der Hydrodynamik 
anwendbaren Bilder quantenmechanischen Charakters nur auf je einen 
Problemenkreis angewandt werden kénnen. Das ist eine natirliche Folge 
davon, dass sich die Erwartungswerte der Potenzen von 


ip. ©) as 
und 
tL Og 0q 
und 
y und \yS 


notwendigerweise voneinander unterscheiden. 
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Durch das Gesagte wird die Giiltigkeitsgrenze des Modells klassischen 
Charakters, das durch die Gleichungen (17) und (19) charakterisiert ist, sowie 
jene der Naherungsmethoden, die auf dieses Modell aufgebaut sind, klar 
bestimmt. Die Bohrsche Theorie, die W. K. B. Methode und das statistische 
Atommodell sind nur zur annahernden Lésung der wellenmechanischen 
Energieeigenwertprobleme und der damit lésbaren anderen Probleme geeignet. 
Wenn also das Ziel die annahernde Behandlung eines sich auf eine andere 
physikalische Grisse beziehenden Problemenkreises ware, dann miissten wir 
die erwahnten Naherungsmethoden entsprechend modifizieren. 
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O COOTHOWEHMM ME)KIY KBAHTOBOME XAHNY ECKON MPOBJIEMOM COB- 
CTBEHHbIX 3HAYUEHHM SHEP UM KJIACCHYECKON MEXAHHKOM 
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[uaBHol Wenbio paooTbl ABJIAeTCAH BbIACHeCHHe MATeMATHYCCKUX COOTHOWWMCHHH Me)KILy 
JBYMA TEOPHAMM HM MIPHHIWAMaNbHOe OOOCHOBAHHE KBAHTOBOMeXaHHYeCKUX MCTOAOB npHosH- 
}KEHMA, HCXOMALIUX M3 KACCH4eCKHX OCHOB. Ip STOM, OAHAKO, KACAeMCA HEKOTOPHIX TIPHHIM- 
THANbHBIX BOMPOCOB KaccuyecKoro OOOCHOBaHMA KBaHTOBOM MeXaHHKH. 

1. Tipo6nema co6crBeHHEIx 3HaveHuii 9HepruM BOOOMIe He uMeeT KTACCH4eCKOrO IIpe- 
jenbHOrO Ciy4as. 

2. Mipeo6pazoBpanue mpoO.embI COOCTBeHHBIX 3HaueHHH SHEP B MOfesIb KaccMue- 
cKkoro xapakrepa. TpyAHOCcTH KnaccMuecKoH MHTepnpeTanun COCTOAHHM C peasIbHbIMM Co0- 
CTBCHHBIMH PyHKWHAMU. DopMasbHoe pelleHue TpydHocreit. 

3. B3aumMHad OHOSHAYHOCTh peodpasoBannit. 

4. Kpanropad mexaHnka, Kak o000mjeHHe Teopun bopa. 

5. Hexkoroppie xapakTepucTuueckne CBOHCTBA (HMMMyIbCay UM «byHKunn felicrBus S. 

6. Tipexenb mogenn KnaccMueckoro XapaKTepa ; aHamornA CO CTATHCTHYeCKOM MHTep- 
niperaynen rusposquHaMukH. 
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The relation of RAYSKI’s systematization theory of elementary particles with the higher- 
spin theory of Frerz offers a possibility for the i-quantization of the free, bilocal bozon field. 
We introduce a relativistic invariant D-function, the properties of which are also dealt with. 
Finally the problems arising when taking into consideration isospaces are discussed. 


§ 1. Introduction 


In the quantized field theory of non-local and bilocal fields — similar 
to the case of local quantum field theory — the fields are characterized by 
field quantities, which satisfy certain commutation relations. 

In the non-local field theory such commutation relations may be obtained 
also with the quantization method [1] used by Scuwincer. This method 
serves as a basis in non-local field theory for the working out [2] of a quasi- 
canonical quantization procedure. Thus we succeed in ensuring validity of the 
usual canonical commutation relations at least on the space-like hyper- 
surface limiting the region (in which the form factor is interpreted). 

The problem is even more complicated in the bilocal field theory i. e. 
we have to go over already from the local field theory into the bilocal field 
theory by quantization. The reason for this so-called J-quantization is to be 
found in the fact that the field quantities depend also on the displacement 
operator [3]. In the bilocal quantum theory of fields the field quantities will 
be double operators, i. e. -quantized field operators and quantities which are 
subject to the Bose-Einstein resp. Fermi-Dirac quantization. 

Since the canonical quantization procedure cannot be directly applied, 
it seems advisable to search for direct methods. 

The quantization rules of the YuKAWwA theory were given by Biocu [4] 
so as to obtain, after carrying out the usual integrations, the corresponding 
commutation relations of the local field theory. 


Rayskr proceded in an essentially similar way [5] in the case of the 
bilocal particle of spin 1/, starting from an equation [6] type YUKAWA. 

The quantization of RAysk1’s theory can be given on the basis of the 
relation [3] with the higher-spin theory of Frerz. 


| 2 Acta Physica IX/3. 


262 G. POCSIK 


Owing to the fact that also YUKAWwaA’s theory is connected with that 
of Frerz [7] the computations can be repeated also in this case with due 
modification. Further on we deal with free particles of integer spin. As a matter 
of course the method can be applied also to particles of half integer spin. In 
§ 2 the commutation relations will be deduced and the results obtained 
discussed, whereas in § 3 the iso-field will be dealt with. 


§ 2. The h-quantization of the bilocal bozon field 


Let us denote by 9 (x, r) the wave function of the free, bilocal bozon 
field. p (x, r) satisfies the generalized Schrédinger-Gordon equation completed 
by the reaction force [3] 


ed {fide we oe 
Oem ery i’ Ee eae) (1) 
Q 
where a is the constant characterizing the family ; 


1 mies — 
1? (1) = (tute VnVe + 2tHVe) 


@ 


is the invariant generalization of the Laplace-operator’s radial part and 


Tat 


' : : fe) = rad WD W Y 
NG ga ah eh Win ax, 3 Views oo = Vu-:.-Voo Vo = er, é 


Let us consider the infinite series of the local (tensor or pseudo-tensor) 
Fienz fields 9 (x), p,, (x),-... The tensor or pseudotensor 9,, -- Hp (x) with 
index n describes the particle of integer spin n and has the following properties 


a) 2 OP? te, SN Sp eee ae 
b) Vu Pin sue a (Xe) Or 
€) oO. Vie ee) ae Oe (2) 


d) (Vu oa, M?) Puy om ee Pere (x) a 0 ? 


where M,, is the mass of the particle of spin n. 
The relation with the Firrz theory manifests itself in that the wave 
function 


9 (87) = 9 (2) +S Guys onl) Tine » Tan (3) 
n=1 
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satisfies equation (1) and that we obtain for the mass of the particle with spin n 


M,, = al (4n (n + 1))!4 = M, ant! He (4) 


It can be shown that also equations 


BF Vie 0, 1) 0s 
by) VuVuG (x1) = 90, (5) 
C) (Vine — 4a* L* (r)) p (x, 7) = 0 

are satisfied by (3). 


It should be noted here that the individual F1Erz fields are unambiguously 
determined by 9 (x, r): 
v(x) = lim ¢(#,r), 
>0 


LS ae 


a 
Puy.» «un (*%) = — lin Vy... un? (x, 7) . 
n! r,—>0 


| Corresponding formulae hold spinor fields. 


: In the quantized theory of fields ¢ (x), y, (x), .-.~ will be field operators, 
consequently also @ (x, r) will be one. Our task is to determine the commuta- 
tion relations, i. e. the commutators [9 (x, r), p (x’, s)] and [p (x, r), p* (x, s)] (Ss, 
is not necessarily the same as r,). 
First of all we show that 


[p (wr), 9 (x'8)] = [9* (x7), 9* (*',8)] = 9, 


in complete accordance with the local field theory. I. e. owing to (3) for in- 
/ stance 


[p (a7), 9 (*" s)] = [9 (x), 9 (*")] + = {£0 (2) Pigs «nn (2) ] 8s «Sin 


n 


ee RE) toro tS [msn (*)>Pn---om ©) 


mn=1 


‘ Ty. Oma Tun Sy, + o Sym. 


Because every commutator should vanish in which field operators belonging 
to particles of different spins occur only the sum 


co 
»: Pu, sen (x), Poy. + son (x’)] Tye s+ Tun Sr,-- Son 
n=1 


at 
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remains. The commutators occuring in this, however, yield zero according 
to Fierz. 
We obtain in a quite similar way the equation 


[ee @'.8)] = Le a9" 1 + 
od [ Cpseetermee Mey, «oer (ee) tite aha Se een (7) | 


n=1 


The value of the commutators occurring in 2 are according to FrEerz [7] in © 
the unit system A =c=1: 


[Pu,- Oa (x), 9h, er (x’)] ot tDy,. eR Artis Matene -mn DO (x a x’). (8) 


p” (x — x’) is the relativistic invariant D-function of the particle of spin n. | 
Whereas D,,...,, is a differential operator containing 2k-times (k = n, ..., 1) | 
; 
; 


differentiations. D - yn can be expressed by the operator 


thes 
d™) = Ons i. MS? Vivo (n = 1,. . ) | 


wy 


using the relation 


Du, tins “mn = N =f 1)! (2 n—- 21)! 5 
ae” Bn (n= BE 8) | 


d,”) 


Mola Val+1 26 ln in ? 


-am gin) d®™ d™) ~d™ 


Lyla + [Mel—y VIVoe ee Vol—y Vol 
P j 
n . . n . “ce . 
where S is the next integer number < ® and (u,¥) signifies the summation 


over all the permutatinos of the indices mw and ». Substituting (8) into (7) we 
obtain ! 


[p(x, 7), p*(x’,s)] = —t po (x—x') + > Dion on DOO Vir ese eet) 


n=1 


The right hand side of (10) defines the relativistic invariant function D 


nh 


D (x — x',r, s) = DO(x= x))E= > Dz. ane eae 
nat 


D(x A x) Tu, pena Tun Sy, hie «Syn (11) 


of the bilocal particle family. The series (11) is convergent in the region where 
y (x, r), p* (x, s) are defined. 
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The fundamental relativistic invariant commutation relations are given 


by (6) resp. (10) (11) 


[p (x7), (x’,s)] = [9* (*57), p* (x', s)] =0, (12) 
[ (x. r), p* (x’,s)] = —iD(x—+~’,1,s). 


By equation (12) the quantization rules of some higher spin fields are 
determined 


D® («1 —x') = lim D(«{— x’,r,s) = lm... = 


Fu=>0 S,—->9 
= lim 
ies 
s —>0 


Dg eon D(x — x) = lim (nt) P Vi. pV oo D(x — 2", 1, 8) = 
Pegs 


In the local field theory the commutation function satisfies the Schrédin- 
-ger—Gordon equation. From (12) it can be seen but it is obtained also by 
calculation that for the commutation function must satisfy the equations 
(1) (5) written for variable pairs (x, r) and (47s). 
The symmetry properties of the commutation function can be read off 
from (11). — The properties assumed by Rayski are in general satisfied, 
- D(x,r,s) is however not symmetrical under the inversions r,—> — r, or 
nS, > =e but only under r,—> — r, and 3,—> = Sy. 

It is evident that D (x, r, s) =0 is fulfilled for x) = 0 only in an inertial 
system. Neither is (Vy D (x))x,-0 = 6(x) valid, but in an inertial system 


(Vo D (x, 7, s))x,-0 = (1 + Ar, s) + (A® (r,s)? — ; A®)(r, r) A®(s, s) + 
ie Ty 


where 


A®) (r, s) = d) Ty Sy (n aol See a) 3 


pv 


§ 3. Considering the isobar spin field 


Pais was the first, who in 1953 called attention to an other variant of 
the “bilocal” field theory[8], which applies the isobar spin field (u-field) instead 
of the r-field. The theory in its present form [9] further developed Pais’ideas. 
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In a more complete theory the spin and isospin dependences have to be con- 
sidered simultanously, i. e. in the above expressions also the u-field should be 
taken into account. 

The Bose-Einstein quantization of a theory of such two auxiliary fields 


can be given by the rule 
\ 


[v (x, 7, u) @* (x’, s, u’)] = —i6(u—u’) D(x — x’, r,s). (13) 


All the other commutators vanish. 

The general characteristics of such a general field theory are the following. | 

1. The spin rotator and isotor character of an elementary particle 
are considered simultaneously. 

2. The total angular momentum is composed of three parts: I. orbital 
momentum in the x-field-++spin momentum, IJ. orbital momentum in the 
r-field [10], III. orbital momentum in the u-field+ isospin. 

3. The total mechanical mass of the particle is quantized together by 
the orbital momenta of the r- and u-spaces. 

4, Different values r and u are belonging to the spin rotator and to the 
isotor. It is a plausible assumption that r depends on the total mechanical 
mass, Whereas u on its part depending on the isospace. 

5. The spectrum of the total mechanical mass is denoted by two indices 
(a, n). Both may be either integer or half-odd integer. By the first the spin 
(n), whereas by the other (a) — with the 3-rd component of the isospin — 
the individual charge states are determined. 

For a given n more a-s are possible and vice versa. The mass spectrum 
of the individual families is determined by an entity being at the lowest 
level. 

6. For the determination of the number of particle families, families 
obtained in case of use of an r-resp. u-space have to be combined. There exist 
families 4 bib, 4 bif, 6 fif, 6 fibI., 6 fibII. (Hence there exist 8 bozon, 18 fermion 
families.) These are systematized by the order of field equations, the parity 
and by the attributum. 

7. Refinement of the model is attained by the introduction of the field 
mass. Assuming that the field mass varies only per family the problem may 
be solved by introducing the field mass into the field equation. 

It can be expected that in the elementary particle theory described in 
points 1—7 in case of interactions the strength of the effective coupling is in 
essential determined by that part of the field functions which depends on 
the auxiliary fields. The latter possibility has been pointed out by Tanaka [11], 
assuming a Fermi-type interaction. 


I am indebted to Professors J. Rayskr and J. 1. HorvArs for their 
remarks. 
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FREE FIELD OPERATORS AND THE YANG-FELDMAN 
FORMALISM 
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SCHWEBER’s and PoLKINGHORNE’s calculations on the subject are simplified and to 
some extent generalized. Free fields having commutation relations in which the inter- 
action effect is contained are defined. These fields are connected with the matrix elements 


of Ulla yel- 


Introduction 


Many results of the recent developments of quantum field theory are 
due to the extensive use of the Heisenberg picture. YANG, FELDMAN [1] 
and KAt.én [2] first formulated the relativistic field theoretical scattering 
theory in the Heisenberg picture. Starting from their formalism and especially 
from the results and methods developed by ScHWEBER [3], PorkincHorRNE [4] 
defined other free fields connected with the S-matrix having non-trivial 
commutation relations and thus containing the effets of the interaction. 

Here we shall simplify and generalise these results. Commutation rules 
are derived between the fields y, and p,, without using the interaction picture 
and free fields are defined which in special cases agree with those of PoLKING- 
HORNE. These fields are connected with the matrix elements of U [o’, o]. 
Keeping throughout to the Heisenberg picture in addition one gets simply 


the equation for the Heisenberg current operator obtained by Cinr and 
Fusint [5]. 


The Yang-Feldman formalism 


Consider for the sake of simplicity a neutral scalar field ¢ (x) interacting 
with a Dirac-field y (x). The equation of motion and the commutation rela- 
tions are in this case in the Heisenberg picture 


(O — #)¢ (*) =j(%) » (1) 
[p (x). p (x’)] = theA (x — x’), pee ty he ; 
[p (x) yp) =...=9, ( ) (2) 
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The general solution of (1) is the sum of the general solution of the homogeneous 


equation 


(CO — #7) P(x) =0 (3) 
and a particular solution of (1): 


ee} 


p(t) = [ A(x—2")d, O(x)do, (x) + [ AO (e—x)j (eax, (4) 
where ; a 
be. Hs 
0x, | / 


and A” (x) is any of the Green’s functions satisfying 
(C1 — #?) AM (x) = 0 (x) . (5) 


In order to give meaning to the improper integrals we suppose the interaction 
adiabatically switched on and off at infinity. Demanding (x) to be equal 
on the arbitrary surface o with a given y (x) we obtain from (4) 


vl) = [Ale —a') dig (w’) dow’) + f Ase —#)j @) dx” = 


ae (6) 
= 9, (x) + at A, (x — x’)j (x’) dx’, 


where 


Ag (x — 2’) = AO (x — x'y— [ A(a—= x") d5 AS a” —x') do, (x") (7) 


is the YANG-FELDMAN Green function which is independent of the index i 
because 4° — A) satisfies the free field equation. In consequence of (2) and (6) 


( — #*)9,(x)=9, 
[P. (*) » Po (x’)] = the (x — x’), (8) 
Po (x) = u-1 [o, 0] y, (x) w[o,0’]. 


u is unitary and u [o,o] 1. Denote gin(x) = p_.(*), Poy (%) = Py = (*)- 
u [+ 2, — co] = S, S is the S-matrix. Equation (6) gives 


Po%) =o (X) +f Aggy (x — x") j (x!) dx’ (9) 
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where 


Aga (#—2') = Aq(x—2") — A,(x--x') = ([ — [)A(x—2")dp d(x" —x')doy(x”) = 


=) if x € (c, 0’), 
={ =A (x — 2x’) ifx€(o,0’), o is later than 0’, (10) 
=—A(x—-x’) ifx€(c,o’), o is earlier than o’. 


In order to obtain commutation relations we determine first [j (x), 7 (y)]- 
From (6) we obtain 


[i (x). (I= f Aly — 2) 4, LI). 9 (')) doy’) + 


4 fF Aly —*) Li @) 5 @ ae (11) 


— 0 


The commutator [j (x), y (x’)] is known from (2) if we choose such a surface 
o which contains the point x, thus e. g. dropping the renormalization counter 
terms [j (x), p (x’)] = 0, retaining them 


[ 4(y — 2" dy Lj (x). (#’)] do, (’) = ihe (y — 2) (bu? + 349° (x). 


In the following we neglect these trivial terms. Thus 
+ 0 


Lj (*). 9 (y)] = i A, (y — x’) [j (#),j (#)] dx’, x€o. (12) 


From (6), (12) and (10) we obtain 


[o) 


i). WN f 4ooly —*) LU J #1 de” = 


=fAy—x)jwi@av + [40-21 @J@)ae— (3) 


+00 
— ( A(y— x) PG ()i@))a. 
If o’ > — 9, (13) is the equation for the current operator obtained by C1n1 
and Fusrnt [5]. Now (8), (9) and (13) give 


[Pon () Por (y)] = theA (x — y) + 


42 need, Co 
+ ff A gnor (% — %”) Aor (y — ©”) Li (%’) 7 (%")] dx’dx". x€o. 


We note that these commutation relations are derived without mentioning the 
interaction picture. 


272 K. L. NAGY 
Other free fields 
We can define beside the YANG-FELDMAN fields p(x) other free fields 


which might be of some importance. The simplest ones are the superpositions 
of the @, (x)-s with different indices. Thus we might define e. g.: 


1 
Psym = 2 (Pout fe Pin) ? 


Prad = Pout — Pin- 


The commutation relations of these fields can be easily determined from (14) 


[%sym (x) »Psym (y)] = iheA (x =) om 


-=| ff A(x —x’)A (y — x") [7 (x’) 7 (x")] dx’ dx” , 


[ Prad (x), Prad (y)] =f j A(x a $) A(y pels i) Lyx ‘)s J(x"))] dx' dx", 
Beside these trivial fields we define field 9,» , (x): 


Pat ot (x) c Pow (x) oh Par (x) = 
a8 Pa A 
Crp, (x) -|- | A al (x — &’) (x ) dx’ = (15) 


co 


{- 00 


Pon (x) ee i AS), (x = x)7 (x’) dx’ . 
Irom (6) we obtain 


| oo 
0 (#) = Goro (#) +f {or (@ — #4) — AGR, (2 — 2’) j (@) dx! = 


te 


= Ponat (x) _- ‘i eae (x a x’) = are (x — fe) (x’) ihre 6 (16) 


oo 


The field p,.,, . agrees with the ob’, the Puwyig o (with ehs b" field of 
PoOLKINGHORNE [4]. From (14) and (15) we get 


- [Porrran (2) s Pore (¥)] = the (x — y) + 
ff (Aiden ( — 2!) + AGL (@ = 2) AG), (y— a") + 8 Ey (1) 


+ (Aids (% — 3°) + ASR (x — 2°) AG) (yy — "LG 2’) 5 FG") da! dx” 
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Scattering theory 


Before starting to study the scattering matrix elements we want to estab- 
lish the connection between the interaction picture field and the fields ¢, (x). 
Operators in the interaction picture which agree with Heisenberg operators 
at the surface o, are defined as follows : 


Q (x) = U-! [o, oy] 2;(x) U [9, 9], xEO , 
U [o,0,] = Pexp|— _ (Hi, (x) dx - (18) 
Cie 
These give in particular (_] — “*) 9; (*) = 0, thus 
Pi (*) = Pag (*) - (19) 


Comparing (8) and (18), noting that p (x) = 9, (x) if x€o and that u transforms 
also the y field in form (8), we conclude that u apart from an irrelevant num- 


ber phase factor c equals U. Equations (8), (9), (18) and (19) lead to 


Po (x) = Vi (*) + ng A gay (% — %’) j (x') dx! = (20) 


Ee toelanetic. oly 


where x is arbitrary. Specialising o, = 0, o= 1 we have rederived 
ScHWEBER’s formulae without having used detailed properties of U. From 
(20) it follows that g) (x) U+ [o, o)] ¥ = 0, if g(x) ¥ = 0. 

From the above formalism we can write down the S-matrix elements 
in different closed forms. Now we study for the sake of simplicity the meson- 
nucleon scattering. Consider the matrix element of U [o’,o] between the states 
p@ (x) U [o’, o] Wand pi (y) where YW describes a bare nucleon in the 
state a or b: VY, = yo (b) ®,, P, the bare vacuum thus gy UE ¢ iw, = 0. 
From (20) 


U[o’, Olan oot (U [o’, o| bid ° i i (x) U [o’, o| ge (y) Y;) = 
= (U [09,0] Mas 97) (*) PUY) U [40 9] Yo) = (21) 
= (U [69,0] Ma [PS () 5 (y)1U [oo] ¥) 
Applying the commutation relation (14) we can explicitely write down this 


matrix element containing only j-s. Using instead of p, and 9, fields the ,,< 


field 
U fo’, oop = (U [59.0] Va» [ohi2 (#) 952 (9) U [oe 7] ¥,). (22) 
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Relation (17) gives naturally just the same value for the commutator as (14) 
in (21). The state functions depend now on the choice of 6). We obtain the 
simplest matrix element if we choose 0, = 0. If o-» — co the choice o, = 0 
has also some advantages, for then 


where according to the results of GeLL-MANN and Low [6] Wp is apart from 
a (infinite) phase factor the state function describing the true vacuum. The 
single nucleon states are steady states, that is te say eigenstates of the 
S-matrix, therefore p}) (x) U [-- 0°, — 00] Yaw gy}? (x) Ma and thus Sq» ob- 
tained from (21) or (22) agrees with the scattering matrix element obtained 
by PoLKINGHORNE: 


U[0, —co] ¥, = U-1[— 00, 0] yf (b) U [—c0, 0] U [0, — 20] By = 
= WC) (b) Pos 


Sap = ihcA\) (ey) 05, — 
| [+ } 
— ff A (& — 21) AO (y = 2") 0 (x! — 2") Li (#), J ("de ade” 


Similarly 


AuSsonwe 


(S— Van = Ton = (Wa L923 (2) 5 ofp? (91%) 
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ELEMENTARY METHOD FOR THE CALCULATION OF 
THE LATTICE ENERGIES OF THE NaCl CRYSTAL It 


By 


F. FAtnuy and F. Bukovszky 
INSTITUTE FOR EXPERIMENTAL PHYSICS OF THE UNIVERSITY OF BUILDING SCIENCES, BUDAPEST 


(Presented by Z. Gyulai. — Received : 24. II. 1958) 


In a preceding paper a simple method was given by the authors for the calculation of 
the lattice energies of NaCl-type crystals using elementary mathematical methods [1]. In 
the present paper the method is further developed. The binding energy is given of an ion 
situated sideways at the end of the (half) ion chain infinite in one direction, and that infinite 
in two directions. By the method given the numerical calculation is simplified further. 


a 


For crystals of NaCl-type — considering Coulomb forces only — the 
binding energy of a further ion which is being built into an already existing 


erystal body is [2] 
2 


(ie OW, 
d 


where e is the ion charge, d the smallest ion-ion distance. The dimensionless 
proportionality factor M gives the binding energy numerically in e?/d units. 
Our task is the determination of this proportionality factor. In the following 
we shall for simplicity’s sake speak of binding energy, when meaning determina- 
tion of this proportionality factor. For NaCl the stated energy unit is e?/d = 5,1 
electronvolts. 

In carrying out computations the individual ion chains are of particular 
importance, therefore the proportionality factor related to ion chains will be 
denoted for distinction by ¢. If the ion which is being built in is imagined, as 
is usual, to be a small cube and the crystal body is broken up into ion chains, 
— the built-in ion being situated on the lattice plane formed by its ends 
(Fig. 1a) — then the binding energy is given by the formula 


1 
a 1) 
Tecae (1) 


o(a)= > (-9" 


where |/a signifies the length in d units of the straight line between the built-in 
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ion and the ion chain considered!. For accuracy of up to seven decimals in 
case of higher values of a the simple asymptotic formula has been used. 


1 
2Va 


The values g thus computed and included in a table ([1], Table I) give 


p (a> 25) ~ (— 1)" 


(2) 


the possibility to determine the binding energy for an ion built into crystal 


a) B) fo 


( | 
ge) 
PERSE SZ, 
OUCH ere ne Sew (IF 
0 Vn2+a ya) 


co n+a-7 
Ee 1 
| | YQ) 2 (1) 


Fig. 1. Binding energies of ion chains in different positions: a), y (a), x (a) 


bodies of different forms and sizes. In several cases, however, we attain our 
aim in a much simpler way if we know the binding energies also in the positions 
corresponding to the figures 6 or y of Figure 1, hence when the built-in ion falls 
in one plane with the ends of the half chains or the chain is infinite in both 
directions. In these cases the proportionality factors will be denoted by yw (a) 
and x (a), respectively. 


§ 2 


Let us separate the first element of the half chain in the case corre- 
sponding to figure 6. Its binding energy is (Fig. 2) 


es 
Wy (a) = (= 1) Va ’ 


1 It seemed advisable to change to a slight extent the denotations of the first paper [1]. 
The quantity given by equation (1) was earlier denoted by 9. 
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whereas the binding energy of the remaining half chain will be 
7 (a) , 


thus we obtain for the original half chain 


(a) =(- = + 0a) = 
(3) 


Fig. 2. For the calculation of (a) 


From equation (2) it follows that from the point of view of our calculations 
for high values of a 


v(a>25)a(— = + (- v (a), (4) 


| MN 
2a 
ie. it is sufficient to determine the value of y(a) only up to a= 25 
(Table I). 
Finally, the binding energy may be calculated also for cases when the 
chain is infinite in both directions (Fig. 1 y). For this we find according to 
equations (1) and (3) 


sas 1 
a) = y (a) - a)= Y(— 1)?*o1 —___—., 5 
x(a) = 9 (a) +90) = (— Nt (5) 


For growing crystals the bulk of the building-in takes place far from edges 
and peaks, where we may compute using values 7. We obtain owing to (4) 


y(a>25)=0, (6) 


3 Acta Physica 1X/3. 
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Table I 

a 7.) ¥(@) AC) 

0 0,6931472 = = 

1 — ,4409176 0,5590824. 0,1181648 
2 53399177 — ,3671891 — ,0272715 
4 52481668 — ,2518333 — 0036665 
5 — ,2227796 92244341 0016545 
8 ,1766618 — ,1768917 — 0002299 
9 — ,1666015 ,1667318 | ,0001304. 
10 ,1580759 — ,1581518 | — ,0000759 
13 — ,1386660 11386841 | ,0000181 
16 »1249975 — ,1250025 — ,0000050 
17 E212 662 »1212694. ,0000032 
18 ,1178499 === Agen | — 0000025 
20 ,1118030 — ,1118039 | — ,0000009 
25 — ,1000000 ,1000000 ,0000000 


which means that ion chains being 5 or more lattice constants distant from 
the built-in ion already do not contribute to the binding energy”. In Table I | 
numerical values of functions (a), wy (a) and x (a) are contained up to a = 25. — 
Further values for y and y (owing to (4)) can be taken from Table I of paper [1]. 

So as to be able to use the introduced three functions, the values of a 
belonging to the individual ion chain are needed. These are given by the “‘map” — 
illustrated in Figure 3. The plane of the map is normal to the direction of the 
parallel ion chains, Ois the place of the built-in ion. It follows from (6) that | 
in case of the function 7 only fields within the thick line have to be taken into | 
consideration. ; 

A geometrical meaning may be given to the results obtained up to now. — 
Let us consider all the ion chains of infinite length in both directions, for which 
the value of a is the same. These constitute a cylinder, the axis of which may 
be taken to be the z axis of the coordinate system, the equation of its basic 


circle is then given by 


aly Oh 


The reciprocal of the cylinder diameter appears in the right-hand side 
of the asymptotical formula (2). 

It follows from (6) that the binding energy of an ion inside the crystal trunk 
is the same as if the crystal trunk were constituted only of ions within the 
cylinder. 


* For the very quick convergence of y (a) > 0 see Kossen [2], Fig. 5. 
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We may call this cylinder the efficiency cylinder in analogy with the effici- 
ency spehere used for the interpretation of surface phenomena of fluids. The 


Fig. 3. The ‘‘map” 


[5) xy 


V7.1 | 4| 9 | 16] 25] 36 


1, 
y( . 


Fig. 4. Binding energies 


middle part of the map which is framed by a thick line corresponds to the 
inside of the basic circle of the efficiency cylinder. The inner energy content 
of the efficiency cylinder is the Madelung constant’. 


3 One of the authors (BUKOVSZKY) succeeded in determining in a relatively simple way, 
summing over the coaxial cylinder shells, the value of the Madelung constant also for CsCl. 
A respective publication is in the press. 


3* 
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§ 3 
Some instances are given for the use of the map and Table I. The indi- 
vidual figures of our Figure 4 require application of functions y, y and x for 
the computation of the binding energies.In Figure 4a the binding energy is given 
® = 9 (0) + 29 (1) + 9 (2) + 9 (4) + (5) + 
+ » (9) + 2p (10) = + 0,3261672 , 


which may for short be written as follows : 
y (0,2-1,2,4,5,9, 2-10) = 0,3261672. 


In Figure 46 the ion laterally joins the end of the band consisting of two 
chains and the binding energy is then obtained as 


yp (1,4) = + 0,3072492. 
Finally in Figure 4y the energy is 


7 (1, 4,9, 16) = + 0,1146236. 


Our latter result corresponds to the value obtained in [1] 
OO — + 0,114624 


and shows that the use of the functions introduced here means a further 
considerable abbreviation in the numerical calculations. 

The advantage gained by their use will be even more striking when 
determining the value of the Madelung constant’. This requires — when 


4 Calculations have been carried out anew for 8 decimals. Results are published for 
seven decimals. 

5 Jn the meantime one of the authors had occasion (September 7, 1958, BuKovszky) 
to meet Professor EMERSLEBEN. From the discussions we report the following : 

The value of the Madelung constant has been repeatedly and with great accuracy deter- 
mined by EMERSLEBEN for NaCl. See: EMERSLEBEN: Der Wert der Madelungkonstanten des 
Steinsalzgitters, Kritische Zusammenfassung, Wissenschaftliche Zeitschrift der Universitat 
Greifswald, ILI.607—617. 1953/54. In this review a critical description with detailed literature 
of the methods known for the determination of the Madelung constant may be found. The 
following quotation is taken from page 609 of that paper ‘‘the methods of calculation usually 
make extensive use of complicated mathematics, so that not every user can be expected to 
be able to check these numerical values”. Later on page 612 we read: ‘‘The series may indeed be 
summed. However, this way does not yet seem to have been followed directly.” This refers to 
the non-convergent EMERSLEBEN formula quoted on page 101 in the first part of our present 
paper [1]. 

The two sentences quoted may justify the present paper. Namely the elementary method 
described in it follows the path mentioned in the second sentence and by it anybody, who is 
interested, is enabled to check the published calculations, a procedure which is always highly 
desirable. 
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using our Tables and our short way of writing — a few summations only : 


@ (M) = 29 (0) + 47 (1, 2,4, 8, 9, 16, 18) + 
+ 87 (5, 10, 13, 17, 20) = 1,7475652 . 


§ 4 


It was only after part I [1] of our present paper had been written that 
we became acquainted with FRANK’s approximative method [3] which set 
itself aims similar to ours : “The most important of lattice sums have by now 
been evaluated at the cost of considerable labour: but there are still many 
which one often needs or would like to know especially for bounded lattices 
of for off-lattice points. It is not too late to welcome an improved method.” 
Let us consider briefly this method and compare it with the one described 
here. 

Frank decomposed the crystal body into cubes of edge length d, the 
ions being situated in the centres of these cubes. The system of ions con- 
sidered as point charges is equivalent to the sum of the following two charge 
groups : 

1. 8 point charges each of a magnitude e/8 placed in the corners of 
the cell. e 

2. one charge e in the centre and 8 charges of magnitude — e/8 each in 
the corners. ’ 

Potentials of the individual charge groups are considered separately 
and unified subsequently. 

The summation is simple for crystals of NaCl type. In order to check 
the method FRANK computes the same two cases as we, namely — in our 
denotation — the values of p (a) and ® (M). The formula valid for the first 
case 


1 
aw fens £f 

a (0) en (0) I ( 1) VQn+1)?+2 Rg (0) a R,, 

attains within a strikingly short time the value of In 2 if for n = 14 q@p is 
correct up to 6 decimals. The convergence is improved to a great extent by 
the residual term R,. As regards the computation of the Madelung constant 
FRANK’s considerations are similar to EvJEN’s [5] summing over the cube 
shells and placing into the external 8 corners of the external cube shell point 
charges of magnitude - e/8, the sign of which is opposite to the sign of 
the extreme lattice ion. Thus, however, we obtain already for the first narrow 
surroundings very cumbersome sums ; for a surrounding of side edge 5d 
10 terms are obtained, whereas for the side edge 7d 19 terms have to be summed, 
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and as, when forming the terms, no regularity appears, the summation is not 
quite simple. This method is used and described in the interesting paper of 
Lipemann [4]. 

The efficiency of FRaANK’s method corresponds approximately to ours, 
described in part I of this paper [1], it is, however, disregarding the single 
computation of g (0), more complicated. LUDEMANN also mentions time- 
vasting computations. The method could of course be further developed. 
Thus for instance in FrAnK’s formula for the approximative calculation of 
gy (a) the general remainder term 


1 
V@n+1)?+(2a+12+1 


R,=(-—)r 


may be used. The convergence, however, deteriorates with increasing a. Thus 
for instance already in case of ¢ (2) for n = 20 only the first three decimals 
are obtained correctly. 

The extension of our method presented here makes possible — using 
the energy values published in our Tables — to write down directly the binding 
energy of the ion at an arbitrary point of the crystal trunk. This was primarily 
necessary for the interpretation of particular crystal forms, observed by 
GYULAI, namely for the interpretation of needles and plates precipitating from 
a saturated solution [6]. A fyrther advantage of our method consists in that 
the natural system given by the ions of aequidistant point charges of alternat- 
ing signs and equal magnitude is not broken up and the known difficulties 
are overcome by applying an adequate mathematical apparatus by which 
calculations are not only abbreviated but lead quickly to more correct results. 
In practical applications our method proved to be good [7]. 

The authors are greatly indebted to Prof. ZotrAN Gyutat for his interest 
and assistance. 
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3sIEMEHTAPHbIM METO], BbIUMCJIEHHA 9HEPPMM PELWWETKM KPHCTAJVIA 
NaCl 


®, PATH u ©, BYKOBCKM 


Peswme 


B npeabiqyuyelt padotre aBropbl Aas mpocro MeToj C 9J1eMeHTAPHbIM MeTeMaTHY¥eCKUM 
annapaToM JIA BbIYHCIeHHA SHEPru peUleTKH KpucramoB Tuna NaCl. B wacronmei padore 
OHM MpoOsOIKAaWT B pasBHTHM MeTOMA. Ouu ompexenmorT sHeprui cBxAsH GOKOBOTO HOHA Ha 
KOHL IeMO“KM HOHOB, MosyOecKOHeYHOM B OAHOM HanpaBseHHH, WM 9HeEprHMio CBASH MOHOB 
Ha OOeHX CTOpOHaX Weno4uKH, GecKOHeYHO! B oOoUX HanpapseHHAXx. Ita MOAMpUKALMA La1ee 
yipoctut HymMepHueckyt0 paooty. 


ON THE CALCULATION OF INTENSITY SCATTERED 
BY FINE-CRYSTALLINE COALS 


By 


P. SzABo 
CENTRAL RESEARCH INSTITUTE OF PHYSICS, DEPARTMENT FOR NEUTRONPHYSICS, BUDAPEST 


(Presented by L. Janossy. — Received: 25. II. 1958) 


Intensity scattered from fine-crystalline coals is dealt with as a function of crystallite 
dimensions for disorders of different extent. It turns out from the discussion that types and 
extents of the disorder are not correctly taken into consideration by intensity relations used 
generally for the determination of crystallite dimensions, Owing to this fact the erystallite 
dimensions determined in the usual way are not quite correct. Disorder is taken into account 
in a suitable manner in our treatment, thus making possible experimental determination of 
the disorder and — in addition to a more correct determination of crystallite dimensions — 
helping to a better knowledge of the structure of fine-crystalline coals. We outline the kind 
of neutron diffraction measurements which should be carried out in order to exploit this 
possibility. 


I. Former work 


Already before 1941 many authors have been concerned [1] with the 
determination of the crystallite dimensions of fine*crystalline coals (active 
coals, carbon blacks) from Debye-Schérrer line widths. These measurements 
greatly contributed to the formulation of the idea which we have about the 
structure of these coals, which are also important from technical viewpoints. 

With the decrease of crystallite dimensions, intensity ratios charac- 
teristically vary in the interference pattern. According to ARNFELT [2] the 
features of the interference pattern can be explained briefly in the following 
way. As the crystallite dimensions of the graphite are diminishing, disorders of 
ever greater extent appear in the structure of crystallites. This disorder con- 
sists in that the grating planes normal to the hexagonal crystallographic axis 
dG — remaining parallel and equidistant — are irregularly shifted and rotated 
with respect to their positions given by the graphite structure. The extent of 
disorder is the greater the smaller the crystallites. 

For the determination of crystallite dimensions of such types of graphites 
from Debye-Scherrer line widths the same calculations are currently used 
as for the determination of dimensions of disorder-free crystallites and thus 
this method would certainly have had to be justified. 


II. Warren’s method 


In 1941 calculations were published [3] by WARREN which seem to justify 
this method — if the latter is modified to a certain extent. Since then the 


286 P. SZABO 


determination of crystallite dimensions of fine-crystalline coals from Debye- 
Scherrer line widths has been carried out on the basis of WARREN’s calcula- 
tions [4]. 

The X-ray scattering of crystallites consisting of N, uniform grating 
planes parallel to each other and at a distance a, from one another with edge 
vectors N,d, and N,d, is dealt with by WARREN under the assumption that 
these planes occur in the individual crystallites shifted parallel to ad, and a, 
completely irregularly with respect to their positions determined by the graphite 
structure. (d,, @, d@, are edge vectors of the orthohexagonal elementary cell 
of the graphite, N,, N, and Ng are whole numbers.) 

We obtain the intensity scattered by random crystallite agglomerations 
in a certain direction by integrating the intensity scattered by one crystallite 
over all the possible positions in space of the crystallite. This integration should 
be carried out over the rectangular reciprocal grating coordinates A,, A5, A; 
as variables over the surface satisfying the condition 


ararets 


a, ay 


2 2 sin & 2 
lm |; 


a 


where @ is the so-called angle of reflection and A the wave length of the X-rays. 
In the following such integrals will be called briefly ‘integrals’. 

WaRREN’s calculations start from the following statements : 

1. From among the reflections of graphite in case of fine-crystalline 
coals only reflections of two types occur. a) The first one is of such a type which 
may be expected from completely disordered agglomerations of the above- 
mentioned grating planes. Hence these reflections can be characterized by 
two indices (hk) and their intensity is given by the integral of the function 


aA ae 
, sint'aN A,  sin?aN, A, 


sin’ A, sin? 7A, 


Fy (x) 


where | F 2 is the structure factor of the space lattice of graphite. b) The 
other type corresponds to the (00l) type reflections of graphite and the in- 
tensity of such reflections is given by the integral of the function 


sin? N,A, sin? aN, A, __ sin? aN,A, 


sin? 7A, sin? 7A, sin? 7A, 


[FP (xx) 


where | F P means the same as before. 

2. In case the grating planes — apart from the abovementioned shift- 
ings — are in addition rotated irregularly, this no longer changes the occurring 
reflections. 
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i) 
= 


III. Shortcomings of Warren’s calculations 


Frem the following considerations we shall see that in spite of WARREN’s 
statement (see loc. cit. equation (40)) we have to put in the place of | F 2, 
not the crystal structure factor of the graphite lattice, but the structure 
factor of the grating plane belonging to the planes in question ; the statement 
I/ais even so only correct when very great irregular shiftings may occur, which 
are much greater than a, and ay, respectively; neither in this case is 
‘statement 2) exact; statement 1/b is just the less exact the greater the 
shiftings. 

The assumption of very great shiftings seems in itself physically not 
permissible. We obtain for N,, N,, N, determined on the basis of WARREN’s 
calculations very often (for instance for certain carbon blacks) very small 
whole numbers and the result that the crystallites are very small is in accordance 
with other (for instance adsorption) experiments. The assumption of great 
shiftings of small grating planes is, however, evidently in contrast with the 
assumption of parallelity of the grating planes and of their having a fixed 
distance from each other of which use is made in the calculations. 

Therefore in the following — in addition to confirmation of the above 
statements — we endeavour to establish what kind of deviations from WARREN’s 
formulae are obtained if instead of assuming possiblity of very great shiftings 
smaller, plausible shiftings are taken into account, for instance shiftings of 
sizes up to a, and ag, respectively, in directions @, and @,, respectively. 


IV. Computations 


Let us denote by 


To = Xy My + Xq dy + X3 dg (1) 


the place vector of the individual elementary cells. Omitting simply the fac- 
tors which may be practically considered as constant in the above-mentioned 
integration (which were considered so also by WARREN) the intensity is given 
by the integral of the average value of the sum 


| Bs on i(x, A, Mita.) 


(2) 


(i is the imaginary unit). The summation refers to all the elementary cells of 
the crystallite, whereas the averaging is to be carried out over all possible 


| valuésvor +). %3,. x3. 
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1. Possibility of small shiftings 


Let us denote the shiftings of the grating planes in question of the 
erystallite (distinguished from one another by the index ng) by 6p @, and 
. . 3 
En, dg, respectively. Then the average of expression (2) can evidently be 
written 


N N, Ns oni {( Py Cy: \A , i 
eee: SS mi [ry +8, JAY + (Na +e, JAs +n Ag _ 
= ss = e 8 3 


average 


= 
I 
e 

= 
ll 

= 
| 
- 


Spee) 2 -) Nu \2 
sin? HN, A, | sin? WN Ag) SS aallnads +o, Ay + Eng A2)| 


: ; e 
sin’ A, sin? wig hes javerage 


sin? aN,A,  sin*2N,A, 


= A : x (3) 
sin? A, sin? 7A, 
| keane aie 
x Nz whe > ert [ita— m)As4 Ons Ont At { (ng en )A2] — 
nj=1 nel average 


_ sin? aN,A, sin? aN, A, 
sin? 7A, sin? 7A, 


- f(s). 


Assuming now for instance that 0 < 6,, < 1, as well as 0 < & < 1, the ave- 
: =. 
rage of the general term of the double sum occurring in f (Ag) will be 


1 
Sti eh Kes nAse Ong OnAr a (a, &nyJAr] don, doy’, den, den, = | 
0 (4) 


1 P ’ 
—_—____—¢@ins-n)As sin? A, sin*2 A. 
m4 A? Az 


Hence the average value of f(A,) becomes 


2 1 : R Ns _Ns , 
f (As) = Ng + Crs ~~ sin? tA, -+sin?2A, S' >’ ea 
1% 


2 42 
Aj AS m= n=1 (5) 
ny-ns 
N, ; sin’aN, A 
= N, — mer sin? 7A, - sin? A, + - ~ sin’ A,sin®7 A, ——*4., 
4 A? Az m4 A? AB sin’ A, 
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Substituting f(A,) from (5) into (3) we obtain 


N sin’, A, sin’7N,A are Ns sin’aN, A, sin’N, Ay 


E B 
sin’ A, sin’z A, zt Az Az 
ie ae ¥ (6) 
L 1 _ sin wN,A, _ sin tN,A, _ sin? aN,A, 
ae A? Az sintwA, 


The intensity is therefore given by the integral of the last expression and it 
can easily be seen that it will differ from the integral of (x) as well as from 
that of (xx) (both deprived from the factor | F 2, which is considered here 
as constant). 

In complete analogy with the above derivation the intensity can be 
dealt with in case of any other condition referring to the region of 6,, and 
n,, resp. The different conditions lead to different expressions analogous 
with (6). 

In the limiting case when the extension of these regions is 0, which cor- 
responds to the completely regular space lattice of the graphite, as a matter 
of course (6) goes over into the formula (xx) referring to space lattices (if we 
omit there the factor |F /?). 


2. Possibility of very great shiftings 


If we allow for a variation of 6,, and En, not from 0 to 1, but in a much 
greater range, then averaging carried out in analogy with the above will 
lead in cases A, 0 and A, # 0, hence for reflections of type (hk), indeed 
to (x) (if we omit there the factor | F'?). 

The expression (xx) given for reflections of type (001), however, can 
be least applied just in cases when very great shiftings are possible. In the 
case namely, if A, and A, do not differ too little from 0, the phase shiftings 
6n, A, and &,, A, become quite uncertain. Thus in such cases the averaging 
denoted in (3) leads not to (xx) but to (x). On the other hand, in a very small 
surrounding of A, = 0 and A, = 0 the averaging carried out in an analogous 
manner to that in point IV. 1. does not lead either to (x) or to (xx). Finally, 
if A, and A, are exactly 0, then the averaging leads to (xx). 

Accordingly in case of reflections of type (001) formula (xx) has to be 
replaced by formula (x) for all values of | A,| and | A, |, respectively, bigger 
than a certain value. This value depends on the size of shiftings considered; 
i.e. the greater the shiftings taken into account the smaller is this value. As a 
matter of course, with the decrease of the extent of permissible shiftings (xx) 
means an ever better approximation in case of the (001) interferences. This 
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may be guessed also in advance: if the permissible shiftings decrease to 0, 
then we come back to the case of the exact graphite space lattice for which ] 
(xx) is exactly valid. 


3. Joint effect of shiftings end rotations 


When in the graphite space lattice the grating planes are rotated | 


through different angles B,, around a selected axis ds, then instead of (1) — 
evidently 


"s a S a 
n= In cos Bn, — Ny —* sin By,| & + 
ay 
a. » - ule 
ae In =~ sin Bns + Ng cos Pn diz + ng dg Ga) 
a 
2 


should be written. Whereas if apart from this also shiftings occur, then 


a 
- 2 . - 
7, = |n, cos B,, —n, —- sin Bn, + 2, dy + 
a 
1 
(1”) 
et a, . e 2 
+ |n;— sin By, + n, cos Bn, + En,| Go + 3 Gz . 


9 


r4 


Thus now expr. (2) will become 


2zi| 


2 
a fr ce sin Bng + Ny cos Bp, + 2 A, +n, 4a| | 


ay | ee 


(ib ) 

n, cos By, — Ne = sin Bn, + 9n, 
a 

1 


N. Na 
[22 2° A, + 


(7) 


If the angles £,, with equal probability take up each value between 0 and 2a 
then (7) can be written 


il 2a ah Nz 
ae BP 


4 a . 
270i In cos By, — n, cos Bp! — ng— sin Bn, + 


ay 


non Gos 
+ |n,— sin Bn, — nj —* sin By + 


a a, (8) 
+ n, cos Bp, = n, COS Pu Aal dBn, AB ni, « 


, @, 
+--+ n,— sin Pr A 


ay 


| > exp 2nt (ng Ag + On, Ay + En, A A) 
} Wav rag: 
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The second factor of (8) agrees with f(A,) in (3). The first factor of (8), however, 
evidently does not lead to the expression (x) deprived of its factor |F 2 which 
forms the first two factors of (3). Hence (8) differs from (3) and thus the 
effect of irregular rotations does not agree with that of irregular shiftings 
indeed, in contrast to WARREN’s assumption. 


4. Crystal structure factor 


Hitherto only the intensity arising from the points indicating the elemen- 
tary cells has been dealt with. The effect upon the intensicy of atoms the 
position of which inside the cells is determined with respect to the points 
indicating the elementary cells can be taken into account by the structure 
factor | F|?. Its relatively slow variation with the scattering angle practically 
does not affect the calculation of crystallite size, but evidently influences 
considerably the absolute intensity of the different reflections. 

WarrEN in his calculations applies the | F [2 referring to the graphite 
space lattice. (See WARREN, loc. cit., equation (40).) Owing, however, to the 
shiftings, whether great or small, assumed in his calculations, the condition 
according to which the positions of all the atoms in the elementary cells of 
the graphite are fixed with respect to the points indicating the cells, is no 
longer fulfilled. The graphite structure is namely such that between two 
grating planes lying at a distance a, from each other there can be found an 
identical grating plane at a distance 1/, a, from them, but shifted in a given 
manner parallel with these two planes. There is no reason to assume that 
in case of disorder each such “intermediate” grating plane will be shifted, 
respectively rotated, exactly together with — say — the grating plane lying 
below it, in which case we would have to deal not with shiftings of individual 
grating planes but of pairs of grating planes. (In this case in spite of the dis- 
order, an | F 2 identical with that belonging to the original space lattice would 
have to be used.) 

Owing to the equivalence of neighbouring grating planes only the assump- 
tion seems to be justified that the above-mentioned possibility of irregular 
shifting and rotation holds for all the grating planes being at a distance 1/, a, 
from each other and normal to dz. 

Accordingly, in the above expressions the following modifications have 
to be performed. 1. We have to put 1/, d, instead of d, and Nj is to be under- 
stood as the number of such grating planes to be found in one crystallite. 
This modification does not affect the integral of (x) which has to be used 
in case of very large shiftings and for 4, #0, A,# 0. As against this the 
integral of (6) (respectively the integral of other analogous expressions referring 

to other possible sizes of shiftings) will evidently be affected by this modifica- 
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tion. 2. Instead of the crystal structure factor of the graphite now the struc- 
ture factor of the plane lattice formed for the atoms of the two dimensional 
cell of edge vectors @,, da has to be used. This is valid even for very great 
shiftings, hence in the case when the expression (x) applies and changes con- 
siderably the total intensity computed for the individual reflections, a fact 
immediately obvious when forming the two types of | F i 


V. Conclusions 


In the foregoing the following statements were made : 

a) The expression (x) used by WARREN is exactly valid only for the case 
when very great shiftings may occur, whereas formula (xx) only in case of no 
shifting. The usual simultaneous use of both can by no means be exact. 

b) In the case of the particular assumption of certain small shiftings 
expression (6) (multiplied by | F |?) has to be applied instead of expressions 
(x) and (xx). On the basis of our derivation the adequate expression for the 
case of shiftings of different magnitude can be easily given. 

c) Ifin addition to the possibility of shifting also the possibility of rota- 
tion is taken into account, then —in contrast to W ARREN’s statement — the 
intensity formula has to be modified. 

d) In the case of the disorder dealt with (whether very great shiftings 
and rotations or only smaller ones may cccur) it is not the structure factor 
of the graphite space lattice which has to be used for the calculation of the 
intensity but that of the plane lattice normal to d;, again in contrast to 
WaRREN’s statement. Though this changes the intensity within a reflection 
only by a practically constant factor, it causes, however, a considerable 
difference in the total coherent intensity distribution. 


1. Calculation of crystallite dimensions considering the extent of shiftings 


The problem arises what kind of difference is caused in the values of 
crystallite dimensions calculated from the width of the Debye-Scherrer lines 
when using expressions {x) and (xx) or expression (6), or rather one of the 
expressions analogous with it which consider correctly the extent of shiftings. 
Concerning this, we may give the following estimate. 

The integration (xx) was carried out by LAUE in an approximate manner 
[5], whereas (x) was integrated by WARREN (loc. cit.) in an approximation 
essentialry going back to LAUE. 

The relations of crystallite size and line width determined from these 
calculations cannot be compared directly with each other because LAUE gave 
this relation for the so called integral, and WARREN for the half-value width. 
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The comparison, however, can be made by transforming LAvE’s relation so as 

to refer also to the half value width. In this way it can be easily shown that, 
computing the crystallite size from a given line width on the basis of expression 
(x), its value will be about twice that resulting from the computation on the 
basis of expression (xx). 

We have seen in points IV. 1 and IV.2 that expression (6) and those analo- 
gous with it are going over into expression (xx) and (x), respectively, as limiting 
cases for very small, resp. for very great shiftings. Considering the character 
of the calculation leading to crystallite dimensions from these expressions 
the conclusion may be drawn that if we compute on the basis of expression 
(x) and (xx) instead of expression (6) resp. of any expression analogous with 
it, corresponding to the actual disorder, then the computed crystallite dimen- 
sions will be correct only within a factor of 2. 

It should be noted that the crystallite dimensions calculated on the basis 
of WARREN’s method cannot be exact for any shifting. Namely, according 
to this method — as has already been mentioned — expressions (x) and (xx) 
are simultaneously used: for reflections of type (hk) expression (x), and 
expression (xx) for reflections of type (001). Further, N, and N, are calculated 
from reflections of type (hk), i. e. on the basis of (x) whereas N, from reflec- 
tions of type (001), i. e. on the basis of (xx). Thus the better the values ob- 
tained for N, and N, (in case of great shiftings), the worse the values obtained 
for Ng; and (in case of small shiftings) vice versa. 


2. Determination of the extent of shiftings 


The extent of the shiftings dealt with can scarcely be established with 
a satisfactory precision by X-ray diffraction. So, from among the expressions 
discussed by us the correct one for a given case cannot be chosen on the 
basis of X-ray diffraction measurements. Thus remaining within the possi- 
bilities given by X-ray diffraction we should have to content ourselves with 
theoretical criticism of the usual method of calculation (apart from our remark 
made concerning the factor | F ). 

The application of neutron diffraction, however, offers the possibility 
to choose from among the different expressions dealt with the most convenient 
for a given case, i. e. to establish the type and extent of the disorder. If these 
are known the above-mentioned uncertainty prevailing in the determination 
of crystallite dimensions can be eliminated. 

Neutron diffraction is rendered suitable for such investigations by the 
following features. The absorption of slow neutron radiation is very small in 
coals as compared with X-ray radiation. The neutron scattering of coal is 
practically completely coherent while for X-ray scattering the coherent 
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part can be obtained only by subtracting by computation the incoherent 
part from the measured scattering. This of course gives rise to a further uncer- 
tainty. Finally, in case of X-ray diffraction the intensity strongly decreases 
towards the larger scattering angles, due to the decrease of the atomic 
form factor, whereas for neutron diffraction this effect is lacking, which in 
the case of the weak reflections of fine-crystalline coals is of great advantage. 
Owing to all these properties the coherent intensity distribution, free from 
disturbing effects (absorption, incoherent scattering) can be obtained much 
easier and more exactly from neutron diffraction than from X-ray diffraction, 
by an adequate correction of the measured intensities. 

In addition to the expected differences in the width of the reflections 
caused by using expressions (x) and (xx) instead of expression (6), respectively 
of its analogons, evidently considerable differences can be expected in the total 
intensity distribution, particularly in its diffuse part. 

Thus it can be expected that from neutron diffraction measurements 
on fine-crystalline coals the extent of disorder may be established by deter- 
mining which expression ((6) or one of its analogous expressions) fits best 
the experimental curve. Here it is of course important to use the correct 
structure factor (namely that of the plane lattice), otherwise certainly intensity 
distributions differing from the experimental one will be obtained. 

It may not be necessary to measure and compute the total intensity 
curve in order to determine the extent of disorder. Namely not only can the 
coherent intensity distribution be determined much more exactly by neutron 
diffraction than by X-ray diffraction due to the properties of the former 
mentioned above but absolute intensity measurements can also be carried 
out on crystalline powders. At the intensity maxima of the individual reflections 
the ratio of the absolute diffuse intensity to the reflection width is evidently 
obtained essentially different from the various expressions dealt with here. 
Thus, also from this ratio conclusions may be drawn concerning the extent 
of disorder. (In principle conclusions concerning the disorder could be also 
drawn from the ratio of diffuse and reflection intensities at the place of inten- 
sity maxima. However, the reflection width can be measured with higher 
precision than the maxima of reflection intensity and the difference in accuracy 
will be particularly great for the very weak reflections which are to be expected 
in the case of more or less disordered coal-crystallites of small size in which 
we have here been interested.) 

Thus it may be hoped that the application of the method outlined here 
may contribute to a better knowledge of the structure of fine-crystalline coals. 
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O BbIMUMCIEHHH UHTEHCMBHOCTH, PACCEHHHOM MEJIKOKPHCTAJIJINUE- 
CKUMMH YPJIAMU 


Il. CABO 


Pesrwme 


Uccnefyerca WHTeHCHBHOCTh PaCCeAHHA MeJIKOKPHCTAIMYeCKHMM YIIAMH NIpH pa3- 
HBIX CTeMeHAX yHOpAAOVeHHOCTH. OOHapyKeHO, YTO POPMy IbI HHTEHCHBHOCTH, OOMeIPHHATHIC 
JIA ONpeseeHHA pa3sMepOB KPHCTaJIOB, He OTParKaloT NPaBHJIbHO THI M CTeMeHb yNOpAO- 
yenHoctu. HM3-3a 9Toro, pasMepbI KPHCTAIUTOB, ONpeseeHHbIe OOIMHbIM CIOCOOOM, He BHOMHE 
BepHbI. YaUTbIBAA HaserKauIMM OOpasoM HeyMOpAMOYeHHOCTh, Hai POPMyNbI WawT BOS- 
MODKHOCTb OMPeeNIHTb €€ CTEIMeCHb 9KCMePHMeHTAIbHO ; STHM COCOOOM — Kpome Oosee TOU- 
HOFO ONpeseseHuA pa3MepOB KPHCTAaAMTOB — BO3MO>KHO Ooee TOUHO U38yYHTb CTpykKTypy 
MeIKOKpuCcTammuyeckux yrseii. OnucaHo THM HeiTpOHO-AMpppakuMoOHHHIX U3MepeHHH, He- 
OOXOMMMBIX JIA UCHONb3OBAHHA ITOH BO3MO)KHOCTH. 
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METOJIbI OMPENLEJEHUA ®JIVKTYAUMM SHEPPHU 
YU yrNOBOrO PACCEAHHH BbICTPbIX 
MVOHHM3YIOWNX YACTHL 


A. BEKELIM, JI. MAJ u JI. AHOUWIM 
WEHTPAJIbHbIM SH3HUECKHM HAYUHO-HCCJIEMOBATEJIBCKHM HHCTHTYT BEHIrEPCKOM 
AKATEMHH HAYK, BY QATIELIT 


(Mocrynuno: 28, Il. 1958) 


B padore usnaraiorcaA WH KPMTHYeCKM CpaBHHBAIOTCA METOAI OMpemereHnA dbayKTyayun 
QHeEprun H yroBoro paccesHHA ObICTPbIX HOHUSy!OUINxX YacTHI, Oco6Ooe BHUMaHHe yeA- 
TOCb H3N0KeHMIO PH3MYeCKOTO COMePKAHUA NepewWCNeHHbIX NMPHONMWKEHHDIX MeTOAOB. 
Jlawrca oOmjue yKasaHuA Ha yJIyuileHHe npHoOnnKeHui. 


§ 1. Bpeqenne 


BpICTpble 3apAPKEHHbIe YACTHUbI KOCMMYECKOFO M3JYYeHHA IPH MpOXOIK- 
JeHUM Yepes adcopOupyromjee BeLlleCTBO TEPAIOT CBO SHEPIHlO MH OTKIOHAIOTCH 
OT MepBoHayaJIbHOro HanpaByeHHaA. TlorepM Mo sHepruu M yrsoBoe pacceAHHe 
BOSHUKAIOT BCJIeACTBMe CTOJKHOBEHHH C aTOMaMM TOrsOMjaloulero BeLecTBa. 
STM CTOJIKHOBeHUA HOCAT BepoATHDIM xapakTep. Takum 0Opa3oM, MO>KHO ompe- 
JleMMTb TOUbKO BEPOATHOCTL TOPO, YTO MocNe CTOUIKHOBEHMA SHeEprMA YacTHUpl 
HaxoJMTcaA B UHTepBase (E, E + dE), a ee TpaeKTOPUA OTKOHUTCA OT HEKOTO- 
poro 3afjaHHoro HallpaBseHHA Ha yro, nonajawmui B untepsa (A, A + dA). 
B adcop6eHTe MpoucxogqHT He OHO CTOJIKHOBeHMe, a BeCbMa MHOTO M C TOUKM 
3peHUA WSMepeHHA BayKeH Kak pas CyMMapHbIi pesyJIbTaT 9TUX CTOJIKHOBeEHMH. 

Bprucnenvem (blykTyayMu oHepruM MM yruloBoro pacceAHHA ObICTPbIX 
YACTHI SAHUMAJICA IeIbI PA, ABTOPOB, HO M3 PasJIMYHBIX TOYCK SPeHHA, 

Ecum uspectHo, Halipumep, opdeKTMBHOe CeYeHHe TOPMOSHOTO H3IyueHun, 
T. e, cTaTUcTH4eCKOe paciipeseseHve NoTepM 9HEPrHH MPH OAHOM CTOJKHOBCHHH, 
TO WerKO MOOKHO BbIMMCIMTh cpeHiolo NoTepio JIA OHOTO CTOJKHOBeHMA MIN 
__ yTO ABJIAeTCA GoNee BaXKHbIM, — MOJYUNTb MoTepio Ha eAWHMYHYy!O AVIMHY. 

VispecTHo, uTo BCJeCTBHe TOPMOSHOrO M3JyYeHHA YaCTHIa MOKET M0- 
TepATb SHAUNTEJIbHYIO YaCTb cBoOeH 9HEprun Ip OAHOM CTOJIKHOBeHMH. 
Kpome Toro, pasJimyHble moTepH MO 9HeprMM MOrYT BCTpeyaTbcA MpHmMepHo 
¢ OfMHaKoBoi BepoATHOCTHIO. BeweycTBve STOrO, pesyJbTATbI CTOJIKHOBeHHH, 
Nocwelyiouux pyr 3a ApyroM, MOryT CHJIbHO OTJIMMATHCA, T. ©. bnyKTyaynn 
QHeEpruu MO)KeT ObITb 3HAUMTEJIbHA. 

Ja ompegenenna cpequeit moTepy sHepruu Ha eAMHMYHYIO (INH jlocta- 
TOUHO 3HaTb BEMYHHY cpeqHel NMOTepH SHEPrHM MpM OMHOM CTOAKHOBCHMH, HO 
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JIA onpeqenenua dbsyKTyauwH yoKe HeoOXOAUMO MpoaHaIM3MpOBaTb BeCb 
cToxacTuyecKHi mpouecc. IlotepA sHepruM yacTHL| B TOPMO3HOM M3JIyueHHU 
Oba oupefesieHa BuepBbie Tetirmepom u Bere [1], umm oxe Ona onpeye- 
JleHa JyYKTyalMA sHepreTMyeCKMx NMoTepb cemMabHok dyHK Mel, xXopouio 
npHosMKaroujeh oppeKTUBHOe ceyeHHe TOPMOSHOFO M3IlyyeHuA. JA pewmenua 
JlaHHO MpoOsembl HMM Ob MCNONb30BaH CIelMaJIbHEIM MeTO, IPMMeHsAeMBI 
JIMb K JaHHow dyHKuMH. 

B MpOTHMBOMOJIOXKHOCTh TOPMO3HOFO H3JIyUeHHA MOHH3aI[MOHHbIe MoTepu 
B OJHOM aKTe IIPMBOJAT JIMWIb K H€3HAYMTeJIbHbIM H3Me€HEHMAM 9HeEprHu. Bosb- 
Wand MOTepA 9HeprHH B OAHOM aKTe BO3MO)KHA, HO BEPOATHOCTh e€€ OUCH Mala. 
@OysyKTyayuA MoTepM TOKE MaJIa, NOITOMY B MepBoOM NpHOsMKeHMN AOCTATOUHO 
OMpeeJIMTb JIMib ee cpeqHee 3HayeHHe. Byox [2], Bete [3] u apyrne onpeye- 
TIMJIM CpejHee 3HAYeHHe MOHMSAIIMOHHbIX NOTePb MPM pasHbix YCIOBHAX HU B pa3- 
HbIX IIpHOJIM)KeHHAX. 

B moculeqHee BpeMA B CBA3H C OlpesesIeHHemM MACCbIM CKOPOCTH Ha OCHOBe 
MOHH3alMM CTaIO HeEOOXOAMMHM MpoaHasMsnpoBaThb (pJlyKTyalMio MOHUSAIMOH- 
HbIX HOTepb, HOO OHA MOMKET OFPpaHMYMBaTb TOYHOCTH ONpesesIeHHA STUX BeJIM- 
YHH. ITa MpoOmema Obwia peweHa BnepBEIe JlaHyay [4] WIA cnyyaA TOHKOorO 
adcopOenTa. Tlorom Branx [5], Momepanuyx [6], UWyspy [7], Catimon* [8], Tan 
[9] u Motian [10] 3anumanucb sTHM Borpocom. B pemeHun JlaHqay urpaeT poslb 
He CTOJIbKO TOJMMHa abcopOeHTa, CKOJIBKO 9HeEprMA uacTuUb. Ilo ero mpesqno- 
JIOWKEHMIO NOTepA SHEP B OMHOM aKTe He 3aBUCHT OT MIHOBeHHOM gHeEprHu 
YaCTHIbI. ITO YCIOBMe, KOHEYHO, HAXOAMTCA B TeCHOM CBASH Cc TONMMHOM adcop- 
OeHTa, HO B TO BpeMA Kak CBHHEL TOUIMHOK B OMMH METP ABJIAeTCA TOHKMM JIA 
Me3OHOB C 9KCTPeMaJIbHOK OOMbUIONM 9HeEprvet, PoTOIMYIbCHA JIA MeJICHHbIX 
YacTHI yoKe ABJIAeTCA ToIcTOH. B wuTHpoBaHHoH cTaTbe [aya [9] qaeTcA yTou- 
HeHue pelenua Jlangqay U OMHOBPeMeHHO YKa3bIBaeTCA Ha BOSMOIKHOCTh Apyroro 
pelleHHA, K KOTOPOMY MbI BEpHeMCA euje B JaHHOK paoore. 

CpeqHee 3HayeHHe yIIOBoro pacceAHMA M3-3a CHMMeTPHM paBHO HY/JIN, 
HO (pyKTyalMA MOKET ObITh 3HAUMIeIbHa. OnpeseneHve (pOKTyalMu MMeeT, 
Hallpumep, Oosbu0e 3HaYeHHe B TAKMX CIyYaAX, KOra NO OTKJIOHEHMIO B Mar- 
HUTHOM Tose cTapaemcA HaHTH MMNYJIbC WIM 3HaK 3apsAa Me3OHOB. Bmepsple 
9Ta 3ajjaua Oba pemeHa Depmu [12], HO OH NpeqnoNaraerT B CBOeM pellieHHH, 4TO 
SHepruA YacTHUbI NocToAHHa. AnowmM [13] u DiipoKe [13a] oOo6mMIN MeTOs 
@epmu AA ciyyaA nepemeHHow suepruv. B o6oux cnyyasx mpeHeOperawrca 
CTOJIKHOBCHHA MO OOJIbIIMMM YIJIaMM, MMeIOUIMMM MaJIyIO BepOATHOCTb. 

Bce 3TH cToxacTMuecKHe Mpoeccbl B CaMOM OOMIeEM BAe MeTAbHO OBI 
usyyeHbI B padoTtax Kosmoroposa [14] u ®esnepa [15]. Ipeqmetom jannoii 
paooTh! ABIIAeTCA MpWHMMMaIbHoe CpaBHeHHe MeTOAOB, MpMMeHeHHBIX pa3- 
HbIMM aBTOpaMi. 


* PesylbTatb! CaiimoHa He ObLIM HAMM M3BeCTHbI, ySHaIM 0 HHX JIMIb U3 KHMrH 
Poccu [11]. 
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§ 2. TocraHosKa Bompoca 


Tlycrh xapakrepusy!0T COCTOAHHe YaCcTHUbl B MOMeHT BpemeHM ft HeKO- 


Topple MapameTpbl Ay. Aare 0c 3rm MapaMmeTpbl MeHAIOTCA BO BpemeHH. B 
Moment Bpemenu t =t’ napametpbl Aj, Ag). --» Ax IpMHumaloT 3HayeHHsl 
/ 
Act Aan» Ax 
Kpome Toro, MycTb S,, Sg,-+ +) Sk HeKOTOpble MHTepBalibl, BbIOpaHHble 


TaKUM OOpasom, UTO 
Aes Sa Agee 5 - By, Wg eady Fr 


MookKHO OUMCaTb ABH)KEHHE yacTHLbl, ecJiu 3ajlaTb (PYHKIMI0 pactipejjeseHun 


gp (A,t;S,t’), (1) 
BbIPAKalOWYIOCA BePOATHOCTb TOTO, TO yacTHlla B MOMeHT BpemeHH f, HCXO/As 
ug cocrosHun A = Aj, Ag,.-- Ax B MpOMesKyTKE BpemeHu (t’, t) HepexoquT B 
Kakoe-TO fipyroe cocTosAHHe, xapakTepusyemoe pemmunHamu Aj, Aj,..- Ax 


waxoAmuMuca B MHTepBasie S T. e. 
A’CS. : (2) 
TakuM oO0pas0M, MO)KHO npegnonarats, UTO 
¢ (A, t;S,t) =4(A,S§), (3) 


re dyHKyua A(A, S) onpenenaercs cuelyIOllMM oOpasom : 


1, eau ACS 


Bipn2 a= 0, BHe HHTepBaJa. 


B ciyyae oOmel MocTaHoBKH BOMpoca TIpeM00 KUM, UTO HesaBMcMMon 
nlepeMeHHOH sABJIAeTCA BPeMsA. Takoe rpeqmoonKenve Boodle He MPHHsITO , 
OOBIUHO paccmaTpHBaloT 3HAaYeHHe OMHOH M3 KOOPAMHAT YaCTHIbl KaK HesaBicH- 
My!0 TlepeMeHHYy}. 

Kak HuoKe MoKapKem, 9TOT MoceAHM MeTO} paccmoTpeHUA yoxKE OSHAUACT 
HeKoTOpoe MpeHedperkeHHe. 

Tipu paccmoTpenun MpoxorKeHUA YaCTHIIP! gepes Morsomlaroujee BELIECTBO 
MOMKHO MpefMoaraTb, TO B HauaJIbHbIt MOMeHT HalipaBieHnve ABHOKCHMA 
yacTHLbl MapasiienbHO c OcbIo X TIPAMOYTOJIbHOM CHCTEMbI Koopaunat XYZ. 
Ecum euje Mpefmonaratb, uT0 cocTOAHMEe YacTHIIb He (pryKTyMpyeT CJIMINKOM 
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CHJIbHO, TO MO)KHO B3ATb KOOPAMHATY x B KayecTBe HesaBHCMMOrO MapameTpa. 
B 9ToM cJlyyae cOCTOAHMe YaCTHIbI! xapakTepusyeTca yHKuHel 


P(A, 4 SX). (4) 


OgHako, cTporo TroBopx, Ha 93TY yHKMI0 He MIpHMeHHMO HauaJIbHoe 
ycJIOBHe 


vy (A, x; S,x) = 4(A,S). 


STO JerKO MOKET ObITb HArIAHO MOKasaHo. 

BeposTHOCTb TOro, UTO B MOMEHT BpemeHH f YaCTHIa HCXOAUT M3 COCTOAHUA 
x, A WM lepexoguT B TIpoMexKyTKe BpemeHH (¢’, t) B CocTOAHHe x, A’ DS, B 00- 
ulem cJlyyae He paBHa HyJO HM mosTOMy 


p(A,x:S,x) £0 (4’) 


He3aBHCHMo OTTOIO, 4¥TO S BKJIOUaeT JIH B ceOe A HJM HET. 

Orciofa cyleyeT, YTO MODKHO BbIOpaTbh x 3a He3aBHCMMylO NepemMeHHy10 
TOJIbKO B TOM Culy4ae, ECM MODKHO MpeHeOpeub addekTamu, CBASAHHbIMH C BOS- 
BpaTOM YacTHUBl. 

EcJIH B3ATb 3a He3aBMCMMy?0 TlepemeHHYI0, HalipHmep, AJIMHY Ayr BMeCTO 
KOOPAMHATHI x, TO BOSMC)KHO Oosee TOUHOe PellleHHe BOMIpoca. Tak Kak JJIHHa 
Ly ABJIAeTCA BeJIMYMHOK, MOHOTOHHO BospacTatoulel, 0 BOSBpaTe 37ecb peub 
He MOXKeT HTTH. BelOop WJIMHbI Ayr 3a He3saBMcMmyl0 TepemMeHHy0 BKJIIOUaeT 
B cede HeKOTOpyl0 TpyAHOcTb. Jeo B TOM, YTO HEOOXOAHMO YUHTHIBaTb MU Te 
cnyuau, Kora YacTMya OCTaHaBJIMBaeTCA. ITO MpMBOAMT K CMHIYJIApHOMy Co- 
CTOAHHIO. OHM U3 Hac [16] 9TH BoNpocb! ObIN NOApPOOHO paccmoTpeHbl.* 

OObIYHBIM BLIOOPpOM MapaMeTPOB ABJIAeTCA cueyroulad Cxema : 


% — He3aBucMMas MepemenHaa, 
A — yroul MExKIY MpoeKyMel TpaeKTOpHN YaCcTHLbI Ha MWIOCKOCTb (X, Z) 
M OcbiO X, 


Z — paccToAHHe 4aCTHIbl! OT MepBOHaYaJIbHOrO HallpaBleHuaA OX Ha 
ryOune x B MlocKocTH (X, Z), 
E — 9neprua uacruipl. 
Paqu MpocToTsi obo3Hayaem BeMUMHEI A, Z, E uepes A, a uHTepBan S 
OObIYHO OepeTcaA OecKoHeyHO y3Kum. UtTaK 


v(E, A,Z,x;E', A',Z',x')d A’ dE’ dZ (5) 


* TlanbHeiimiee o0o0meHue croxacTuuecKHx TIPOWeCCOB KOCMHYCCKOFO H3yYeHHA ObIO 
nano JI. Manom [17]. 
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BePOATHOCTb TOO, UTO Ha rlyOuHe X YaCTHa UCXOLMT U3 CocTOAHHA A, vu pola 

-HeEKOTOpbIM NyTb, 40 riyOuHbI x’ OHA Mepexo{HT B cocTonHHe A’, Haxolaueeca 
B HHTepBasie S. [IIa NpocTorTbi 0603HaYMM Yepes € 9HEprHo E Ui yrod pacceanua A, 
urparoujve Mo_oOHy!0 poslb B OOOOMIeEHHOM paccmoTpeHuH. JA onpeyeneHua 
yHKunu (5) HeoOxO,UMO 3HaTb IPPeKTHBHOe ceyeHHe : 


q (€, €’) de’ (6) 


ABIIAOMIeEeCA BEPOATHOCTbIO TOFO, YTO MOCe CTOJIKHOBEHHA YacTHIa MMeeT 
gHepruio, Haxo{AllyocA B MHTepBale (E’, E’ + dE’) u B porecce cTosIKHOBe- 
HHA €€ TPaeKTOPUA OTKIOHUMTCA OT HallpaBeHHA ocH OX Ha yrod, nonazaiouni 
B HHTepBall (A’, A’ + dA’) mp ycoBHN, 4TO JO CTOJIKHOBeHMS! 3TM KE BeJI- 
YMHbI MMeJIM 3HaueHHA Eu A. 

Ceityac ompeyeJIMM BePpOATHOCTb TOFO, UTO BeJIMYMHA € Ha MYTH Ax M3MeC- 
HHTCA M ipWmeT 3HaueHHe, HaXOAAUeEeCA B MHTepBasie (e’, e’ + de’). TyctTb ata 
BePOATHOCTh MMeeT BHI: 


p (x, 63% + Ax, &’) de. 


EcuIM Ax OY€Hb MAaJIO, TO MOXKHO M1peyqmouwaraTb, 4YTO BAONb YuacTKa Ax 
TIPOHCXOJINT He OoNbUWe OMHOFO CTOJIKHOBeEHHA. B STOM CITVuae : 


p (x, €3x + AX, €’) = Nq4x+f1—N{q(e,e)de’ Ax\6 (e —e')= 


7 
= w(e,e’) Ax +{1 = fw (e, e’) de'A x¥6 (e = ¢!); ”) 
rye d(e -— e’) —- pyHKuHaA J\npaka, a w(e, e’) = Nae, &’), N — uucno aToMoB 
B OMHOM KYOH4eCKOM CaHTMMETPe H Ax — TOJIUIMHa aOcopOeHTa B CaHTHMMeTpax, 
uM 9Ke N — 4MC0 aTOMOB B OHOM rpamMe, M Ax — ToNUIMHAa adcopOenTa B 
rp. cm~?. Tak Kak NAx — BepoOATHOCTh TOPO, YTO Ha HYTH Ax YacTHLa TipeTep- 
Hle€BaeT OHO CTOJIKHOBeHHe, TO BEPOATHOCTb CTOJIKHOBeHHA C ABYMA aTOMaMH 
Ha 9TOM Ke NYTH UponopyMoHabHa Ax. OWHAKO, CIM Ax LOCTATOUHO MaJIO, TO 
BePOATHOCTh CTOJIKHOBEHMA MOUTH paBHa HYJO, ATAK HalIpaBlleHHe BYOKeHHA MU 
QHEPIMA YaCTHIbI MCHAIOTCA JIMIb HesHauNTebHO. JIA 3TOrO paccMOTpeHHA 
MO)KHO IIPHMeHATH MHTerpo-[MppepeHUMaIbHble ypaBHeHHA Pesiepa [15]. 
MooKHO, OMHAKO, UCXOAUTL U3 «HerIpepbIBHOM» MOEN, 10 KOTOPOH HeBos- 
MOKHO BbIOpaTb Ax HACTONbKO MAJIBIM, UTOOLI PYHKIMA _(x, €;% + Ax, €') 
Oba NponopuMonabya Ax; a HaOOOPOT, NyCTb Ax CKOJb YrOAHO Mallaxv BeJIN- 
yMHa, BCe-TaKM YacTUuWa WpeTepneBaeT CTOJIKHOBEHUA CO MHOFMMM aTOMaMy. 
DhheKT OTACMbHIX CTOJIKHOBEHMH, OMHAKO, HACTOJIbKO MaJI, UTO CpeqHAA MoTepA 
9Heprun 


OE) = { i) (E — E’) w(¢,¢’) dE’ dA’ (8) 
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YM jlucnepcnsn 
P2(E) = ({ (E— E’)°w (0, e') dE’ dA’ (9) 


E’A’ 


OCTaIOTCA KOHEYHBIMH, HO MOMEHTbI BbICLUeErO NOpAKa yoKe ucuesalor. Cpesnee 
3HayeHne M JIMCMepcHA yrNOBOrO pacceAHUS YACTHIIbl TAKIKE KOHCYHbI, a MO- | 
MeHTbI BbICIero NopaKa TawoKe HcuEsaloT. JL TOK MOJEJIN MODKHO MIPHMeHATL 
WudppepeHiWasbHble ypaBHeHvn KoJimoroposa [14] (§ 4). Stu ypaBHenna xopouio 
OMMCbIBaIOT, HallpHmMep, OpoyHoecKoe BuoKeHHe, Tipu AaHHOK mpoOdseme onM 
ABJIAIOTCA XOPOLWIMM NpHOJIMKeHHeM JIMIUb B TOM CJIyuae, CCIM YACIO CTOJIKHO- 
BeHHH BeJIMKO [laxKe MPM MaJIOM Ax, HO OT/eJIbHbIe opPPeKTbI CTOKHOBCHHK 
MO?KHO CYNTATb H€3HAUMTEJIbPbIMH. 

Lleslecoo6pa3Ho OTeIMTb CTOJIKHOBEHMA C PE3KUM H3MCHEHHEM QHeEPrMn OT 
CTOJIKHOBEHUM C HE3HAYUTEJIDHbIM M3MeHeCHHeM, CTOJIKHOBCHHA C pesKHM M3Me- 
HeHHeM YUMTbIBaIOTCA TAKUM OOPasoM, YTO pacueTbI BBEYTCA Tak, Kak Oy/TO 
Obl UACTHIa UCUEeZIA TNOCIe TAKOFO CTOJIKHOBEHUA. OTO paseeHne CTOJKHOBeHMK 
ObI0 HEOOXO/MMO JIPM NocTpoeHun KacKayHoro ypaBHeHnA HAHoum [13]. 

Takum oOpasom, Bce sBJIEHMA, He UNTepecylouMe Hac, (HallpwmMep paca, 
Me3OHOB JIPM Ux Mdppy3HH, TOPMOSHOe M3ITyYeHHe HT. JI.) MOXKHO paccmaTpH- 
BaTb Kak CTOJIKHOBCHHA C PeE3KHM USMeHCHHEM BHEPrUn. 

V3 oObl4HbIx CTONKHOBeEHHU TaKOKe MODKHO UCKJNOUNTb CTOJIKHOBCHHA, 
MIpMBOLAWIMe K U3MeHEHHIO IHEP VM HalipaBJIeHHA JBM)KeHMA, TIpeBbiiuawune 
HeKOTOPbIM Tpefle. ITO MOXKHO OCYUIECTBUTh CpesaHvem odpeKTHBHOrO ceue- 
HHA Tip HeEKOTOpON 9HEpruu UM HalpaBeHvn. CTOJIKHOBEHUA, He paccmaTpuBae- 
MbI€ H3-3a CpesaHuvA apPeKTHBHOFO CeYeHMA, BKINOUAIOTCA B KACC CTOJIKHOBE- 
HMM C pe3skKMmM usmeHeHnem. 

PesyJIbTaTbl pacueTOB CO Cpe3aHHbIMH IpPeKTHBHbIMH CC4YEHHAMM ABIIS- 
FOTCA OoNee-MeHee XOPOUIMM TIpMOJIMKeEHHEM, HO MO)KHO UX CUMTATb COBEPUIEHHO 
TOUHBIM OTBCTOM Ha CJIeyOUM BOTIpoc : KaKOBO OyfeT pacripejesenne uacTuil 
0 SHEP MV M0 HalipaBJeHH1O, He MperepneBaioujux CTOKHOBEHMA C pesKUM 
u3MeHeHvem. 

CooTBeTCTBEHHO BbIIMe H3JIOXKCHHbIM, KPOMe (PYHKUMK w(é, &) xapakTepn- 
3yloulel CTOJIKHOBeEHMS C YMePeCHHbIM HSMeHeHHeM, BBOLMM ele IPppeKTHBHOE 
ceyeHve a(é) OMMCbIBAIOLIee CTOJIKHOBCHHA C Pe3KHM M3MeHeHHeM. a(e) paBrs- 
€TCA Cpe3zaHHOH YacTH opeKTUBHOFO CeYeHHA, T. €. ¢ 


a(e) = OE fw (e, e’) de’, (10) 


re E,— KpHTHyeCKaA QHEPrn. Ecin He YUNTbIBATb CTOJIKHOBEHUK C peskKumM 
U3SMEHEHHEM, TO 


|v lxsesa’se!) de’ ] (11) 
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He OyseT cipaBesIMBO. ITOT MHTerpasl aeT BEPOATHOCTS Toro, UTO YaCTHIa He 
nperepmeBaeT CTOIKHOBEHUA C Pe3KHM H3MeHeHHeM. 


§ 3. Onpeqetenne KHHeTHYeCKHX ypaBHeHHit 


JIA onpesenenusa (PyHKUMH g(e,x; &, x’) MOOKHO HANIMcaTb [Ba MHTerpo- 
audepenuMasbublx ypaBHennsA. B nepBOM ypaBHeHHH Ha PiyOuHe x’ BeJIMYMHbI 
E’, A’, Z’ apisiorcs mpocrbimn mapameTpamn, a sHaueHus E, A, Z Ha riyoune 
x — CYLI€CTBEHHBIMH TepeMeHHBIMH, BO BTOPOM ypaBHeHHM HaodopoT. Xora 
BTOpOe ypaBHeHHe Ha NepBbiit BSAA OKAsbIBAeTCA Hosee ECTeCTBeHHbIM HM COOT- 
BETCTBEHHO OSTOMY HCMONb3syeTCA Yale MepBoro, BCe-TaKH 00a PaBHOLeHHHI, 
MaKe JIA HEKOTOPHIX Leleii, HANpUMep, JIA MOcTpoeHuA ypaBHenni KacKaHoOlt 
TCOPUM TepBoe ypaBHeHNe ABIAeTCA Gosee MOLXOAALLMM. 

Tleppoe uM BTopoe ypaBHeHNA MO CyTH [lea TOKECTBEHHbI ypaBHeHiAM 
ennepa [15]. Peep noMbsyeTcA PYHKUMAMM pacnipeeeHHA JIA COXpaHeHUA 
MaTeMATHYeCKOFO EMHCTBA, HO PUsHYeCKH OoNee HAPIALHON ABIAeTCA PYHKUMA 
IWIOTHOCTH BePOATHOCTH gw. KoneuHo, B 9TOM CiIyYae HeEOOXOAMMO TIPHMeHsITb 
&6 — dynKkunio Jiupaxka, 

Bmecto 6 — (pyHKUMM YaCTO MODKHO HCMOb3OBaTh O* — PyHKIIHtO, pery- 
JSIpHyWO, AMppepenuMpyemy, Harp. (PyHKIMH10 : 


6* (x) =- ee = exp (— x?/x). (12) 


\ax 


Ecuim * jlocTaTouHO Maso, TO BbIOOp (12) SHAYNTeEIbHO HE H3MeHHeT KOHEUHOTO 
pesybTata, M Tora 6e3 BCAKHX MpeeIbHbIX MepeXOOB MO)KHO TIPHMeHATb 
yHKunio 6* Bmecro 6 — dbyHKunH. B KayecTBe MpHMepa MOKHO MIpHBecTH CJe- 
myroujee paccmoTpenne : ecuIM B NoMepeyHoe ceyeHHe XOTHM BKJIIOUHTh KOOp- 
juHaty Z, TO BMecTO 


q(e,Z3',Z') = q(e, 8’) 6(Z, 2’) 
XOPOUIMM TIPHOJHOKeHHeEM MODKHO MIMCaTb, YTO 
q(e,Z36',Z’) = q(e,€’) 0* (Z, 2’). (13) 
Ecum nocraBum B (13) an onpeeteHHyio dyHKuno (12) WH TpesMo0KHM, 
uTO 


x ~ 10-1 cm, 


TO KOHCYHOR BbIPAKEHHe COOTBETCTBYeT MpeMMOMOKEHHIO, YTO GACTHLAa Mocse 
KAKLOFO CTOKHOBEHUA CMellaeTCs Ha paccrosHMe oKosO 10-1 cM. 
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OjHako, 9TH CMeI[eHHA He MOFyT IIpMBecTH HU K KaKOMY jleHCTBHIO, Tak 
Kak YUMCIO ATOMOB B aOcopGeHTe M0 MOpAAKy BeJIMUMHEI MpumepHo 1074, nosTomy 
eCJIM ObI UACTHIIbI MpeTepleBasIM CTOJIKHOBEHHA JlaKe C Ka)KbIM ATOMOM, TO 
B 9TOM CJIyyae He ObIIO Obl HAKAKOFO H3MepxAeMOrO B>eKTa OT MpeAMOIOFKEHHBIX — 
cmemleHHi. Orcioja cileqyeT, YTO MpeAnooKeHMe TAKMX CMeLeHHHK C OHO CTO- 
POHbI He OrpaHWynBaeT OOMIHOCTH UsH4eCKOrO PaccMOTPeHHA, a C [pyro cTo- © 
POHBI Jle1aeT BOSMO)KHLIM 3AMeHUHTL paspbiIBHYyIO 6 —- PyHkKyM AM@pepenwmMpy- — 
emoli pyHKuneit. . 

SameH 6 — (pyHKUMM dyHKunei 6* maTemMaTHYeCKH MO)KET IIPHBECTH K 
OUlHOKe, eCJIM MoMepeuHoe CeyeHHE paspbIBHO M YMCIO CTOJIKHOBeHHi HeorpaHn- | 
yeHO, HO (PUSHYeECKM YMCIO CTONKHOBeEHHH BO BCex CJIyYaAX J1OJIDKHO ObITb orpa- 
HMYeHO XOTA MH MOTOMY, 4YTO B abcopOeHTe MMeeTCA KOHEYHOE YMCIO ATOMOB. 
TlosTOMy BCerla MO)KHO 3€MeHHTb MonepeyHoe ceyeHve (pyHKiHeH, COOTBeTCT- 
Byiwuleh OrpaHHyeHHOMy UYHCJY CTOJKHOBeHMI. 

BbIBO, NepBoro ypaBHeHHA BO3MO)KeH Ha OCHOBE paccyrKeHHi, IpHMeHse- 
MbIx AHowM [13], [18] B Teopun KacKaqHbIx Mpoleccos. 

Tipeqnouo%xKHM, YTO YacTHYa pH npoxoKgeHHu nyTH € B adcopOenTe He 
riperephepaeT HH OfHOrO CTOJIKHOBeHUA. BepoxvTHOCTb 9TOrO MO)KHO HallMcaTb 
B CJIeyOuleM Bue : 


exp {— € [a(e) + I w (e,€”) de"}} 


Ip 9TOM KOOpAMHaTa Z uacTHIbl IpMHuMaeT 3HayeHHe Z + A€. 

Crporo ropops, Bmecto Z + A& HyoKHo nMcaTb Z + étgA, ofHako mpej- 
noularaeTca, uro A JOCTaTOYHO MaJIO, TaK YTO aHHOe NpHOIM)KeHHe 3aKOHHO. 
(CTOJKHOBeHMA Ke C OONbIIMMM yriaMM NpHHaseKaT B KaCC CTOJIKHOBeHHH 
C pe3KMM M3MeHeHHeM, Tak YTO OHM YUMTHIBAIOTCA C BBeeHHeM 3deKTUBHOTO 
ceyeHusa a(e).) Jlanee, mpeqnouoOxKHM, 4TO MepBOe CTOJIKHOBeHHe MpOHCXo_UT 
B wMuHTepBae (€,§-+ dé) c ymepeHHbIM M3MeHeHHem. BeslescrBue 3TOrO 
CTOJIKHOBEHMA QHeEprHa UaCTHIbl yMeHbiuaeTcA Ha E’’, a HaupaBseHHe ee 
JIBHDKeHHAA «~M3MeHHeTCH Ha A”, 

BepoaTHOcTh Takoro CTOJIKHOBeHVA B MpHOIMKeHHM .A <1 ecTb 


w (e,e”) de" dé. 


Ha ocTasibHOM NytTH x’ —x— & BcneqcTBHe MHOFMxX CTOJIKHOBeHHM 9HeprVa 
YacTHIbl YMeHbulaeTcsa Ha E’, a yron A” u ropvsonTasbHoe oTKOHeHMe Z + Ag 
IIpHHMMaWwT 3HayeHian A’ u Z’, 

BeposTHOCTb 9TOrO CoObITHS : 


y (x + &,e",Z + AE; x’, &', Z') de’ dZ’. (14) 
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Vign0:KeHHbIi 30eCb MeTOJ ABJIACTCA OJHUM W3 BOSMO)KHbIX H3JIOXKEHHH TeOpHH 
KHHeTHYECKOrO YpaBHeHHsl, OMMCbIBAIOUerO CTOXACTH4YeCKHA Mporecc ¢ yMepeH- 
HbIM M3MeHeEHHeM TapameTPoB. 

Jl1a Toro, uToObI NpHHATb BO BHHMAHHe BCe BOSMO)KHbIC OCYMECTBIIEHHNA 
jlaHHoro coObituaA, McK ouaroujMe Apyr Apyra, HeoOxoAMMO MpoHHTerptpoBaTb 
BCe ITM BbIPAKeHUA 10 BCEM BOSMO)KHBIM 3HAYeHHAM MepemeHHOHi ¢. 

Kpome Toro, BO3MO)KHO euje, UTO B aOcopOeHTe HM OMHOTO CTOKHOBCHUA 
He IIpOMCxOJHT, YTO HMeeT BEPOATHOCTL 


exp {(x’ — x)[— a(e) — if w (€, €”) de"}}. (15) 


O6o3HauMM JIA KpaTKOCTH BesIMUMHY { w(e, e’) de” + a(e) uepes (Ee). 
B 9Tom cJyyae : a 


@(<,6,0:%,£8,2') = exp{— (x’ — x) B(e)}6 (e' —e)6[Z’—Z—A (x' — x)|+ 
a8 : fas i} exp {— EB (e)}w (e,e”) p(x + &,e",Z+AEé3x', 2,2’), hate 
&=0 a”. 


EcuIM yMHO?KUM 9TO ypaBHeHue Ha exp } (x’ — x)A(e) | M BMecTO § BBOAMM 
HOBoe MepemenHoe 7 — x’ — x — & MU mpoguddpepenmmpyem ero No x, TO Mocse 
cokpauleHHli MmouwyYHM cCJeyroupee MHTerpo-1MppepenuMabHoe YpaBHeHHe : 


oy oy 
— =— A —_-+ ale e87) 4 (x, €,23x',€,Z') — 
s set alelo+ [wlee ples Zia eZ) 
— 9 (x,6",Z;%',6',Z')}de". a? 
IIpv HauasibHOM yCJIOBHM 
@ (x =x’, £,Z;x',2’,Z') = 5(e — 8) d(Z —2’) (18) 


BbiBox BTOPOrO ypaBHeHHsA MOIKeET OITh OCYMNeCTBIICH, HalIpHMep, CJIeAYOUIMM 
o0pasom : 
BeposxTHOCTb 


p (x, €,Z;x' + dx’, e’, Z’) 


CKabIBACTCA M3 BEPOATHOCTeH BY X B3AMMHO HE COBMECTHMbIX coObITHH, HMeHHO : 
1°. JIuGo yore Ha rilyOuHe x’ COCTOAHMe YACTHIbI XapakTepHsyeTCA Mapa- 
metpamu, e u Z’ — Adx’ vw Ha NyTH dx’ CTOJIKHOBEHMA He NPOMCXOAMT. 
2°. JIu6o Ha rmyOune x’ COCTOAHMe YACTHIIbl xapakTepusyeTCA NapameT- 
pom ¢’M Ha MyTH dx’ MpoMCXOAMT CTOKHOBEHMe, KOTOPoe MepeHecer ee B COCTOA- 
Hue ¢”. Tak Kak Z HE MODKeT H3MCHUTbCA CKAYKOOOPA3HO, OHO MOPKET OTIIMGATECH 
ot Z’ IMitb WieHOM NopaAAKa BeMUMHBI dx’. 
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Takum 06pa30M, MODKeEM HamMcaTb, 4YTO : 


y (x,e,23% + dx’, e',Z') = (x,2,Z2;x,e,Z — A’ dx’) {1 — B(e’) dx'\ = 
+ ( wee’) p(x, 2,Z23%', &",Z’) de” dx’. Be 


Tlocne oJleMeHTapHbIx BbIUMCeHHH UoJyUMM : 


Op 
= — a ec! +i A’ re w é’ a” X, Are ee é’, Zi de" ae 
Ox! Sok 8Z’ f ( 9 


ae ( we", ') p(x, €,Z;x',e",Z') de” i) 


Np HauaJIbHOM yCJIOBUN : 
yp (x,€,Z2;x' = x,e',Z') =d(e —&')d(Z—Z’). 


MuTepecHo, 4TO B NepBOM ypaBHeHHH NMepBoe, a BO BTOPOM — MocseqHee 
CTOJIKHOBeHHe MpaeT OCHOBHY!O POJIb. HaBepHo, 9TO OOCTOATENLCTBO ABIIACTCA 
TIpHunHOH Toro, YTO B KacKaqHOHM TeopHu Jlerue BCero BbIBeCTH TepBoe ypaB- 
HeHve (G — ypaBHeHne HHOWH), a BLIBOA COOTBETCTBYIOWero BTOPOrO ypaB- 
HeHHx (Meccest [19]) aBuaeTca Oonee cO*KHOK 3aqayei. Jleno B TOM, ¥TO Npu 
Me€pBOM CTOJIKHOBeHMM MMeeTCA BCero OAHA YACTHLA, a IPH MWoceWHeM CTOJIKHO- 
BeHHM YMCIIO pasIMYHbIX YaCTHL BeCbMa OOJbIUIOe, TAK YTO TpyAHO yueCcTb BCe 
BO3MO)KHbIe COObITHS. 

TIpuusto Bmecto E’ u A’ ucnomb30BaTb IpyrMe MapameTpbl, HalipHmep 
A =E— E’ un a= A— A’. He Tpyguo Npusectu ypasuenus (17) u (20) K Buy, 
COOTBETCTBYIOLEMY HOBbIM TepeMeHHbIM. 


Ypasuennua (17) u (20) omMcbIBaoT Npowecc YMeHbUIeHHA SHEPruH M U3Me- 
HeHMA HallpaBJIeHHsA M MeCTa YaCTHULI pH MpOxoKMeHUM YepEs Moromparousee 
BelecTBO. KaxKOMY CTOJIKHOBEHHMIO COOTBETCTBYeT OMHO CKaYKOOOpasHoe Vi3Me- 
HeHve MapameTpos. Pesep [15] B cBoeH WHTHpOBaHHOM paboTe MpMBOANT BeCcb- 
Ma MHTepecHbid METOL NocreneHHoro NpvONMKeHMA JIA pewleHHA ypaBHeHui 
Tuna (17), (20). 

Ilyctb OyfeT HayaIbHoe ycjloBue dO(e —e’) HYyJeBbIM NpHvOMKeHHEM. 
Ilogctapliasa o(¢ — ¢’) B paByto yacTb ypaBHeHusA (20), Nouyy4M MpousBoHy10 
no x’ Nepporo MpvOsmKenusA. TloqcraBiaan mepBoe mpuOsMKeHve B MpaByto 
yacTb ypaBHeHHA (20), NouyyM4M MpovsBo_Hy!o mo x’ Broporo NpvOnM)KeHuA 
MU. T. . Takum 06pa3om noJlyuMM ~ B Bue CTeMeHHOrO pala : 


co ya k 
P(x,85 x’, é’) => pe P,(X,E3%', e’) (x — 4) 
rat k! 
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Tid ONpeEEEHHA OTAEIbU‘IX WICHOB py HMEET MECTO CAELYIOULAN CHCTEMA Y PaB~ 
Hennit : 
Phpa(% €3 4,8’) = — Pe (% €5%", &’) { w(s, 8") de" + 


: 


& 


(2) 


+f Px (%, 83%, e”) w (e", &') de", 
8” 


ecIM B ypaBHenun (20) mpenebperaem CTONKHOBCHHSMH C PeSKHM HSMCHEHHEM 
‘vw 3aBucHMoctblo oT Z. esep LOKAsaN CXOAMMOCTH LAHHOPO METOA B CiyMae 
“PyHKNH pacnpeeteHHsA, M MoKAsaN, YTO 9TO PeLEHHe B TO KE BPeMst YAOB- 
‘jlerBopaeT M ypaBnenny (17). 

OHNako, STOT MeO, NO CYTH Mea, OSHAYAET TO, HTO KAKO CTOJKHOBEHHE 
YUMTBIBACTCH OT/CIIDHO. BenescrBue oToro, MeTO Pewiepa MaJIO o>peKTHBEH 
“JUIA HYMepHYeCKUX BEIMHCIEHMH TAKUX MpPOLUeCCOB, JI KOTOPbIX XApakTepHdl 
MHOPOUMCJICHHBIC CTOJIKHOBEHHSA C MAJIDIMH TOTepsIMM 9HEprHn, HyvieBoe rpHo- 
“yoKenme coorBercTByer cyyai, Kora CTOKHOBEHHs He yunTbiBaroTes, Ec 
Me OSHAUAET YUeT BPPeKTA K-OFO BOSMOPKHOO CTOKHOBEHHA, TO B BbIPAKeHMH 
(21) { p(x, &; x’, &') w(e", &’)de" — aBIIAeTCA Koppekuneli, cooTBercrByronel 
| ie 


CMe LY OWUeEMY k+1 -OMY CTOJIKHOBEHHIO, a { w(e, 6’) p(x, €; x", 8’) de’ coorTnet- 


oe 
“ceTpyeT Tomy CJlyyalo, KOra K + 1-0€ CTONKHOBEHHE HE OCYMICCTBHOCH , O/HHM 
CHOBOM, WICH MR y1 ABAeTCH KOppeKell k -- l-oro ChOsKHOBeHHS, 
Meron esiepa BO BCAKOM Cryyae LOKASbIBAeT, UTO MOCTAHOBKA BOMpoca 
MaTeMaTH4eCKH MpaBiJibHa HM ypaBnennst (17), (20) UMeIOT OLHOSHAUHbIE PeLICHHs, 
PyHKUHA w(e, &’) MOKET CTPEMUTHES K OeckoOHeUHOCTH Np &— &, ITO 
BBIPAarKaeT (PHBHYECKY1O CYMIHOCT Mpowecca, HMCHHO, UTO B HEM OMEHb cyuect- 
BEHHb! MalOoPPeKTHBUbIC CTOJIKHOBCHHST. 
| EcJIM w craHoBuTcs OecKOHeUHbIM Tak, WTO i} w(e, &’)de'’ aoKe Kak Hecob- 


CTBCHHbIM MHTerpay He cyuecTByeT, TO HeOOXOAMMO IIpHBeCcTH HeEKOTOPOe H3MC= 
Henne. Ecuiv cpesatb appeKTHBHoe CeueHne MpH HeKOTOPOM e” = & Tak, UTOODI 
2 

f w(¢, ede” cymectBoBan, TO BMeCTO (17) moslyuMM ¢ 

e” 


Op Op } 
—A +- a(&) » +- 
Ox aZ (2)¢ 


+ i w (é, €”) {yp (0) Gye t-0",.6', 2’) — y(%,e",23%', 8, Z')\de". 


Ec Tenepb MoOnbiraeMcs COBEPLIATh Nepexo/l K Mpe/ledy é—> € TO MODKET 
OLITb, YTO ypaBHeHne (22) TepAeT CMbICI. TOT ciyuai orparKaer, YTO ONMCAHHe 
(pusmueckoro Mpouecca ¢ o4peKTHBHbIM CeHeHHeM w(é, 6’) He ABIINETCH YOBIET 
BOPUTEIbHDIM, YJIYUIUeHHe, KOHCUHO, ABJIACTCS (pusnueckHM BOrIpocoM, a He 
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MatemaTHueckuMm. IIpu pacuere (plyKTyalHn MOHMSA\MOHHIX NoTepb roHOe 
oppeKTHBHOe CeyeHMe He aeT YOBJETBPHTeNbHOrO pesybTATA. 
OHaKO BO3MO)KHO, UTO TOCe (OpMaIbHOrO COBepIeHMA Tepexoa &—> € 


nouwlyuaercA MATeMaTHYeCKM Y)OBETBOPUTEIbHbIA pesysbTatT, B 9TOM cyyyae | 


OPPEKTHBHOE CeYeHHE JLOBOJIbHO XOPOMO ONMCbIBAeT (pHsMUeCKOe coeprKaHne 


npouecca, XOTA MPHHUMNMaJIbHO BOZMO)KHO OMpeeIMTh KOHEYHOC oppeKTHBHOE | 


ceyeHHe Ha OCHOBe OoJIee TOUHON pusn4ueckoOK TEOPHH, BCe-TAaKH MO)KHO O)KMAaTh, 
UTO Pe3yJIbTAT ITUM CYIU[ECTBEHHO He UZMCHUTCA, TOJIBKO BbIUHMCJICEHHe CTAHOBUTCS 
Oosee COMKHbIM. TIpHMepoM IA 9TOrO CyYYAA ABJIACTCA BbIUMCIeCHMe (pJlyK- 
TYalMH TOPMO3HOFO H3JTyYeHHsA TIpH oppbeKTHBHOM CeueHHH 


; E| 
w (E, Bt) =) CFIn x | C = uocTosHHan 


ucnosIbsyemom Bete u Telitsepom. 
He yunTpipad 3aBucHMocTH oT A, ypaBHeHnust (17) Mu (20) Jterko peiuarorcst, 
ec apPeKTHBHOe CeUeHNe OHOPOHO, T. €. w UMeeT BUI : 


w(E,E’) =v eis ; 
BBowA csleyrouue o6o3HaueHHs! : 
E 1 
‘=In— uu  O(x,E;x', BE’) = —v(x,B3x',4’), 
a 7 p( ) =f p( 4) 


C MIOMOL[btIO mpeodpasoBpannyv Jlanjaca mMooKem HatllucaTb, 4TO 


L {yp} = exp {(x' — x) f (u? —- 1) v (u) du\. (23) 


VicnoJIbsyx BbIparKeHne (23), M60 C NOMOMIbIO MeTOsa MepeBasia, M00 aHaMTH- 
YeCKM MODKEM OMPeeIUTh (PYHKUMIO yp. 
Halipumep, B crielHasIbHOM cJlyuae bere—lelitsepa 


= | | Chee . (24) 


v 


E E’ 


L\y | umeer pug 


Gree) 


L {y} = exp | (x’ — x) abe ae du | = (4+ 1) 4 (25) 


Inu | 


! 


: 
| 
. 
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Ec x W3MepseTCA B TAK HaSbIBAeMbIX KACKaHbIX eMHMIax, TOC =In2. Us 
(25) nloyyaem, 4TO 


oy 
p= 2 __., (26) 


MJ 


ea (27) 


YpasHenus (17) M (20) MOoKHO pellaTb C MOMOLIbIO nmpeoOpasopanns Jlan- 
jaca M B TOM CJlyyae, ecJIN appeKTHBHOe TOMepuHoe CeueHHe MMeCT BUI 


w (E, E') =v (E — E’) 


T. €. ECM OHO 3ABMCHT TOJIbKO OT NoTepH IHepruH. HeoOxoAumo OOpaTHTb BHH- 
maHue Ha TO, uTO pu crporom paccmoTpeHnu w(E, E’) Hesb3A CUNTATb MOJI- 
HOCTbIO H€3ABMCUMbIM OT MrHOBeHHOH 9HeprHun E, Bejlb B ITOM CJIyUae IPH MaJIbIX 
E noreps ovepruu morila Ovi ObiTb Sobre 9Heprun E c Be POATHOCTHIO, OTIIMGAIO- 
ujelica OT HYJIA. Bce-TaKM MODKHO TIOJIYYMTh XOpoUiee TIpHOJIMKeHHe, eCJIM 3Ha- 
yeHHe v Mp OobUIOM 3HayeHMN ero aprymeHta A = E — E’ ouenb malo WIN 
PpaBHO HYJIO, M 9HEPrMA yaCTHLbI Ha MyTH x —x CHJIbBHO He YMeHbINAcTCs. 
Merog Jlanfay [4] 4.19 BErunceHMA (pyKTyauMM MOHMSALMOHHDIX NoTepb Ciipa- 
BeJIMB, KaK pa3 B 9TOM cylyyae, J,eMCTBUTeJIbHO, TIpH OobUIMX 3HAYeEHUAX E 
addeKTHBHOe MomepeuHoe ceyeHHe He 3aBUCHT OT E, uw BeposTHocTh Soubu0i 
MorepM sHepruu MaJia, Takum oOpasom, eCJIM TOJIMMHA aOcopOeHta MaJla, TO 
TIpHOIM)KeHMe ABJIAeTCA XOPOLMM. 


§ 4, TipuOnwKennve c NomOUbo AHPppepeHunatbHbix ypaBHenvit 


Ec xapaktTep Mpolfecca onpesesIAeTCA YACTO MOBTOPSIOMIMMUCA CTOIIK- 
HOBeEHHAMH, IIPHBOAMIMMM K He3HayHTeJIbBHOMY H3MCHCHMIO MapaMeTpos adppek- 
THBHOe HomepeuHoe ceyeHHe OOJaLaeT OOJbIIMM 3HAYCHHEM TObKO Sp é'~ &, 
TO pemenne AuppepeHiMatbHoro ypaBHeHHA KouMoropoBa ABIACTCA XOPOLIMM 
TipHOnMKeHvem ypaBHennit (17) H (20). BpruncieHns, MpMBeqeHHble HK, T0- 
Ka3bIBaloT, C KAKMM MIpeHeOpexkeHveM CBAZAHO TIpHMeHeHHe ypaBHeHHit KoJImo- 
ropoBa, OTHOCALIMXCA K HelpepbIBHOMY Mpotjeccy, BMecTo ypapHennit (17) u 
(20) uncTo pasppiBHoro Mporecca. 


5 Acta Physica IX/3. 
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Pa310oKUM B pA, MOAMHTerpasbHOK PyHKUMM G(X, €’, Z; x’, &’, Z’) BypaB- 
HeHvu (17) mo creneHAM €— e’’, M 3aKOHYMM pa3JlOxKeHne WIeHaMM BTOpPOro— 
nopayKa. YuMTbIBaA, 4TO 


{ (4 — A") w(e,e") de" mu { (A — A") (E—E") we, 8”) de” 


aw 


é 


W3-3a CHMMeTPHH UCUesatOT, MOJTYUNM, UTO 


Oy Op Op . 
Se he a(e O(E) — —— PF? (E - 
ne oe (e)@ + OO ge 5 CS 


1 ay 
O(E -, (28) } 
7 (E)—F, (28) 


O(E) = { (E—E")w(e,e") de” 


e” 


CpeTHAS! MOTePA OHEPrHUW Ha EAMHUYIHOM UYTH, a 


P(E) = { (E— E")*w(e,6")de"  8°(E) = { (A — A")? (2, 2") de” 


e” 


AMCNepcHH MoTepH sHEpruM MW yruoBoro pacceAHUA. Takum OOpasom, ecJIM WJIeHbI 
TpeTbero NOpALKa ABJIAIOTCA MaJIbIMV, TO (28) MO)KHO CUNTATb XOpOMM mpHuo- 
JM>KeHHeM. UeHbI BLICHIerO NOpAAKa, B OKPeCTHOCTM € ~ €”’ awT MaJlyto Tc- 
MpaBKy ; BONPOC TOJIbKO B TOM, UTO w(e’ &’’) YMEHbINAETCH JIM NOCTATOUHO ObICTpO 
mpu é’ <e. Ypapneune (28), No CyTH ela, ABJIAeTCA NepBbIM ypaBHeHHem Koli- — 
MoropoBa. 

Bropoe ypaBHeHve (20) B aHaJIOrM4uHOM NpvOsMKeHMM aeT ypaBHeHve 
@Mokepa—I|uanKa (BTopoe ypaBHeHve KoJImoropoBa). YMHO)KaA ypaBHeHue 
(20) TponsBoubHOK dyHKuen R(e’) M uNTerpHpys No e’ (yynTLIBaA, uTO Nops- 
OK MHTerpHpoBaHHA MO)KHO MIOMe€HATb B TepBOM MHTerpasie MpaBok wach), 
MOJLYUMM : 

prey lt 4 4 4 a(eyplae = 
’ | Ox’ a 
= ({ w(e',e") p(x, ne oe {R (e") — R(e')}de" de’. 
PACT he 
Pasnaran R(e”’) B psa Mo creneHsAm é’ — e&”’ VM YUMTHIBAS TOJIbKO WIeHbI BTOporo 
NopaAqKa, Haxo,um, 4TO 


Ox! az’ { 


— ( @ rn OR e! i | pe ae o2 ) 
= lie CE eer +5 fe [Pees a (E’) 


DRC) atpetan aelae Que -. 


eR | 


de’. 
9 A’2 | 


é€ 
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B mpaBoii yacTH MHTerpupoBaHHeM NO YaCTAM MO)KHO HCKINOUMTb MpPOUSBOA- 
Hpie dbyHkuun R (e’). O MpovnTerpHpoBaHHbIxX WleHaX MO)KHO MpeANoarars, 
uTO OHH vcuesaioT, HO0 dbyHKnA R(e’) ABIAeTCA MpousBoMbHOH. TloJlyyeHHoe 
ypaBHenle cimpaBe JIMBO jJ1A ae R(e’) TouIbKO B TOM CJIy4ae, eCJIN 


Op 2 OP cea 
= A — Bee lO Ch) oo P2(E’) wo 3 
ax’ QZ’ a (e') p ue ={ ( ) P+ ) ~ af ( )o}+ 
ny 28 (29) 
o2 E z 
eee te 


TO ypaBHeHue colpsxKeHO C ypaBHeHuem (28) HM TOKAeECTBeHHO BTOpoMy 


-ypasuenuio Konmoroposa. 


§ 5. Bpruncaenve ayktTyalun yrnoBoro pacceAHHA pH MaNbIX yriax 
c y4ueTOM NoTepH 9HeprHun 


Ecim B ypaBHenlisx (28) u (29) mpenedpeub wieHom, coqeprKamem P(E), 
T. €, UpeneOpeub cTaTHcTHYeCKUM xapakTepoM TloTepH 9Heprun, TO B TOM CJlyyae 
jlerKO MO}KHO HatlHcaTb COBMECTHOe pelleHHe ypaBHeHHit (28) u (29), yoBeT- 
BopsAlouee HaYaIbHOMY YCJIOBHI0 


5(E’ — E)5(A’— A)8(Z'—Z). 


Jlerko yOequTECA B TOM, UTO y HMeeT BUI : 


E 
ae * dE" 
: 0 |x aa 
| . hast 
Sy (x, €,Z3 2%’, &',Z') = exp | x = ——____—.y(x,&,43 %',8",2'), 
| Jj oO") O(E’) 
E’ (30) 
rye y YAOBMeTBOpAeT CleLYIOUIUM ypaBHeHHsiM : 
ay oy oy is 7 yp 
ee = Offa (CE) 
Ox Z she oy ay 2 ) 0 A2 
M (31) 
oy oy oy : oy 
ee Oey Se (EF on 
ax" 7 1 OP ae T 9 E) Ban 


Us (30) Buquo, uTo 9Heprua yacTHitbl E’ MO)KET UMeTb TOJbKO SHAeHHe, 
YLOBeTBOPAOIee YCOBHIO 


E 
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Tak KaK TIpH JNOO0M Apyrom 3Hayennu E’ ucuesaer. Io osnayaet, YTO MEXKTy x” 
u E’ cyulecrByer OHO8HAYHaA CBASb B CELYIONIEM BHe : 


a (33) 


E 
‘ 7 dk’ 
x ° 
| O (E”) 


YunTpipasd ypaBuenne (33), LocTaTOuHO peluMTb ypaBHeHus (31) Ha runep-— 
NOBePXHOCTH, OMpeeseHHoh ypaBHeHvem (33). J[pyrumu cJloBpamu, OcTaTOuHO 
YAMOBNETBOPATh LU(MpepeHMaJIbHbIM YpaBHeHusM (31) WIA Tex 3HAYeHMU x, x’ 
u E, E’, Koropbie yoBserBopswT ypaBHennio (33). C TomoubI0 (33) MO>KHO 
ucKNOUaTh « WM x’, OueBMHO, YTO y 3aBHCHT TOJIbKO OT TOJMMHbI aOcopbenTa, 
T. €. OT a’ — x IIPM YCJIOBUM, UTO ADCOPHeHT ABIACTCA O/HOPOAHDIM, (a 9TO Mpej- 
noslaraerca, W600 Mnaye O(E) u P(E) B ABHOM Bue 3aBMceIM ObI OT x — x’), 
Iycth x’ —x =x’ Tora 


. E dk” 
ge 0 (E") 


TakHM 0Opa3s0M, MOOKeEM HamMcaTh, YTO 


u” 
Ld 


E 
w(x’ ,e, 238, 2') = 9 f 


———.,, ¢,Z;8',Z’ DA AR ee Aa (34) 
2 0(E") 


Ucnospsys (34), u3 (31) mosyaum crexyrouwe ypaBrenns : 


Oy Oy ] OA 

0 (£) — = A- —o? (E) ——., 

() ok a9 eat 
(35) 

(gE) 2% = gr 8k _ 1 gs (py) © 


Ok’ az’ QA’ 


OTH ypaBHennsl JWI % MOryT ObITb NONyUeHbI HEMOCpe/\CTBEHHO, eCJIM BMeCTO x 
M «’ B KauecTBe CTOXacTHYeCKOrO NapaMeTpa BBOJIMM, Ha OCHOBe 3aBHCMMOCTH 
(33), Betmunnbl E nu E’. Uckiuovenvem spistetca ToT cilyyal, Kora oHeprus 
nocrosHna, T. e. O(E) =O. Strum cnyyaem [11] 3annmasicn Depmu. 

HeTpyqHo HaliTH pemenne ypaBHennit (35) c MomontbIo NpeoOpasoBanua 
Jlanaca, Toce HeciooKHbIx BbIUMCIeHH mosyuaen : 


1 1 ” ” " ” 
r= ep | — 5 (1 A"? — 2, A"Z" +f,2"), (36) 
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2 7 , " , E dk” 
(eee AS Ad 2" = 2 ZA | KW , 
3 O (E") 

Lee i E §.(E"” . 
Bs —— = \ ( 2 dE > Bs os { 3(B") dE : 

24 O(E") EB O(E") 

EB, (E" 
py=2 | Pal ) dE". 

~ O(E") 


(37) 


C nomoutb0 (33) MOX%KHO CHOBa BBeECTH NepemMeHHyto x’ — x BMecro E—E’ B 
(PyHKUMIO 7%, YTO ABJIAeTCA M Goce eCTeCTBEHHDIM, 
Takum oOpasom, nosHoe pemleHne MMeeT BHI : 


rye sbyHKUMA x OlpesesAeTCA ypaBHeHM AMM (36) u (37). HeoOxoqumo sameTHTb? 


uTO s 
(f na4'dz’=1, 


HO cS ‘ 
i \ pdE' dA’ dZ’ sail, 
a 
- ss Db 
\| feat dA’ dZ' = exp a eH ) aE” . Fama tatk (39) 
0 (E") x— 2 | Oem 
‘ ee 

E dE" : 

rye mocweyHee BbIPparKeHHe yKa3biBacT Ha TO, 4TO B MHTerpase | O(E") HIMDKHHM 
‘ 


npegen EB’ 1ouKeH ObITb BbIOpaH TAKHM o0pasom, TOO! ycOBHe (33) BbUTOSHS- 
noch. Bestuuuna (39) orpaxkaer BepOsATHOCTb TOFO, 4TO YaCTHLAa C oHepruel E 
IpOXOMMT HyTb x’ — x O€3 CTOJIKHOBEHMA C pe3skHM M3MeHeHHeM. 


§ 6. Bonpoc o dayktyallHu 9Heprnu 


YpaBHenua (28) mu (29) ABNAIOTCs XOPOLIMMH TIpHOJMKCHHAMM TOKO B 
TOM CHIyyae, CCIM OTepA SHEP B OAHOM AKTE JOCTATOUHO masa. EcJIM cpesaTb 
odpeKTHBHOe Momepeunoe CeueHHe HacTOJbKO, yToOb! ypaBHeHusa (28) u (29) 
Obi XOpOLIMMM MIpudsMKeHHAMM HM Kpome E E' we yuntpipaTb pyrux nepe- 
MeHHbIX, TO YpaBHeHMsl JIA ~ UMeIOT BUI : 
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a Og 1 ap 
= == = OF PE —a(E)9, © 
nae (Een ee 3 
3 1 (40) 
YP 
ear {OE ps + — P?(E’)~ }—a(E)¢, 
re = = {01 pares af (E') p} —a(E)¢ 
ou 0 = ae 


Ec peHeOperatb CTOJIKHOBEHHAMM C pe3KHM M3MeHeHHeM, TO [VIA mw Mosy- 
yaem cyletyoue ypaBHeHVa : 


2 
aes O(B) cot Py, 
Ox OE 2 0 E? (41) 
Og 3? 
= 0 (E' = Pe 


C HayaJIbHbIM ycoBuem g(x’ —0, E, E’) = 6(E — E’). Tak Kak B ABHOM Buje 
H€BO3MO)KHO HalTH oOmjee pewieHne ypaBHeHHi (41), To mpu 3aqaHHbIx O(E) u 
P°(E) MOryT ObITb TIpMMeHeHbI TOJIbKO UMCIeHHOe pelleHve WIM MpHOJIMKeHHbIe 
MeTOJIbI. 
TouHoe pemieHve ypaBHennit (41) MooKHO HalTH B TOM Ciyyae, ecsIM a*ppekK- 


r 


E 
9TOM Cily¥ae O(E) u P(E) ABIAIOTCA TponopuMoHasIbHbIMU E, U STO MOSBOMAeT 
nepenmucaTb ypaBHeHns (41) c Momob1o Mpeodpasosannh In y = E ui Iny’ = E’ 
B Bue YpaBHeHHA TeNMIONPOBOAHOCTH. JToT cilyuai He OcoOeHHO HMHTepeceH, 
TaK Kak Ip 9TUX BPPEKTHMBHBIX CEYCHHAX CAMH MCXOHbIe MHTerpaJIbHble ypaB- 
HeHMsl JIerKO pemawrcs. 

Ecum TouuMHa adcopbeHTa MaJia, TO MOKHO cunTaTb O(E) u P?(E) Mpu- 
Me PHO MOCTOAHHBIMM UM Tora pewenve ypaBHenuk (41) no Poccu [11] umeer Buy : 


THBHOE T1ONepeunoe ceyeHHe UMET BUI V 


|, (Koamoropos [14]), Tak Kak B 


_ (E=E’— Ox") | 
Tee 


(42) 


JIyuwum MpvOJmoKeHHeM ABJIAeTCA IpvOmMKeHNMe Tana [9]. On ucxoquT 
M3 TOYO, UTO IPM BEIUNCIIEHMM (plyKTYAalMM 9HeEPrM Ha PIyOHHe x MODKHO Npes- 
nolaraTb, uTo WoTepaA 9Heprvuu Ha NyTH x’ —-x MaJIO OTUIMYAeTCA OT CpeqHel 
NOTepH M MOITOMY B BbIPAarKeHUAX he ) 4 P?(E’) Bmecto E’ MOdKHO MOACTaBJIATb 
cpeyuioio 9Hepruio # ua rayOune x’. Onpegenenue  qaerca ypaBHenuem (33) 
B cileyioujem Bue : 
rapt ie 


pO 


x” = 
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TO NpHOMKeHNe ABJIACTCA XOPOUIMM, CCIM E’ ne oueub OTJIMUACTCH OT E. 
Tlocne 3amenni E’ Ha B(x’) Bo BTopom ypaBHennn (41) KoappunMeHTbl O HP? 3a- 
BUCAT TONbKO OT x" M TOra MOMKHO Haitru pemeHMe (41) B CTeAYIONEM BUTE - 


ae, ae Boa, exp | om ce BR fal \) =) FE | ; 
pao | sag BO) EM (42) 
st =f PPLE (x")}ae". (43) 


Heo6OxoAUMO OTMETHTb, UTO 
+ x” cant 
B(x") =E—{ Of{E(x")} dx’. (44) 
0 


Pemenue (42) aeT BEpOATHOCTL, OTJIMUAIOMIyIOCA OT HyAa uaa E’ <0 
u win E’ > E, xo He umeeT cbusM4ecKoro CMbICIa. ITO YKAsbIBacT Ha 70, YTO 
peumenue (42) He MOKET ObITb NpHMeHEHO K OYeHb TOHKM WIM K OYeHb TOJICTbIM 
adcopOeHTam. 

HeoOxoumo OTMeTHTD, YTO B CyIyYae MasLOM AMCnepcun (S?/E <1) Bblpa- 
yKeHMe (42) JOJKHO ObITh CNpaBC/WIMBO B LIKPOKOM unTepBasie oHeprnit E’. 
IIpu S—>0 us (42'), nonyuuM, 4TO ’ 


Gis OLE (si By — E'S. (45) 


BpiparkeHve (45) TOUHO coBMaqaeT C PellcHueM, KOTOpoe JIerKO NosyyaeTcA U3 
(30), ecm Mpeanoaratb, 4TO PE) = S*(E) =a(E) =O 4 mpeneOperatb 3aBu- 
cumocTbio oT Z. STO YKasbiBaeT Ha (pusM4eCKYIO MpaBUJIbHOCTb pemenua (42’). 

Jit OleHKM UorpelwHocTu TIpHOMMKEHHOrO PewleHHy (42’) Mp pasHbix 
3HaueHunax E’ mooKeT ObITb IpMMeHeH ce LyIOUMH METOL. Bo BTopoM ypaBHeHunM 
(41) MooKHO OTAeIMTh HEKOTOPy!o YacTh, Mrpalolly!o POJIb MasOrO BOSMYH{alo- 
utero wWieHa, culeqyrouyym oOpasom 


Op = om liga’ ap } : ; 
ee = 100 Pe) ——— + p(x", EE’), 46 
8 0B) E+ TPE) oe tO BEY) (46) 


rye 
i (a, BE’) eee {[0 (E’) — 0(B)| A Baie 
y r) ? 9’ YP 9 PY 


{[P? (E’) — P?(B)] 9}. 
Kak BugHO, y =O npn E’ = E vu upu HeOobUIMX OTKIOHEHM AX OT E c nomo- 
UbiO MeTOsa TocTeneHHOrO MpHOJIM>KCHHA MOKHO orpesesIMTb MOrpeiHOCcTb 
pemenusa (42’). 
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Kak BHHO, MpoOseMbl :lyKTyalMu 9HEpruu UM yruoBoro pacceAHHA elle 
jlaeKo He paspemleHbl. He umMeeTcA pewlenve MpoOsembl duyKTyayMu sHeprun 
HH B Cylyyae YaCTHU, OOaqawuMx Mao 9Hepruei, HU B Ciyyae TONCTOrO abcop- 
OenTa. Her eile COBMeCTHOrO pelleHHA PJyKTyalMu 9HeEprMu MW yroBoro pacce- 
aHua. Kpome Toro, ee CoBceM He paspaboTaHa OleHKa MorpeuiHocreH cyluyjecT- 
BYIOU[MX TIpHOMKeHHM. HeT COMHEHMA, YTO BOSMOXKHO yJIVUaTb MpHOIMKeH- 
Hbl€ Me€TOJbI M B HACTOAMee BPEMA B ITOM HaliIpaBMeHHM VpoOMOKAawTcA UCcIe- 
JOBaHHA. 
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METHODS OF DETERMINATION OF THE FLUCTUATION OF THE ENERGY 
AND THE DISTRIBUTION OF ANGLES OF FAST IONIZING PARTICLES 


By 
A. Békéssy, L. JANossy and L. PAL 
Abstract 


The methods of determination of the fluctuation of the energy and the distribution of 
angles of fast ionizing particles are described and critically compared. Special attention is 
paid to the physical contents of the methods of approximation. A general method is given of 
how to improve approximation. 
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The quantitative treatment of the polyatomic molecules encounters serious difficulties 
of mathematical nature. A considerable part of these may be overcome by the use of one-center 
wave functions. In case of molecules with high degree of symmetry this method seems to be 
successful. In the present work the application of the method to tetrahedral hydrid molecules 
is examined. It gives methods for the building up of the wave function and the simplification 
of the computations. 


Introduction 


The XH, molecules consist of an atom (ion) X being in the centre of 
tetrahedron and four hydrogen atoms situated in the peaks of this tetrahedron. 
(X may be C, N+, Si, Ge, ete.) It is characteristic for them that the four bonds 
are completely equivalent and to a high extent independent of each other. 
Their electronic ground term is 1A. 

For the calculation of the energy and the eigenfunction the HLSP 
method [1, 2, 3, 4, 5] as well as the LCAO-MO method [1, 6, 7, 8] may be used, 
but, owing to the analytical and numerical calculation of the three- and four- 
center integrals involved, serious difficulties are encountered. (It may be, 
however, that in the near future these difficulties will be eliminated by the 
use of fast electronic computers.) 

The occurrence of three- and four-center integrals may be avoided by 
using orbitals having identical centers (in our case the nucleus of the X atom). 
In this case only one- and two-center integrals occur, which can be easily com- 
puted. It has been shown by MULLIKEN [9] that due to the high degree of sym- 
metry of CH,, the problem can be rendered (probably to a good approximation) 
spherically symmetric, if the charge of the four protons is averaged over a 
spherical surface. The ground state of CH,, (1a,)? (2a,)? (1f,)® 14,, is very 
similar to the ground state of Ne, (1s)? (2s)? (2p)® *S,, hence the methods used 
for atoms may be applied with a slight modification to such molecules. 

With the aid of the Hartree SCF method, calculations were carried out 
by Bucxinenam, Massey and Tipps for CH, [10]. The result was very en- 
couraging : also for the binding energy a strikingly good value was obtained. 
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Subsequently calculations were carried out by Hartmann [11] for CH, 
and NH; . He applied hydrogen-like orbitals and neglected the electrons of the 
ls shell. Varying the parameter in the exponent, good results were obtained 
for the energy and the nuclear distance. CH, and NH, were dealt with as 
well by BERNAL who also used hydrogen-like orbitals, but the electrons of the 
1s shell were also considered by him. He too varied the parameters in the 
exponent, however, the results were less satisfactory than in the preceding 
two cases. The method does not give the binding energy. 

The Hartree SCF method has been applied to SiH, by Carrer [13], 
but he did not obtain a binding energy either. 

The results of [10], [11] and those of [12], [13] are apparently contra- 
dictory to each other. The aim set in the present work is to examine the applica- 
tion of the method to tetrahedral hydrid molecules and its efficiency in the 
case of the CH, molecule. 


1. The Schrédinger equation 


The Schrédinger equation of a hydrid molecule of type XH, having a 
central nucleus of atomic number Z in the “fixed nuclei” approximation 
expressed in atomic units is [14, 15]: 


He ee ie AS tng BY eG at 
2. fa1 i=1 T; = Tip Teas} Vij 
eS bey (1) 
SS ee Sea Ee 


Here n is the number of electrons, indices 1, j refer to the electrons and indices 
Pp, q¢ to the protons. Hence r; is the distance of the i-th electron from the 
central nucleus, rj) the distance of the i-th electron from the p-th proton, 
Rk, the distance of the p-th proton from the central nucleus and R,, the distance 
between the p-th and q-th proton. It is best to place the origin of the coordinate 
system into the central nucleus. The ¥,-s are functions of the 3n electron 
coordinates, but they also depend on the coordinates R, and Rp, of the 
nuclei. The energy eigenvalues E, are also functions of the coordinates of 
the nuclei. In order to simplify the calculations the four protons are fixed in 
the peaks of a tetrahedron, their distances from the center of that tetrahedron 
being R. Thus the frame formed by the nuclei has the symmetry of the point 
group Ty. 


2. The building up of the wave function. The variation method 


Let the g;-s be N normalized, linearly independent one-electron orbitals, 
having the very same centre. Completing these by the spin functions a and 6 
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we obtain 2N linearly independent u, orbitals. From them (’) different 
determinants ; of n™ order may be formed. Separately the ®j-s and an 
arbitrary linear combination of them changes sign when the coordinates of 
/ any two electrons interchange. 


» C2. (2) 


U 


The Cj;-s are the variational parameters whereas the @;-s are determinants 
of n-th order, consisting of the spin-orbitals u,. The gj-s may include also 
variational parameters cj, Cj) cj, -.- etc. The task is to determine those para- 
meters C;, c;, by which the energy expression is minimized. The variation of 
the C;-s leads to the well-known secular equation of the form > C; (Ay — SyE) 
the lowest root of which gives the approximation of the energy eigenvalue 
of the ground state [16]. 

Since Hj; = i D; H@, dt and Sj; = , QD; ©; dz are still functions of the 


cj-s, the energy has to be separately minimized according to these too. 


3. The factorization of the secular equation 


If the system has apart from the operator H also such hermitian operators 
R, Q... which commute with H and with each other, i. e. 


HP — PH =0, 
PQ—OP=0, (3) 


Se ee ee ees 


then the physical quantities represented by the corresponding operators can 
be measured simultaneously with the energy and have a common eigenfunction 
system [17]. (It was assumed that operators P, Q, ... are functions neither 
of operator H nor of each other.) It can be easily seen, that if pixm belongs 
to the eigenvalue p; of P and qm of Q, then : 


i) Pam ae dt = Sijxtmn 9x1 Omn > (4) 
s » ape H Phen dt = iim Dx Ora, : (5) 


For molecules, neglecting the magnetic interactions, the square of the resultant 
spin momentam (S?) and the projection of the resultant spin momentum on 
the Z axis (S,) are such operators. In our case the operator H is also invariant 
against the operations of the point group Ty. Bringing the approximative func- 
tions into such a form that they belong to the given rows of the individual 
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irreducible representations, i. e. to be of given symmetry species then relations 
(4) and (5) can be applied to them too. 

Using these, the secular equation is factorized into equations of lower 
order. Since in general our aim is to determine the energy and eigenfunction 
of a given molecular state, the trial functions »’ C; ®; are taken straightaway 
in such a form as to belong to the given eigenvalues of operators S? and S, 
and to given rows of the irreducible representations. 


4. Eigenfunctions of the operators S, and S? 


It can be easily seen that the determinants @; are eigenfunctions of the 
1 
operator S,, namely they belong to its eigenvalue “g(t + ng) (in A units). 


n, and ng are the number of the spin functions a and £, respectively in the 
determinant ®; under discussion (n, + ng = n). 

Functions belonging to the eigenvalue 0 of the operator S? can be 
constructed as follows [15]. Let us assume that the determinant consists of 


aN I 


n given orbitals y; (n has to be an even number), Among these may be identical 
pairs, but it is then necessary within each pair that one of the orbitals has 
spin function a the other one spin function 6 (doubly occupied: orbitals). 
The »y <n free orbitals can occur arbitrarily with spin functions a or f. 


y! 
Altogether No =-——~- such determinants ©! can be constructed in case 


Fal 
2 
of » singly occupied orbitals, which belong to the eigenvalue O of Sz, i. e. 
Yq = Vg. Y, and vz are the number of the free orbitals with spinfunctions a 
and f, respectively (for instance if v = 8, Nj == 70). 

The total spin state will be singlet if the electrons are forming singlets 


8 
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Fig. 1 


in pairs. Electron pairs, being in the doubly oceupied orbitals, always form 
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singlets in each determinant @j. From the determinants @; we form such linear 


. . . . . . v . . 
combinations in which the y singly occupied orbitals y; form cae singlet pairs. 


y v! 
From y points a pairs can be formed in “a[z | variations. 


2s Fs ! 

2 | 

Taking the points on the circumference of a circle the pair creation can 

be represented by arrows (RUMER’s schema). For instance in the case v = 8, 
four such schemata can be seen in the figure. Altogether 105 such schemata 


may be formed. These are, however, not linearly independent [18]. Among 
yl y! 


———— schemata only = 
Tf? sah 
2 2 


: 
22|—|! 
in case of vy = 8 only 14), namely those in which the arrows do not cross each 


the are linearly independent (i. e. 


2 


other. A linear combination >’ C; ©; corresponding to such a schema can be 


obtained as follows [15]: 


WP jks toms.-- Ta > din (i) Bim (i). . .PY. (6) 


i= 


By the left upper index of 1¥ the multiplicity is denoted (M = 2S + 1), 
the indices connected by an arrow (for instance jk) show that in the corres- 
ponding schema the arrow is directed from the j-th orbital towards the 
k-th orbital. The meaning of the symbol 6;, (i) is the following : 


1, if the spin function of gy; is a, and that one of 9, is f. 
6jx (i) = ) —1, if the spin function of @; is 6, that one of the gy, is a. 
lo. in all other cases. 


Hitherto the n orbitals p; occurring in the determinants, and the number 
of equal pairs among these, were considered as given. 

Even more singlet functions can be obtained if the occupation number 
is varied in case of given ¢j-s for the individual g;-s, and on the other hand 
if we exchange among the 9;-s one or more by new ones. If N different orbitals 
yj are at our disposal then altogether ic) Slater determinants can be formed. 
Among these 

ky 
en WES 


= 


n ‘6 
als+i boop) tel]? 


belong to the eigenvalue 0 of S, and 
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to the eigenvalue 0 of S?. This method can be easily generalized also for the 
case of higher multiplets. 


5. Construction of wave function of given symmetry species 


Let us assume that the operator H commutes with the operations of a 
point group 4 (i) (i =1,2,... G). Let D/(i) and D’' (i) be the two unitary 
non-equivalent irreducible representations of the operation A (i), with dimen- 
sions n; and nj, respectively. Levi ves ttn oe y and a. gh, shy, 
are such functions for which is valid 


ae ke By) A Pe 
At) f= > ADL), @=1,2,...0))5 
A=1 


. i : 
A (i) gh = > gp Di Oe = 1) 2, 
el 


then the function ip) belong to the row n of the irreducible representation j, 
and the function gj’ to the row x’ of the irreducible representation j’. In this 
case the following relations similar to (4) and (5) are valid [19]: 


rs * ar G ’ je of 

i fi My, dv = ees 0"; Ont > (jf gi dv), (7) 

ij 5 
Rhee “7 G N 1(C ij* j 

| ff Hgl, dv = —6):;6., > (J fi Hg} dv). (8) 

nN; FAS 

If F is such a function (orbital or many-electron wave function), to 

which the operations A (i) of the group can be applied, then knowing the 

matrix elements of the irreducible representations of the group, F can be 


decomposed into such parts f/, which belong to certain rows of the individual 
irreducible representations : 


= SDE) AW F. (9) 
fa 


fl= 
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If only the characters y/ are known, then F' can be decomposed into such 
parts f’, which belong to the individual irreducible representations : 


Sv" WAWF. (10) 


Hee 
Goins 


fi = 


In the molecules similarly to the atoms the orbitals belonging to given 
rows of irreducible representations are denoted by the small letter of the 
corresponding irreducible representation, adding to it as right lewer index 
the row number and after this the bracketed sign of the corresponding point 
group. Before the letter a number is written (1, 2, 3 etc), to express the energeti- 
cal order of orbitals of identical symmetry species [20]. For instance la, (Tz) 
or lf, (Tz). Hereby the brief denotation of electron configurations is made 
possible. For instance for the CH, molecule (1la,)? (2a,)? (1f2)® 1-4). 

The denotation of the total electron state is similarly effectuated but 
then the capital lettel symbolizing the corresponding irreducible representation 
is used and multiplicity is denoted by the left upper index. For instance °F), 
if more states of identical symmetry species exist a further index has to be 
introduced in order to express the energetical sequence. 


In general the determinant wave functions ©; do not belong to given 
rows of the irreducible representations, neither in the case when each of the 
orbitals p; occurring in them is of a given symmetry species. The following 
two cases are exeptions : 

a) If the determinant @; consists of such orbitals of given symmetry 
species that orbitals belonging to each row of the irreducible representations 
occurring in it are appearing once. 

b) If orbitals belonging to each row of the irreducible representations 
occurring in it are appearing twice (once with spin functions a and once with f). 

In these cases ®; belongs to the so-called totally symmetric representa- 
tion (this is a one-dimensional irreducible representation, each matrix of which 
is +1) [21]. 

In case b) the molecule has closed shells, (The multiplicity of the electron 
state is 1.) 


The approximative one-center wave functions may be easily built up 
by the current methods. The MO (Molecular Orbital) method is closer to the 
nature if the matter, but also the VB (Valence Bond) method can be well 
applied. 
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6. The MO method 


Let us choose a normalized (but not necessarily orthogonal) set @ x- 


For this we have nothing else to go by than to attain a good approximation. 


The problem, which set of functions is the most adequate for the approxima- — 
tion of the orbitals of the valence shells — disregarding some general points | 


of view — can be answered only if experience gained by many computations 
is at our disposal. Since a considerable part of the energy is given by the 
closed inner shells, such a set of functions should be chosen that the inner 
orbitals are well approximated by certain terms of it. 

Hydrogen-like, Slater, Morse-Young-Haurwitz orbitals and the solu- 
tions obtained by Hartree-Fock’s SCF methed or their combination are 
appropriate. Into the radial part of the orbitals variational parameters are 
built in (the factor of the exponent, the coefficients of the linear combinations, 
eventually the power index of r). After such linear combinations y/; are 
formed of the g,-s, which belong to the given rows (x) of the given irreducible 
representations (j). Since against the operations of the group the radial parts 
are invariant, only the angular parts have to be examined. Using (9) and the 
irreducible representations [22] of the group Ty, the following table is obtained 
as a result for 1 from 1= 0 tol =3. 


A, E F, F, 
ay ey es fu fis fis fax ff: fas 
s 1 
P ‘3 n G 
d 3C2—]| 2-7? nf BE &y 
FARES &(22—n?) | (9028?) | C(E2—n?) | (5623) | (523) | €(522—3) 


&=sinYcosy; n= sindsing; ¢ = cos?. 


An orbital of given symmetry species is formed in such a manner that 
angular parts in the corresponding column are provided by different radial 
parts and linear combinations are formed of them with coefficients which are 
at present undetermined. For instance 


Lay = ey Ry + ep Rigéne + ..., 


2 ay ea Rte, ecg (12) 
1 fay = Cg Ray & + Cyy Roo 90 +- C33 Rog € (5 &% — 3) +... 
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a) The yjj;-s thus obtained are completed with the spin functions a 
and f and determinants ©; of n-th order (n is the number of the electrons) 
are built up from them. 

b) After this disregarding the spin factors with the aid of (9) such linear 
combinations Y/ are formed of the ®-s which belong to the row x of the 
irreducible representation j. 

c) Then, with the wWi.s belonging to the same x and j such functions 
My, are constructed which belong to the given eigenvalues of the operators 
S, and S2 (M is the multiplicity). 

The linear combination formed from the “¥/,-s with the coefficients 
Mci_, is the most general trial function of the given electron state denoted 
by (M, j, x). Computing the energy expression with it and varying the para- 
meters C, c as well as the parameters built in to the R-s for minimizing the 
energy, we obtain the energy and wave function of the lowest electron state 
of given M, j, . 

The calculation cannot be carried out in such a generality in practice 
owing to the immense work involved. Therefore application of the following 
simplifications is advisable : 

a) The closed inner shells of the central atom are built up from such 
orbitals as in the case of the free atom and variational parameters are 
applied in their radial parts only. (For in stancein case of CH, 1s is taken for 
la,;,ete.) 

b) The trial function is built up from only one Mw) or from one con- 
taining only few terms, similarly the molecular orbitals yi; should contain a 
small number of terms only. 

c) If the trial function consists of a single Myl_ only two farther possibi- 
lities of simplification exist : 

a) If the radial parts are fixed and only the parameters c varied, 
then the calculation can be carried out similarly to the LCAO-SCF 
method [23]. 

B) If the orbitals consist only of one term then — similarly as 
for atoms — the simple variational method, either the Hartree or 
Hartree-Fock SCF method can be applied for the determination of the radial 
parts [10]. 

Let us consider for instance the 1.4, (Tz) ground state of the CH, molecule, 
which can be most simply expressed by the single configuration (1a,)? (2a,)? (1f,)°. 
As 1a, orbital the Slater function 1s, whereas as 2a, orbital the Slater function 
9s can be taken eventually completed by the term containing the angular 
part &7¢ whereas as If, orbitals, Slater orbitals 2p are employed possibly 
completed by terms containing angular terms d and f. This configuration can 
be expressed by a single determinant. The approximation can be improved 
by considering the configurational interaction. 


6 Acta Physica IX/3. 
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7. The VB method 


First the orbitals of the hydrogen atoms situated on peaks of the tetra- 
hedron are expanded into such a set of functions the center of which is the 
central atomic nucleus. After this with orbitals thus obtained we proceed in 
such a manner as is usual in the HLSP method [24, 25]. 

For instance if one of the hydrogen atoms lies on the Z-axis at a distance 
R from the center, then the 1s orbital of it can be approximated for example 
with the aid of the Slater orbitals as follows : : 


Pr = sR, + Cys Rg + Cy, Rg cos # 4- 3, Rg + C3, R, cos # + 
+ est Ry (3 cos? } — 1) + ¢,,R, + ¢,,R, cos ? + (13) 


+ ¢yqR, (3 cos? d — 1) + 4, R, (5 cos?  — 3cos#) +... 


Later the parameters ¢; as well as the parameters in the R;-s have to be 
determined so that the energy of the molecule should be minimal. Since practi- 
cally only a few terms can be taken into consideration, such a set of functions 
has to be used that by a few terms already an adequate approximation is 
obtained. (For instance eigenfunctions of the H atom are not suitable, because 
they form a complete set only with the inclusion of the states of positive energy.) 
After that the well-known HLSP method is followed : 

a) The orbitals gy, of the hydrogen atoms and the orbitals of the central 
atom are provided with spin functions a and 6, then determinants ®; of n-th 
order are formed from them. 

b) From the determinants ®;such combinations “VY are formed, which 
belong to the given eigenvalues of the operators S, and S?. (See 4.) 

c) Such combinations “Y/ are formed from the “Y-s which belong 
to the row x of irreducible representation j. (See 5.) 

The linear combination of functions having identical values M, j, x 
is the most general trial function of the electron state characterized by 
(see) 

In order to decrease the extension of the calculation the following simpli- 
fications may be used : 

a) The closed shells of the central atom are built up from the orbitals 
of the corresponding free atoms (these are doubly occupied). 

b) In the valence shell of the central atom four orbitals are considered 
only (one orbital s and three p) and the ionic-homopolar resonance is neglected. 
Thus it remains still a restricted configurational interaction (the central atom 
appears with s? p*, sp? and p* configurations). 
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c) For the sake of further simplification only a single configuration of 
the central atom is taken into consideration which consists of the four equi- 
valent hybrid orbitals sp* [25] [26]. With the four hybrid and the four Pu 
orbitals 70 determinants ©} can be formed, which belong to the eigenvalue 
0 of the operator S,. 

From these with the aid of (6) 14 linearly independent combinations can 
be constructed which belong to the eigenvalue 0 of the operator S® [3, 4]. 
With the aid of (10) three combinations can be formed of these which belong 
to the irreducible representation A,. 

Among these the simplest can be represented by a single Rumer schema. 
(See schema a) on the Figure.) By numbers 1, 3, 5, 7 the orbitals of the hydro- 
gen atoms are denoted, and by numbers 2, 4, 6, 8 the sp® hybrid orbitals of 
the central atom directed in turn towards them. This schema isa linear combina- 
tion of 16 determinants. 


8. Calculation of the energy expansion in case of wave functions formed 
of determinants 


The operator H of equation (1) can be written in the following form : 


n n 
H=H,+ SH; + 2 H;,. (14) 


i=a I=i<J 


In H, the coordinates of the nucleus only, in H; the coordinates of the i-th 
electron only, whereas in H;; the coordinates of the i-th and j-th electron are 
included. 

Let us introduce the density matrix of first order [(1’ |1), of second 
order J"? (1 2’| 12) and in general of y-th order J"(1' 2’... 9") 12... vy) of 
the normalized wave function VY of n electrons [27, 28, 29]: 


2 (eT) ee fed Cpe _.2)12,..n)dt,dt,...dt,, 
1? (1 2’|12) = (8) { W*(1'2’ 3... .n) W (123... .n) dtgdty... dtp, 
ae ee oe? | 2 a) sa (8) RL. ee Pb. om) 
W(l...vy+1...n)dt,,,... dt. 


(15) 


With their aid the energy can be easily written, considering that His sym- 
metrical in the electron coordinates and Y statisfies the Pauli principle 
E=H,+ {H,I(l'|1) du + § Hy, l? (1'2'|12) dry dry. 


H, and Hy, act only upon the coordinates not primed. After the effect 
of the operators, the primed coordinates are equated with the unprimed ones 
and the integration is performed. 


| 6 * 
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Let Y be a linear combination of the n-th order determinants 
=O, 75+ at teliie) + Cx, YK + avn +C,%, + oe 


of the following form 


Pe= ————_— det [u, us, ... u,),¥_= 


—————- det [0, ¥9,... v,]. 
wart ar th 


(The u,-s and v,-s are normalized spin orbitals.) 
Then the energy can be expressed with the aid of the density matrices 
in the following way : 


E= a ok C, [Hy J Vk Wide t+ [WL x, (V'|1) dry + 
+ { Hyg T%, (1'2'|12) dr, dr,] ; 


det [dar (ki) Dx 
Lace (Rt Bers (16) 
VDxx Di, VDex Dit 


icy (k\L) = § uj (1) », (1) dry, (At er a7). 


SVP dt = 


where 


The minors of first order Dx, (k | 1) and second order Dx, (k, kg a I.) 
etc. of the determinants Dx, = det [dx, (k | l)] play an important role in 
the calculation of the density matrices : 


Pee (ie eee etry) De ene 
KL V Dee Day = k i KL 
; 1 dL) Sa) ee on ott 
2, (1'2' | 12) = —— Pp f ( ) ia ( ) u(t) rial ’ Dur (hykolls) . 
VDxx Diy 2! Hate Uk, (2 ) Uke (2 ) v;,(2) v;,(2) (17) 


If the determinant D x, is not zero, the density matrices may be obtained 
even in a simpler way [28]. Let us introduce the following expression 


exr(l | 1) = San (V) ol) axe i) h). (18) 
Here dxj, (I | k) is the element (I | k) of the inverse of Dx_, i. e. 


dx (I| k)= Di (1D f 
Dx 
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With the aid of (18) the density matrices (17) can be expressed as 


D 
HG eae Rh ee \D = ex. (1’|1), 
KK*~~ LL (19) 
el 2") 12) Ls Dr 1 exr(1’|1) Ox (1" | 2) |. 
VDxxDit 2! | exr(2’|1) exi(2’ | 2) 
Writing this into the energy expression we obtain 
D : 
E= >CiC, KE [Ho + | Ox (1'|1) dt, + 
KL VDexPit 
(20) 
xs a [Hs ex (P 1) ex (1"|2) dr, ar) 
Din exr(2’|1) exr(2’|2) 
UN Se La 
If ¥ consists of N terms then pas oa of 0x, have to be formed. 


The number of the terms of the individual gx ,-s depends on the orthogonality 
conditions of the spin orbitals, it is minimally n, maximally ‘gr 

Since the energy contribution of the inner closed shells is orders of magni- 
tude higher than that of the valence shells, it is advisable to separate them. 
For chemical problems in general the energy conditions of the valence shell 
are important. In hydrid moledules of type XH, only the central atom has 
closed shells, therefore the separation can be easily carried out, if the following 
conditions are satisfied. 

a) In each determinant of the trial function W the orbitals of the inner 
shells are identical. 

b) Each orbital of the valence shells is ortohognal to each orbital of the 
inner shell. 

If the orbitals of the inner shell are orthogonal also to each other then 
the determinants Dx,, Dex, Dri have the following form : 


(21) 
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In the unshaded places (matrix elements between the inner orbitals as 
well as matrix elements between inner and valence orbitals) each element is — 
zero with the exception of the diagonal elements, whereas in the shaded places | 
(matrix elements between the valence orbitals) the value of the elements 
depends on the form of the valence orbitals. In this case the gx ,-s can be | 
decomposed into two parts ox, = 0! + exz. Substitute this form of ox, into 
the energy expression (18) and separate the terms depending on gi only: — 


D : 
L— CG | Ho | Mek") dt, + 
= VDxxDir 
++ (Hn se 1]1) ekr(1| 2) ae dre + | Hs ek (1/1) eki(1 | 2) dr, dt,+ 
2) "| ekx(2|1) ekr(2 | 2) o' (21) ef (2/2) 
; 1|1 1|2 22 
+ [He''\) ar, + [Aa ® o'( | ) o( | ) desde. ( ) 
: 2 e'(2|1) o'(2| 2) 
Since Hy, = is a multiplying operator it is superfluous to prime the coordi- 


Lap) 
nates in the coureeponcine terms. 

In the operator H’ of the core consisting of the central nucleus and the 
closed shells Hi is zero and Hi does not contain the potential energy V? (1) 
originating from the four protons. 

Considering that Y is normalized, i. e. 


Pat Ge BO i ae =], 


ul [DAD 


and incorporating the fourth term of (22) changing the denotation into the 
second term we obtain 


De . 
EBVO, | L \\ 1 ieee oi(1"|1")— 
KL /DxxDix Ty" 


=e (11) 2k 2) Jon + [> 


exr(1 | 1) ok (1 | 2) dx. dt 
ex (2! 1) pe . s|+ 


+ {VCCI dey +B (23) 


Th 


(In the second term of the bracketed expression first the integrations contained 
in the operator have to be carried out, then the external integration after 
having equated the primed indices with the unprimed ones.) 
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E' is the energy of the core which can be taken as the zero point of the 
energy scale. In this case the energy of the valence shells is given by the other 
terms relative to that of the core as zero point. The second term of the 
bracketed operator of (23) (Coulomb interaction of the inner shells and valence 
shells) isa simple spherically symmetric potential, whereas the third term (the 
exchange interaction of the inner shells and valence shells) depends also after 
carrying out the inner integration on the angles. 


9. Neglect of inner shells. Repulsive potential 


In the preceding paragraph we saw that the following should be kept 
in mind if the inner closed shells are to be neglected. 

a) The Coulomb interaction of the inner shells and the valence shells 
should be taken into consideration. The exact calculation of it is not too 
cumbersome. With a rough approximation it may be taken into account, so 
that the atomic number of the central nucleus is decreased by the number of 
electrons of the inner shell. 

b) The exchange interaction of the inner shells and valence shells has 
to be taken into account. If there are many inner electrons, then its exact 
calculation encounters difficulties. Approximately it can be calculated with 
the following simple potential [27]: 


4a feainys => (2f 


This should be added to Ay. 

c) The interaction of electrons of the inner shell and the four protons 
has to be taken into consideration. Also this may be easily computed exactly, 
but fusing the inner electrons into the central nucleus this term does not even 
occur. 

d) Orbitals of valence shells have to be orthogonalized to every inner 
orbital. 

If the valence orbitals are not orthogonalized to the inner orbitals, then 
the variational method cannot be used, namely a function ® on which a 
special condition is not imposed, approximates the lowest eigenstate of the 
operator H. For instance in case of atoms, each function ® the angular part 
of which belongs to a given azimuthal quantum number I. approaches the 
lowest state of that / (in case of 1 = 0 the state 1s, in case of | = 1 the state 
2p etc.) if it is not required to be orthogonal to orbitals belonging to the 
same | below it. 
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This requirement gives connections between the variational parameters, 
hence these cannot be varied independently from each other. In order to avoid 
this a repulsive potential has been derived statistically by GomsAs [30, 31] 
adding it to the operator H and thus calculating the energy, the orthogonality 
has become unnecessary. Later the method was further improved by him with 
the grouping of the core electrons according to the azimuthal quantum number. 
This method can be more comfortably applied to real calculations than the 
preceding one. 

Let D, be the radial density of the inner electrons of azimuthal quantum 
number I. According to GompAs if a valence electron of azimuthal quantum 
number is to be placed at a distance r from the nucleus of the core then an 
energy G;(r) has to be expended, independently from the electrostatical 
interactions, which is obtained as 


Se ioe ae (24) 
8 (21 + 1) Ar 


G(r) 

Since in case of molecules | is not a “good quantum number”, the 

orbitals y fo the valence electrons have to be expanded in the eigenfunctions 
gy, of the operator 1: 


ASD 
PS we 1 PIs 


and to the individual terms the corresponding operator G,; has to be applied 
(see also [33]). The method can be formally simplified so that G, is at the 
same time considered as a projection operator by which yp is transformed into 
a,G,q;. Then yp is transformed by »' G, into 3’ a,G,g, which, multiplying 
by y* from left and integrating over the coordinates of the corresponding 
electron, furnishes the correct expression ilps | a,|? p* G, yp dt. 
Hence the total repulsive potential to be added to the operator H is 
YPEA(r). (25) 
The suramation has to be extended over the valence electrons (over 7) and the 
azimuthal quantum numbers of the inner shells (over I). 
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MPHMEHEHME OJIHOLIEHTPOBOM BOJIHOBOM ®YHKIUMH K MOJIEKYJIAM 


PHOPHOOB C TETPASTPHYECKON CHMMETPHEM 
I, TeopermueckHe OCHOBbI MeTO;a 
9. KATIYH 
Peswme 


KonuuecTBeHH0e TOJIKOBAHHE MHOFOaTOMHBIX MOJI€KYyJI BCTpewaeTcA C OOJbIUHMH TPyA- 


HOCTAMM MeTeMaTHYECKOFO xapakTepa. SHAYNTebHAA YACTh 9THX TPyAHOCTeH IPH NPHMeHeHHH 
ORHOWCHTPOBLIX BOTHOBLIX yHKUMK oTNMapfaer. B cry4ae MOseKyI C CHMMeTpHeli BEICIUeH CTe- 
eH 9TOT MeTOA MODKET MIPHMeHATECA Cc ycnexom. Hacronmad padoTa paccmaTpuBaeT MpHMe- 
HeHHe 9TOFO MeTOZa K MONeKy1aM THOpHAOB Cc TeTpasapHyecKO CHMMeTpHel ; AaloTCA crOCO- 
Obl AIA NOCTpoeHUA BOTHOBOM PyHKUMM HM yIpOUeHHA BLIYMCIeHHi. 


ON THE STATISTICAL TREATMENT OF THE 
FERMION GAS II 


By 
P. SzEPFALUSY 


PHYSICAL INSTITUTE OF THE UNIVERSITY FOR TECHNICAL SCIENCES, BUDAPEST 


(Presented by A. Kénya. — Received: 1. VIII. 1958) 


In a previous paper we derived a new statistical model in the one-dimensional case. 
In the present paper the method is described in the three-dimensional case. 


I. Introduction 


In a previous paper [1] (hereafter referred to as I) we derived a new 
statistical model in the one-dimensional case. The present paper treats the 
same method in the three-dimensional case. As was shown in I the method 
is essentially independent of the interaction of the particles, thus the system 
to be considered is again one consisting of particles with spin 1/, without inter- 
action. Assuming the outer potential to be spherically symmetrical and grou- 
ping the particles according to their orbital angular momentum quantum 
numbers we obtain a problem which is essentially one-dimensional, thus the 
procedure discussed in I can be directly applied to this case. Therefore we 
may omit most of the details of the calculation and restrict ourselves to giving 
the results. 


II. Wave functions of the one-particle states 


The Schrédinger equation of n particles in the potential field V (r) is 


SH) b= E24, (1) 
eit 
where 
A2 
Fie ee AsV (5), 
2m 


Ais the Laplace operator. 
By introducing spherical polar coordinates (r, 3, y) and disregarding 
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the normalization constant the antisymmetrical solution of this equation 
can be written in the form 


R,; (r;) 
@—Der| VP YE (0.0) tna (7). (2) 

yi 
Here Y7' is the spherical harmonics relating to the orbital angular momentum 
quantum number / and the magnetic quantum number m. 7m, is the spin 
function, ¢o is the spin variable. In the bound state the functions R; are real, 


thus the wave function of the one-particle states will be normalized, if 


§ (VR) * Vite deo = Aow by, Sy my 
(dw = sin i dé dq) 


and 


j Ridr a 


Define G, in the following manner 


= b Jucan eS ; (3) 
2 (21+ 1) 
where n, is the number of particles with the orbital angular momentum quan- 
tum number 1; q, = 0 if all 1 groups are closed and in general q, gives the. 
number of particles wanted for the | group of highest energy to be closed. 
If the system involves incompletely filled | groups, the general solution 
is obtained from a linear combination of determinants of type (2). However, 
as the interaction of the particles has not been taken into account, wave 
function (2) also gives the correct energy eigenvalue. In addition as our 
purpose is to determine the spherically symmetrized radial density only, ex- 
pression (2) of the wave function will be satisfactory. 
By substituting wave function (2) into equation (1) the following system 
of equations is obtained for the radial parts of the one-particle wave functions 
with the same orbital angular momentum quantum number : 


he 
eee) eee eee (4) 


where 


y avy 4 WD 


2m 1” 


The energy eigenvalue is 


C= 2 
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where 
Gi 
€, = 2 (21+ 1) S Cee — UE GG, - (5) 


k=1 


The wave functions R; are not uniquely determined ; from any of the 
solutions of the system of equations (4) we may form, by linear transformation, 
further radial wave functions with which wave function (2) is a solution for 
equation (1). Thus, it can readily be seen that the radial wave functions can 
be chosen to be orthogonal to each other 


{ ROR dr = di, 


and 

G 
R, = > R¢Ch,. (6) 

k=1 

Then equations (4) and (5) are modified in the following way : 
A2 a i 
-- VIR = RE,, 4! 
+ | | (4’) 
Gy 

&€:=2(21+1) SE — 1 Fe,c,- (5') 


i=l 


In perfect analogy to I we may write 


2 2 ‘ 
es +0, ¥| R= RE,, (7) 
where O; may be the integral operator 
G 
0;R,= { S (E,— E,) RY (r') Rr) RB, (r’) dr’ 
k=1 


In the case if 
1 


0; = (p?; — 77:)» (8) 

2m 
where 

d2 R° 

ea = pit, 
dr? P 
2R. 

ee Es 
dr? 


equation (7) is a trivial transformation of (4). 


The coefficients C?; in equation (6) must be chosen so that 
a) the wave functions R; are nodeless, 
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b) the one-particle densities Rj average the one-particle densities R? 
as well as possible (thus Rj = R%).1 

Then the form of O; in (8), as will be seen, can be expressed in the semi- 
classical approximation by the wave functions R, and equation (7) can be 
used for the determination of the wave functions R; and the eigenvalues E;. 


ok 


Denote by g(t) the density of the particles with the orbital angular 
momentum quantum number I, which is generally not spherically symmetrical. 
Define the radial density 9, (r) in the following manner 


Oy (r) = 4sr* s C1 (zr) dw 7 
which can be expressed by the wave functions R? in a simple way 
Gy 
@ = 2 (214 1) SRP — q RG. 
i=l 


However, according to the condition b) imposed on the wave func- 
tions R; 
Sh 
Dir) = 221+ 1) SRP qb, (9) 
i=1 


and 9, can be taken approximately as equal. Thus in the following D, will be 
regarded as the radial density and the statistical model derived will be suitable 
for the determination of this spherically symmetrized density. 


III. Semi-classical approximation 


In the way described in I, by using the WKB method we obtain 


2 
0, Pye eR 
Ta 32m (21 -+- 1) 
0;= 0, V,>E;, (8’) 
(2 2)8 
Here P,; = (p,i + pr,i+1)/2 can be regarded as the maximum radial momentum 


of the particles which fill the | groups of an energy lower than that of the 
(i + 1)-th I group. Dj denotes the density of these particles 


Dy = 2 (20-4 Ie Re 


k=1 


1See I, chapter 2, the conditions a) and b). 
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and 


a a (10) 


ri li 


4 (21 + 1) 


The case i = G; must be considered separately. If this 1 group of maximum 
energy is incompletely filled (q;# 0) Dig, D; and if q, > 1 one or more 
phase cells in this group are empty. To obtain a correct scheme for the distri- 
bution of the phase cells in the momentum space the fact must be kept in 
mind that the radial kinetic energies of the particles in the same / group agree 
and are independent of the fact whether this group is closed or not. Thus in 
the G;-th group the maximum radial momentum at the filled phase cells in 
the momentum space will be P,g, while at the empty phase cells it will be 
Pe Gt: We have therefore modified the relation between the momentum 
Dre, = P, and the density D, in a former paper [2] in the following manner 


Poe et p, (10’) 


If q; = 0 (10) goes over into the relation (10) set up for the i = G/-th state. 

By substituting the form of O; in (8’) into equation (7) we obtain a system 
of equations from which the wave functions R; and the eigenvalues E; can 
already be determined : 


Ha Aad Roth 


- P24 U=E;, V<E,, v 
2m’ Ry, ody? as 2m ape ") 
ok aR, 
i rad uA ay E;, ¥; E;, a 
2m R; pee oe Lae 
(i = 2) 
ir | 


or a +V,=£,. 
2m R, dr 


On the basis of equations (7’) and (7) and the approximations 
R, = const./Dy» Ve<E;, 
R,; = const. D,,, V,>E;, 
which can be accounted for in a manner completely analogous to I, we obtain 
for the density D, the following equations 
hi2 
2m 
oe, dade 
2m dr? 


2 Dz1/e2 
Dip SPE 4 Pt = Bis V<Es, (11) 
r ™m 


Oe ee i. (11') 
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Equation (11’) agrees with PLasKeTt’s equation [3]; the restriction | 
of the validity of the equation to the region V, < E; and equation (11”’) mean | 
an improvement upon PLAsKErtT’s method. 

By introducing further approximations in a manner completely analo- 
gous to I we obtain the following equation, valid for the whole space 

opts Se eee 
2m dr* Zr 


In the case i = ] this equation goes over into the exact wave mechanical 
equation. 


IV. The statistical energy expression 


Calculate E; from equation (12) by multiplying both sides of the equation 
by D,/2 (21 4+ 1)i and integrating over r. Introduce the approximation 


p, = 2040 p 


ny 


and form the energy of the particles with the orbital angular momentum 
quantum number / according to relation (5’): 


€:= Em t+ Eur t+ Oma t Erp» (13) 
where 
£2 2 2 . 1/2 
ee h J pi d @ Dip ae A { 1 ;dD, a 
2m dr? 8m D, \ dr 
2 Pats =, s + 
E kr = eae CL Crist UA eS ai(G;= 1)? | D} dr, 
8m ni} 4 


h? 1 
res = lil 1 — dr, 
Sina = — VE + Mer r 
Ep =) VD dr. 


Ew is the Weizsacker inhomogeneity correction of the radial part of the 
zero point kinetic energy. It is practicable to compare the radial kinetic energy 
with the radial part of the Fermi zero point kinetic energy. In a former paper 
[2] the latter was modified in such a way that we replaced the integration over 
the momentum space by summing exactly over the states, under the same 
conditions as here 


ye pee 1) G, (4G? — 1) 


t ae 1/2) i D® dr. 


8m _ n} 
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The comparison of the expressions of E xr and E? yr yields 


Etter = tO rs 
where 
ae 2 (21 + 1) (6, — 1) G, (26, — 1) — 64, (6, — 1)” 
( 21 + 1) G, (4G? — 1) — 6 q, (G, — 1/2)? 


If G, = 1, i. e. particles can be found in the | group of lowest energy only, 
& ir = 0. In the latter case the total radial kinetic energy is represented by 
the Weizsiicker correction term only and the relations go over into the exact 
wave mechanical expressions. 


V. Determination of the radial density 


The statistical equation determining the radial density D, is obtained 
by searching for the density for which @, is a minimum, taking the restriction 
{ D, dr = n, into account. Elementary calculation yields 


h2 d? D2 4 ] : 
= 0), io Se ~_. _____ [(2] +- 1) (6, — 1) G, (2G, — 1) - 
2m dr? 2m Gin, ( (Gr tase ) 
— 3q,(G, — 1)?] P? + Y= Vas (13) 


where Vo, is the Lagrange multiplier. - 
The determination of the radial density will be more accurate if the 
following procedure is applied. Writing equations (11) and (11’) for the G;-th 


n 
state and using the approximation Dig, = iia 1 p, 
nN; 
2 dg? D712 
— Eps SP 4 Pt = Boy GE (14) 
h? . a2 Di ae: 
Bee! tet V, = Eg,, La. EG: (14 ) 


Instead of solving PLASKETT’s equation (14) we may proceed in the follow- 
ing manner. Equation (7’) for the G,-th state is 
h? 1 d? Ro, Lia 8 ti 


2m Rg, det! 2m 


P2 at V, — Eg,. (15) 


Calculate the radial density from equation (13) for the case when the number 
of particles with the orbital angular momentum quantum number | is n,; and 
n,—1, respectively.The difference between these two will yield appro ximately 
RG; Knowing Rg, and using (10’) from equation (15) we may express D, 
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2 2 1/2 
Da EE, = vel ee Ce (15’) 
G 2m Ro, dr? 


Equations (14) and (15’) are both approximations of equation (15). 
Finally, if n; is large, we may obtain a partial differential equation for 
D, as the continuous function of n,. Regarding D, as the derivable function 


m OD aD 
of n, Rj, = ( ' dk; and if n; is large RG, = a , which, substituted into’ 
nj-l 1 nN, 


equation (15) yields 


h2 OD, 8D, me (8D, 2 GP py, oP 
4m @n, Or28n, alee 8m nz || On, 
2 2 
ay (22 ae at . 
On, On, 
(V <Eg) 


Similarly, starting from equation (7’’) assumed for the G,-th state 


BMD, OD) meee v {2 ar 8D,\2 
4m @n, O7r20n, | 8m | Oran, ; on 
(VE) 


on, 
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O CTATHMCTHYECKON TPAKTOBKE ®EPMHOH-LTASA II. 
M. CEM@AJIYIUU 
Pe3srwme 


B nepBol uacTH padoTHI BbIBeAeHa HOBAA CTATHCTHYECKAA MOfeb H OHOPAsMepHOM 
~iyyae. B Hacrommeli pabote paccmaTpuBaeTca MOy4eHHbI MeTOA, B TpexpasMepHOM Cuyyae. 
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MITTEILUNGEN 
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OF SELF-QUENCHING GM COUNTERS 


By 
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Fatigue effects occur on the photo-cathodes of vacuum and gas-filled 
phototubes upon prolonged operation [1]. According to observations the sensi- 
‘tivity range of the photo-cathode will shift gradually towards shorter wave- 
‘lengths in the course of a steady high-intensity illumination. Likewise, the 
cathode of self-quenching counters is also exposed to strong effects due to 
10° “organic ions’ impinging on the cathode after each pulse. These ions 
extract electrons from the cathode surface, remain in an excited state for a 
very short period (10~18 sec) and then dissociate and radiate. In addition, pho- 
tons of other origin also reach the cathode. We may, therefore assume fatigue 
effects to occur not only in the gas mixture but on the cathode of self-quenching 
counters in the case of prolonged operation. 

Work functions of Cu and Ni cathode tubes and the behaviour of the 
characteristics (plateau length. plateau slope) of counters after prolonged 
operation (fatigue) were studied by the author. The tubes were of identical 
geometry with a cathode diameter of 20 mms, a sensitive anode length of 
80 mms and gas volume of about 25 cc. The measurements were carried out 
on two pairs of counters of the Ni cathode and the Cu cathode type, respec- 
tively. The GM tubes, made of C9 hard glass were sealed onto a manifold 
connected to a glass recipient of 1.5 litres volume. The tubes, the manifold and 

the glass form a single system which could be detached from the pump after 
evacuating and filling. In this way all tubes contained a gas mixture of the 
same composition and pressure throughout the measurements. This mixture 
did not change essentially in the course of the fatigue process, the volume of the 
whole system being sixty times that of a tube. 

The evacuating and filling of the system was performed as follows : 
the adsorbed gases were removed by degassing, which took 6 hours at a 
temperature of 400° C and a pressure of 10-> mm Hg. After cooling down 
the system was filled up with A to 150 mm Hg and with ethyl bromide to 10 
mm Hg. The plateau length and slope of these tubes were measured with a 
scale-of-1000 having a dead time of less than 5 psecs. The work functions 


we 
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of the cathodes were measured by means of the monochromator of a Beckmann 
spectrometer, applying the method described by the author in a previous 
paper [2]. 

One specimen each of the Ni and Cu cathode tubes was operated conti- 
nuously using a Co-60 sample. During the fatigue process these tubes counted 
6.104 pulses per minute and a current of 5uA flowed through them. Another 
pair of Ni and Cu tubes was not subjected to the fatigue process for control 
purposes. As the object of this study was the tube characteristics, the plateau 
lengths, the plateau slopes and work functions correspondig to the consecutive 
fatigue phases were not registered until 24 hours following the fatigue ir- 
radiation. 
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The results obtained for the Ni cathode tube are shown in Fig. 1. The 
changes in the cathode work function are shown by curve a. In the course of 
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fatigue operation the work function increases rather quickly at first, while 
later on the rate of increase becomes gradually slower. Curve b gives the varia- 
tion of the plateau length during the fatigue process, curve c indicates that of 
the plateau slope. Like the work function, the plateau length increases rapidly 
at the beginning of the fatigue process and the slope of the plateau shows a 
strong decrease. After 2.10’ pulses the plateau becomes slightly shorter and 
steeper again on continuing the fatigue. 

The work function of the Ni cathode control tube did not change during 
the fatigue of the operated Ni cathode tube (curve a’ is a straight line). The 
change in the plateau length of the control tube during the fatigue of the first 
tube is given by curve 6’, that in the plateau slope is given by curve c’ (The 
Ni cathode control tube has not been fatigued.). The data of this control tube 
as measured after each pase of the fatigue process are shown below above the 
corresponding values of the fatigued tube. Curves b’ and c’ indicate a slight 
decrease in the plateau length and some increase in the plateau slope of the 
control tube as the fatigue of the first tube progressed. 

Analogous measurements were carried out in the two Cu cathode tubes, 
the results being similar to those of the Ni tube measurements. 

The fatigue of phototubes is caused by the change in the cryst al structure 
of the photo-cathode according to the explanation given in the literature [1]. 
The gradual increase in the work function of the counter is presumably due 
to cathode surface structure changes brought about by ion and photon 
bombardment. , 

According to former measurements of the author [2] higher work func- 
tions of a particular cathode in tubes of given pressure and geometry always 
correspond to longer plateaus. Accordingly, the improvement of tube charac- 
teristics (plateau length and slope) in the first period of the fatigue process 
is caused by the increase in the work function value. 

We didnot succeed ineliminating the deterioration of the gas filling 
in the course of our fatigue investigations. It was this circumstance which 
caused the slight decrease in the plateau length of the control tubes as well 
as the increase of the starting voltage from 1020 Vto 1040 V and the slight 
deterioration of the operational data of the fatigued Ni tube after 2.10’ pulses 
— despite the further small increase in the work function. 

The improvement of the operational properties at the beginning of the 
fatigue process could not be observed in counters without spare gas container, 
supposedly because the deterioration of the quenching properties of the gas 
mixture compensated the improvement due to the increase in the work function 


value. 
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We have published recently [1] the results of our measurements concern. 
ing the density spectrum of extensive air showers containing nuclear active 
particles. We have found that the exponent of the density spectrum of the 
electronic component was y == 1,34 +. 0,08 and that the density spectrum 
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air shower arrangement with the nuclear active particle detector N, 


Fig. 1. a) The extensive 
b) The nuclear active particle detector N. 


of the nuclear active component has the form of a power law approximately 


with the same exponent. 
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The measurements were carried out with an extensive penetrating 
shower arrangement (Fig. la) and y was determined by measuring the rate 
of extensive penetrating showers (c/h) as a function of the size of the surface 
(S) of the electron detector counter set. As it was shown in [1] the exponent 
of the c/h vs. S curve gives the value of (y — 1) and thus the exponent of 
the density spectrum of the electronic component can be determined. The 
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Fig. 2. The rate in c/h of coincidences vs. the surface of the unshielded counter trays for 
different absorber thicknesses above the nuclear active particle detector N. 
The solid lines correspond to coincidences of the (N., 1) type, while the dotted lines correspond 
to coincidences of the (Ns, 1) type. 


nuclear active component was detected with a penetrating shower arrangement 
such as is commonly used (Fig. 1b) which was covered with lead absorbers 
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of thicknesses (>’) varying from 10 to 20 cm}. Lately further measurements 
were carried out with the same apparatus the thickness of the lead absorber 
above the penetrating shower detector being, however, increased to > = 40, 
60 and 80 cm. The same coincidence combinations were measured as earlier 
and in Fig. 2 the rate of coincidences (N,, 1) and (N3, 1)? are plotted against 
the size of the surface of the electron detector 1 for 40, 60 and 80 cm lead 
absorber and for comparison the data obtained earlier for 10—20 cm are also 
plotted. The (vy — 1) exponents corresponding to these curves were calculated 
by the method of least squares; the values obtained are given in Table 1. 


Table I 
pte Type of eoineidences aces iat pony 

10—20 (ref. [1]) (N,,1) 0,32 + 0,09 
(N31 0,39 -- 0,16 

40 (No.1) 0,45 + 0,15 
(N51) 0,32 + 0,14 

60 (N,,1) 0,29 + 0,16 
(N;,1) 0,33 + 0,24. 

80 (Ne 0,27 + 0,20 
(N;,1) 0,26 -+ 0,25 


It can be seen from the Table that the values of the exponents obtained 
with different absorber thicknesses and different types of coincidences (N, 
and N,) recorded by the penetrating shower detector are the same inside the 
limits of statistical error. Thus the best value of y may be evaluated by cal- 
culating the weighted mean value of the exponents for the different absorber 
thicknesses resulting in 


y—1=0,33 + 0,05, 
1. e. 


y = 1,33+0,05. 


This value is —- inside the limits of statistical error — equal to the 
value of y obtained earlier [2, 3] with the same apparatus using only the 


1¥For a detailed description of the method used and the experiments carried out 
see [1]. 

2 .N, and N; refer to the recorded rates of penetrating showers discharging two or more 
resp. three or more counters in each of the four counter trays (A, B, C and D) of the penetrat- 
ing shower arrangement ; (N,, 1) and (N;, 1) refer correspondingly to coincidences between 
the penetrating shower detector and the electron detector il 
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electron detectors (y = 1,43 + 0,02).1 The equality of the two exponents 
leads to the conclusion as discussed in [1] that for distances from the shower 
core and shower energies as selected with our apparatus the spectrum of 
the nuclear active particles has also the form of a power low with approximately 
the same exponent as that obtained for the electronic component. 

We have also measured the change of the rate of coincidences with the 
distances between electron detector and penetrating shower detector (Fig. 3). 
The decoherence curve can be roughly approximated in the usual way by a 
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Fig. 3. The rate in c/h of coincidences vs. the distance d between the electron and nuclear 

active particle detectors for different absorber thicknesses above the nuclear active particle 

detector N. The solid lines correspond to coincidences N, and the dotted lines to coincidences 
N, recorded by the nuclear active particle detector. 


power-low expression (see eq. (3) of [1]) the exponent B of which can be 
determined from the experimental data. The experimental curves of Fig. 3 


do not deviate significantly from each other and the weighted mean value of 
6 can be estimated as 


B= 015-2 0.0n, 


1 The y value found in the present experiment is also in good agreement with the best y 
values given in the literature for extensive air showers at low densities [3, 4, 5]. 
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in good agreement with the exponent of the decoherence curve measured 
earlier by two of the authors [6, 7] with the electron detectors only (6 = 
= 0,20 + 0,01). 

Summarizing our results we have confirmed our earlier results published 
in [1] and furthermore we have shown that the density spectrum of the elec- 
tronic component and the decoherence curve of extensive air showers containing 
nuclear active particles does not depend on the thickness of the absorber, 
under which the nuclear active particles are detected. 
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Among the upper air observations of cosmic ray intensity, PomMERANTZ after a pre- 
liminary choice selected nine instances to relate them to solar flares, giving corresponding 
radio data and reproducing the cosmic ray records. As these were events described in some 
detail, it was considered desirable to examine them with reference to the evolution of corres- 
ponding solar active regions. As evolution of the region was considered, the use of available solar 
magnetic data previous and subsequent to the actual flares would be unobjectionable. Solar 
magnetic data were also available for one of the five very large solar flares connected with 
cosmic ray bursts and allowed good comparision. The examination has not indicated any 
modification of the conclusions drawn earlier. 


The five recorded very big cosmic ray bursts at the time of solar flares 
were shown to have occurred when a particularly long-lived and continuously 
active solar region showed intense eruptions either at the time of its central 
meridian passage or at the time of its disappearance at the western limb 
of the sun [1]. The high-energy particles from these active solar regions would 
belong to a much heavier element than normally and be positively charged. 

Pomerantz in 1956 [2] examined from among the high altitude obser- 
vations from balloons of cosmic ray increases and solar disturbances nine 
instances and concluded that on four occasions cosmic rays increased at 
high altitudes and that it was normal on five occasions when “‘r/f radio distur- 
bances and/or visually observed solar flares occurred”. While in the very 
big five events, the high-energy particles had definite sectors of emissicn, it 
cannot be excluded a priori that smaller events cannot occur under different 
conditions. Particles of lighter elements may be emitted with less over-all 
energy which might affect the cosmic ray reception at the surface of the 
earth or change the geomagnetic field. It appeared desirable to re-examine 
PoMERANTz’s instances by the method used earlier. 

The big cosmic ray bursts depend on the evolution and nature of the 
associated solar active regions. On many occasions it has not been possible to 
ebtain these data for epochs of cosmic ray bursts. Since evolution of the active 
region was considered apart from the instantaneous situation, cognate data 
for days just preceding and days just following the events could also be 
utilized for confirmatory evidence. The data on the nature of the active region 
and the distribution of the magnetic field and the photegraphs in it are from 


1 Acta Physica IX/4. 
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Fig. 1. Magnetic field strengths in solar active regions (from Potsdam Obsy. Publn.) 


Potsdam [3]*. The classification of sun-spot groups after Quart. Bull. Solar 
Activity [4] saves detailed description. As a sort of comparision the events 
of July 25, 1946 — one of the historically recorded major events — has also 
been considered here. 


* The diagrams have been reproduced with the permission of the Director, Astrophy- 
sical Obsy, Potsdam, whom I thank. 
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9: 


10. 


ll. 


12, 


13. 


Station 
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Canberra 
Ziirich 
McMath 


9° 
Wendelstein 


9° 
Schauinsland 
Wendelstein 
” 
9° 


” 
Wendelstein 

” 

°° 

9 

99 

99 


” 


McMath 
Sherborne 
Schauinsland 
MecMath ~ 


Zarich 
Schauinsland 


_ Wendelstein 


Ziirich 
Sherborne 


Ziirich 
Greenwich 


McMath 
Schauinsland 
McMath 
Sherborne 
McMath 


Canberra 
Schauinsland 
Wendelstein 
Zurich 
Muswell Hill 


Greenwich 
Muswell Hill 
Meudon 
Arcetri 
Schauinsland 
Schauinsland 
Wendelstein 
McMath 
McMath 


Co-ordinates 
Time (U. T.) Imp. 
@ Cc. M. Dist. 
0607—0625 A2N T1&E 1 
1547—1555 10 N 70 EK 2 
1610—1625 10 N 70 K 1 
1705 5N 55 E 1 
0540—0550 8N 63 EH? 1 
0605—0800 I5N 61K ]—2 
0735—0750 18N 58 EK 1 
1055—1115 8N 63 E J—2 
1237—1310 8N 48 EK 1 
1425 —1640 ISN 61K J—2 
1620—1635 8N 48 E 1 
0630—0750 11N 46 EK 1 
0630—0730 20 N 50 EK 2 
0810—0830 12N 51 E 2 
0926—0944 JIN 46 E 1 
0959—1010 12N ) 51 E 1 
1213—-1315 10 N 37 E 2 
1515—1630 11N 46 EK 1 
1604—1630 12N 51 E 1—2 
1635—1715 15S N 50 E 2 
0954—1010 13 N 40 E 1 
1215—1222 8N 12E 1 
1705 10 N 10 E 1 
2018 10 N 30 E 1 
0700—0740 11N 11 E 1 
0710—0836 10N 4E 2 
0710—0836 10 N 4K 2 
0834—0839 13N 2W 1 
1154—1213 ON 0 1 
(Max. 1157) 
1204—1215 oN 4E 1 
1400—1501 13N 24K 3 
(Max. 1409) 
1403 10 N 15K 2 
1437—1530 11N 21E 2 
1605 10N 15 E 1 
1730—1740 13 N 10 E 1 
1830 10 N 5E 1 
2000 10 N 15 E 1 
0100—0110 9N 5 W 1 
0602—0645 13N 16 E 2 
0602—0645 13 N 16K 2 
0623—0635 11N 12 E 2 
0640—0700 3N 1S E 1 
(Max. 0645) 
0700 10 N 0 2 
1034—1100 ON TW 2 
1045—1100 10N TW 2 
1048—1055 10N 10 W 1 
1053—1058 10N 6W 2 
1155—1200 oN 2W 1 
1233—1240 oN 19 W 2 
1440—1450 11N 35 W 1 
1443 13 N 30 W 1 
1640 1S N 30 W 1 
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ea ee |. la. SC! 
, Co-ordinates 


Date Station Time (U. T.) Imp. 
@ Cc. M. Dist. 

Aug. 14. | Wendelstein 1740—1815 11L.N 34 W 1—2 
Mt. Wilson . 1740—1745 10N 34 W 1 
McMath 1745 15 N 30 W 2 
Meudon 1750--1756 11N 30 W 2 

15. | Schauinsland 0540-—0553 14N 31 W 1 
- 0545—0620 9N 40 W » 
Wendelstein 0545—0620 9N 40 W 2 
Muswell Hill 1100—1200 10 N 50 W 1 
(Max. 1145) 
16. Wendelstein 0705—0738 11N 56 W 1 
ar 0807—0815 10 N 49 W 1 
Schauinsland 0852 TN 45 W 1 
Greenwich 1005—1015 9N 57 W 1 
Wendelstein 1008—1016 10 N 50 W 2 
+s 1342—1350 9N 43 W 1 
rs 1705—1725 9N 38 W 1—2 
17. | Mt. Wilson 1630—1642 10 N 70 W 1 
McMath 1650 15 N 60 W 1 
Wendelstein 1740—1755 12.N 62 W 1 
Ziixich 1747—1800 11N 64 W 3 
18. | Ziirich 0618—0705 10 N 61 W 2 
Schauinsland 0627—0740 9N 63 W 1 
Arcetri 0943—0948 13. N 90 W 1 
Pr 0943—0948 10 N 60 W 1 
19. | Arcetri 1338—1543 10N 90 W 1 
1949 * 
May 5. | Ondrejov 1300 178 715 E 1+- 
, e 0725—0748 185 62 E 1 
*5 0833—0910 15 $ 7 0 1 
(Max. 0838) 
Edinburgh 0855—0920 158 15 Eb 1 
Kodaikanal 0900 ts WE 1 
Mt. Wilson 1735—1750 17:8 70K 1 
(Max, 1745) 
7. | McMath 2045 2305) 55E 2 
Mitaka 2219—2300 188 45 E 1 
8. | Mt. Wilson 1524—1716 165 40 2-++ 
(Max. 1556) 
McMath 1528—1720 2458 37 E 3— 
Schauinsland 1529—1645 13) 46 2 
(Max. 1531) 
Huancayo 1545—1648 18S 31E 1 
Kanzelhohe 1646—1735 18S 37 E 1 
Meudon 1715—1804 ies 40 E 2 
Mt. Wilson 1951—2006 LS 39 E 2 
(Max. 1953) 
McMath 1958— 245 37 E 2 
9, | Mitaka 0000—0015 208 27 E 1 
7 0353—0428 185 28 E 1 
Kanzelhéhe 0635—0647 Lis 27 E 1 
Mt. Wilson 1508 —1518 is 25 E 1 
(Max. 1514) 
10. | Kodaikanal 0330—0430 17S 20 EB 2 
(Max. 0345) 
Canberra 0330—0350 18S 18 E 2 
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Co-ordinates - 


Date Station Time (U. T.) Imp. 
g C. M. Dist. 
May 10. McMath 2002—2220 20S 12E 3-++ 
(Max. 2011) 
Mitaka 2108—2217 18S 5E 1—2 
16. | Ondrejov 0921— 0935 218 64 W 1 
Aug. 12. | Cambridge 0944—1004 12N 90 E 1 
15. | Mitaka 0450—0610 14N 60 E 1 
16. | Wendelstein 1657—1741 16N 29E 1—2 
(Max. 1712) 
McMath 1700—1830 13 N 22E 2? 
(Max. 1748) 
Mt. Wilson 1709—1900 11N 30 E 2 
(Max. 1759) 
18. | McMath 1953—2020 14N 10E 1 
Mt. Wilson 2151—2204 14N TE 1 
(Max. 2153) 
19. | Kodaikanal 0250—0315 12N 5 W 1 
Meudon 0722 14N 2E a 
Mt. Wilson 2105—2150 16N 9W 2 
(Max. 2111) 
McMath 2105—2206 13 N 10 W 3 
(Max. 2110) 
Mt. Wilson 2337—2341 15N TW 1 
20. | McMath 1550— 12N 10 W ] 
Mitaka - 2350—2355 12N 28 W 1 
21. | Mitaka 0050—0102 12N 28 W 1 
Mitaka 0350—0415 14N 26 W 1 
Zurich 1110—1118 15N 25 W 1 
23. | Ondrejov 1235—1250 12N 55 W 1 
24. | Mitaka 0324—0334 ON 68 W 1 
25. | Kanzelhéhe 1430—1434 10N 90 W 1 
Oct. 1. | Kodaikanal 0418—0423 10N 80 E 1 
Greenwich 1018—1026 9N 85 E % 
McMath 1415— 5N 85 E 1+ 
Mt. Wilson 1705—1723 8N 16 E 1 
(Max. 1710) 
Mitaka 2154—2202 oN 69 E 1 
2. | Mitaka 0035—0119 5N 70 E a 
2 0246—0309 IN 69 E 1 
a 0410—0437 ON 69 E 1 
Schauinsland 1345—1437 9N 68 E 2 
(Max. 1405) 
Mt. Wilson 1822—1836 IN 64 E 1 
(Max. 1827) 
°° 2339—2357 8N 62 E 1] 
(Max. 2349) 
Mitaka * 2341—2349 8N 60 E 1 
3. | Kodaikanal 0314—0530 8N 50E 3 
(Max. 0318) 
Mitaka 0317—0336 IN 50E 2 
Carter. N. Z. 0339—0424 oN 52E 2 
Wendelstein 1053—1104 6N 49 E 1—2 
Edinburgh 1114—1226 8N 50E 2 
(Max. 1156) 
Wendelstein 1144—1219 5N 50 E 2 
(Max. 1158) 
Kanzelhéhe 1609—1614 8N 47E 1 
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Co-ordinates 


Date 


Station 


Time (U. T.) Imp. 
@ Cc. M. Dist. 
Oct. 3 Mt. Wilson 1736—1842 8N 48 E 1 
(Max. 1756) 
Mt. Wilson 2302—2352 8N 44 E 1 
(Max. 2333) 
4A. Kanzelhohe 0555-0635 IN 43 E 1 
a 0741—0755 6N 38 E 1+ 
(Max. 0747) 
- 0755—0810 11N 39 E 1 
Arcetri 0800 8N 47E ] 
Wendelstein 1309—1346 11N 35 E 2 
; (Max. 1317) 
Zurich 1310—1337 10N 37 E 1 
(Max. 1317) 
Kanzelhéhe 1320—1338 10N 35 E 1+ 
(Max. 1324) 
Greenwich 1323—1342 13 N 36E 2-| 
(Max. 1324) 
Mt. Wilson 1610—1637 14N 30 E 2 
(Max. 1623) 
Kanzelhéhe 1618—1628 13 N 33 E 1 
Mt. Wilson 1900—1917 6N 32 E 1 
(Max. 1908) 
5. | Muswell Hill 1105—1130 5N 30 E i 
Wendelstein 1111—1134 5N 31E 1—2 
(Max. 1120) 
Greenwich 1114—1126 9N 25E 2 
(Max, .1119) 
Edinburgh 1114—1135 11N 32 E 1 
(Max. 1120) 
Kanzelhéhe 1120—1135 8N 31E 1+ 
6. | Kodaikanal 0452 8N 17E 1 
Canberra 0455—0505 8N 25 EB 1 
Kanzelhéhe 0920—0952 10N 1lE 1 
(Max. 0923) 
Ondrejov 0920—0934 13. N 10 E 1 
(Max, 0925) 
Wendelstein 1121—1200 11N 10E 1—2 
(Max. 1138) 
Kanzelhohe 1130—1210 11N 1lE 1 
(Max. 1142) 
Ondrejov 1134—1201 15 N 8 E 1 
(Max. 1135) 
Greenwich 1136—1203 11N 11E 2 
(Max. 1142) 
Kanzelhéhe 1230—1234 9N 8E 1 
Wendelstein 1316—1336 IN 10 E 1 
(Max. 1324) 
Kanzelhoéhe 1326—1403 6N 10 E J+ 
Greenwich 1338—1348 6N 9E 22 
7. | Mitaka 0232—0238 11N 4k 1 
10. | Ondrejov 0950—1010 17N 58 W ot 
(Max. 0953) 
aie “a 0750—0805 14N 55 W 2 
(Max. 0753) 
Wendelstein 0757—0811 11N 52 W 1 
Ondrejov 1422—1430 8N 61 W 1 


i=) 


10. 
(WU 


12. 


13. 


15. 


16. 
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Co-ordinates 


Station Time (U. T.) Imp. 
@ Cc. M. Dist. 
Mt. Wilson 2116—2437 ? 8N 60 W 1 
(Max. 2120) 
Kodaikanal 0452 18N T1E 2 
Ondrejov 1017—1028 16N 65 E 1 
(Max. 1021) 
Schauinsland 1310—1331 21N 62 E 2, 4 
Ondrejov 1312—1335 22.N 78 E 2 
(Max. 1316) . 
Kanzelhéhe 0829—0843 19N 47 E 1 
ee 0937—0950 18N 54E 1 | 
Mitaka 0427-—0437 17N 45 E 1 
BN 0628—0638 17N 45 E 1 | 
Ae 0124—0135 16N 32 E 1 
Carter, N. Z. 0207—0228 18N 27 E 2 
Canberra —0235 22N 53 E 1 
Kodaikanal 0235—0240 14N 31E 1 
Wendelstein 1139—1323 20N 25E 2 
(Max. 1150) 
Ondrejov 1514—1540 19N 22) Ei, 2 
(Max. 1523) 
Wendelstein 1516—1527 21N 23 E 2 
Mt. Wilson 1539—1654 19N 22 E 2 
(Max. 1551) 
Ondrejov © 0722—0729 22N 12K 1 
Kanzelhéhe 1131—1250 19N 12E 1 
Greenwich 1140—1220 19N 9E 1+ 
Ondrejov 1118—1251 21N 4W 2 
(Max. 1147) 
Kanzelhohe 1130—1246 19N 1E 2+ 
4 (Max. 1150) 
Zurich 1225—1252 18 N 2E 2 
Arcetri 0846 20N 27 W 2 
Edinburgh 1048—1151 19N 28 W 1 
(Max. 1058) 
Greenwich 1055—1125 19N 27W 2— 
(Max. 1101) , 
Wendelstein 1058—1120 21N 25 W ] 
(Max. 1104) 
Ondrejov 1242—1248 21N 35 W 1 
(Max. 1246) 
Kanzelhéhe 1456—1542 20N 30 W ] 
Mt. Wilson 1536—2000 20N 31 W 1+ 
(Max. 1640) 
Huancayo 1630—1700 25N 38 W 2+- 
(Max. 1640) 
Mt. Wilson 1630—1640 21N 42 W 1 
(Max. 1635) 
Mitaka 0127—0135 18N 33 W 1 
Kodaikanal 0225 18N 40 W 1 
Schauinsland 0736—0805 20 N 40 W 1 
Ondrejov 0746—0807 22.N 39 W 1 
Arcetri 0821 20 N 39 W 2 
Edinburgh 1456—1516 20N 44 W 1 
(Max. 1500) 
Kanzelhéhe 1500—1512 21N 44 W Ue 
Ondrejov 1502—1515 19N 37 W 1+ 
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Co-ordinates 


Date Station Time (U. T.) 
a} Cc. M. Dist. 
Oct. 16. Mt. Wilson 1716—1840 20N 48 W 
17. | Mt. Wilson 1724—1734 20N 58 W 
18. | Zurich 0940—0955 19N 65 W 
1951 (Max. 0945) 
Nr. (5) 
Jan. 27 Edinburgh 1204—1245 8N 8E 
a 1530—1600 8N 65 
(Max. 1534) 
28. Mitaka 2343—2354 11N 11 W 
Feb. 2. | Mitaka 0121—0124 10 N 60 W 
Nr. (6) 
Jan. 22. | Huancayo 1630—1700 105 90 E 
27. | Edinburgh 1515—1535 12'S 17E 
(Max. 1517) 
Mt. Wilson 1956—2438 10S 9K 
Nr. (7) 
Jan. 24. | Mitaka 0524—0544 8N 76 Kk 
25. Je 0158—0203 10N 60 
33 0302—0308 8N 62 E 
Meudon 1028 IN 58 E 
Schauinsland 1043—1118 8N 62 E 
Mitaka 2330—2350 8N 49 E 
26. | Mitaka 0512—0527 TN 40 E 
27. | Mitaka 0250—0255 9N 25K 
aS 0418—0435 8N 23 E 
Edinburgh 1048—1120 9N 28 E 
28. | Mitaka 2338—2343 14N 0 
29. Herstmonceux 0953—1005 18N 10 W 
(Max. 0956) 
Herstmonceux 0149—0201 8N 29 W 
Feb. 1 Mitaka 0040—0052 4N 40 W 
5 0149—0201 8N 29 W 
Nr. (13) 
May 8 McMath 1505 10N 90 E 
Mt. Wilson 1506—1514 12N 90 E 
(1508) 
10. Herstmonceux 1012—1024 12N 13 E 
1}: Canberra 0120—0131 10N 65 E 
aA 0153—0215 0 10K 
55 0610—0615 ION 70 EK 
Herstmonceux 1015—1026 17N 59 E 
(Max. 1018) 
12. | Kodaikanal 0215—0240 15 N 55 EK 
Arcetri 0933 1SN 45 E 
McMath 1255 12N 50 EF 
” 1920 12N 50 E 
Se Meudon 0705 10 N 40 E 
Ziirich 0943—1005 ISN 37 E 
Ondrejov 1254—1316 14N 36 E 
McMath 1314 10N 35 E 
14, Kodaikanal 0240 12N 35 E 
Kanzelhéhe 1146—1204 16N 26 E 
Mt. Wilson 2245—2322 14N 19E 
(Max. 2253) 
15. | McMath 1315—1415 16N 10 E 


(Max. 1330) 
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Co-ordinates 


Date Station Time (U. T.) Imp. 
C. M, Dist. 
May 15. | Canberra 2332—2415 5N 0 1 
16. Arcetri 0938 12N 15 W 1 
Edinburgh 1016—1031 15N 2W 1 
(Max. 1023) - 
Herstmonceux 1025—1032 ISN 3W 1 
McMath 1659—1810 15 N 5 W 2. 
17. Canberra 0108—0125 15 N 10 W 1 
Meudon 1442—1455 12N 20 W 1 
Herstmonceux 1447—1525 15 N 16 W 1 
(Max. 1451) 
Edinburgh 1504—1524 21N 15 W 1 
an 1527—1601 13 N 17W 1 
Herstmonceux 1533—1548 15 N 16 W 1 
(Max. 1535) 
Huancayo 1637—1643 15 N 21 W 1 
Canberra 2333—2358 10N 20 W 1 
18. Canberra 0145—0153 12N 25 W 1 
a 0201—0227 20N 20 W 2 
Kodaikanal 0215—0315 16N 22 W 1 
Canberra 0314—0325 16N 30 W 1 
Kanzelhéhe 0725—0949 15 N 28 W 1 
Ondrejov 0739—0758 . 15 N? 28 W? 1+ 
(Max. 0743) 
Cambridge 1020—1225 12N 35 W & 
(Max. 1050) 
Edinburgh 1021—1337 16N 30 W 3 
(Max. 1028) 
| Kanzelhohe 1022—1258 I5N 29 W 2 
(Max. 1050) 
Ondrejov 1025—1154 12N 26 W 2 
Ziirich 1028—1320 15 N 29 W 3 
Herstmonceux 1043—1316 13 N 29W 3 
(Max. 1112) 
Saltsjobaden 1045 15 N 30 W 3 
McMath 1155—1415 11N 30 W 2+ 
Creteil 1300 18 N 35 E 3 
Meudon 1303—1330 I5N 33 W 2 
Kanzelhéhe 1621—1623 19N 28 W 1 
McMath 1956—2100 17N 35 W 2-+- 
(Max. 2000) 
Mt. Wilson 1959—2050 17N 43 W 1 
(Max. 2010) 
19, Kanzelhoéhe 0445—0452 14N 46 W 1+ 
Zurich 0734— 0745 IN 39 W 1 
505 0832—0845 16N 37 W 1 
a5 0858—0937 13 N 39 W 1 
Kanzelhéhe 0901—0930 16N 41 W 1 
Ondrejov 1345—1421 18N 45 W 1 
(Max. 1351) 
Schauinsland 1350—1430 18N 38 W 2 
Edinburgh 1415—1425 20N 45 W 1 
McMath 1949—2040 12N 43 W 3— 
(Max. 1957) 
20. | Ondrejov 0431—0509 ON 69 W 1 
(Max. 0447) 
” 0657—0718 13N 55 W 1 


(Max. 0703) 


FURTHER STUDIES OF COSMIC RAY BURSTS 


Date Station 
May 20. | Kanzelhéhe 
Ondrejov 
Meudon 
Mt. Wilson 
McMath 
ai, Kodaikanal 
Zurich 
Herstmonceux 
Kanzelhéhe 
Arcetri 
Herstmonceux 
22. Kanzelhiéhe 
Ondrejov 
Zurich 
23. McMath 
Nr. (16) 
May 15. | Ondrejov 
McMath 
Mt. Wilson 
16. | McMath 
Li. Herstmonceux 


Edinburgh 


Time (U. T.) apn aie sion’ 
@ 


0817—0845 
0819—0850 
(Max. 0832) 
0843 
1956—2014 
(Max. 2000) 
1957 
0218—0310 
1255—1303 
1308—1337 
(Max. 1313) 
1320—1323 
1336 
1612—1623 
(Max. 1615) 
0439—0442 
0918 
1540—1545 
1310 


1127—1145 
1150 
2307—2330 
(Max. 2315) 
1409—1529 
(Max, 1418) 
1558—1647 
2047 
1754—1815 
(Max. 1758) 
1759-—1845 


Co-ordinates 

C. M. Dist 
16 N 58 W 
12.N 65 W 
17N 60 W 
13N 68 W 
12.N 60 W 
8N 67 W 
8N 75. W 
11N 75 W 
4N 68 W 
6N 72 W 
11LN 76 W 
1IN 85 W 
ON 84 W 
14N 80 W 
13N 90 W 
13.N 18K 
12N 17E 
10N 18 E 
10N 5E 
10N 5E 
10 N 5E 
11N 10 W 
12.N 9W 


Imp. 
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July 26, 1946. 


This has been described earlier [1] as one of the five very large recorded solar flare 
periods when a cosmic ray burst occurred. The solar active region had a long history of great 
activity and the large flare near the C. M. passage of the sun gave rise to a cosmic ray burst 
followed by a cosmic ray related geomagnetic storm. From the photographs from Potsdam, 
the region was of very large type with a marked magnetic field. 


Aug. 12, 1947. 

The activity and the largest magnetic field of the related region was less than the 
previous one. The active region is a linear one with a relatively small breadth. The balloon 
ascent took place near about the time of the C. M. passage of the centre of the group of linear 
smaller regions. The geomagnetic storm occurred about the same time. 


May 11, 1949. 


The solar active region is a small one, though the largest magnetic field as measured 
on the gun is relatively large. After the big flares on 10th May, nearly a day before the Cc. M. 
passage, there has been only one recorded flare on the 16th. The region was apparently 
dissolving itself. Has a resemblance to those regions [1] when only geomagnetic storms were 
reported on the ground, without a cosmic ray burst at the time of a flare. 


Aug. 19, 1949. 


Though the active region was observed from limb to limb of the sun, the eruptions are 
not very marked and the region was of small type. It produced no ground effects and no upper 
air cosmic ray changes. 


Oct. 4, 1949. 


The solar active region observed from 80 E to 60 W. Though the highest observed 
magnetic field was quite marked the extent of the region is a small one. Balloon ascent nearly 
three days before the C. M. passage of the region which was decreasing in importance from 
4th. After the C. M. passage flares observed towards end of its life. 


Oct. 11, 1949. 


Solar active region observed from 71 E to 65 W. C type region becoming 1D, degrading 
later to one of B. Balloon ascent two days before the C. M. passage. The activity of the region 
not marked. 


Jan. 27, 1951. 
Three minor solar active regions were approaching the C. M. of the sun. There are no 
solar magnetic data. Upper air cosmic ray enhancement. 


May 17, 1951. 

A large E type spot with a very marked magnetic field. Up to the day of balloon ascent 
the eruptions not very marked. Next day when the region had passed nearly 30 away from 
the C. M. the flares of importance 3 were observed twice independently. No geomagnetic 
storm followed. Upper air cosmic ray enhanced. 


Jan. 17, 1952. 
No solar active region reported and there was no geomagnetic disturbance. Radio. 
disturbance has been quoted by PoMERANTZ at the time of upper air cosmic ray enhancement. 


In the instances given by POMERANTZ, none of the related solar active 
regions were markedly active over an extended period, compared with the 
five very big regions quoted earlier : except in the case of May, 1949 ; among 
the four occasions when cosmic ray increases were recorded no geomagnetic 
storm has been recorded at about the epoch. Whether M regions of Bartels 
are responsible for events of Jan. 17, 1952 would be a difficult question to 
decide. The study of emission of particles which might have given rise to 
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enhancement of upper air cosmic rays would be possible if more data than at 
present available could be collated. The facts presented here do not contradict 
or come in the way of the arguments used about the very large solar flares 
when cosmic bursts also occurred simultaneously. It would be necessary to 
examine all relevant data so as to obtain a picture of the geophysical and 
extra-terrestrial control of emission from the sun. 

The cosmic ray enhancements have belonged to compact large area 
active regions in the sun with strong magnetic fields. A loosely distributed 
area of active region has produced little effect. This in an additional crite- 
rion to those already given [1]: of long life and of exceptional activity 
on the sun at the stage of C-M passage ornear the western limb. 
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JAJIbHEMIUME WCCJIEHOBAHHA JIMBHEM KOCMMYECKOrO UM3JTYUEHHSA, 
CBA3SAHHbIX C COJIHEUHOM AKTHBHOCTbIO 


I. JI. MAJIYPKAP 


Pesime 


V3 Hadsi0fqeHu MHTCHCHBHOCTH KOCMMYeCKOrO H3TyYeHHA B CTpaTocdepe Tlomepany 
BbIOpas NOCHe NpeABaPUTeIbHOH CeJIeEKIMH JeBATb CTYYaeB, CBASAHHBIX C COJIHCYHbIMHM BCIIbILI- 
KaMH, IIPHBOAA COOTBETCTBYIOWIMe pafHO-7JaHHble M BOCMPOM3BOAA 3anvcH KOCMHYeCKOrO 
nasyueHua. Tak KaK OHM ABJIAIOTCA CIYYaAMU, OMMCAHHbIMM J[eTAaJIbHO, MbI COWIM DKeATCJIb- 
HbIM HX HCCIeOBaHHe C YYETOM SBOITIOMMH COOTBETCTBYIOWeH AKTHBHOH COMHeYHOH OOACTH. 

Tak Kak Oba HCCIe{OBaHAa SBOMIOWMA OONACTH, COJHEYHbIC MarHHTHbIe JaHHble 0 U 
moce caMOH BCNbIIKH CUnTaIMch OesympeyHbIMu. CosIHeYHbIe MarHUTHbIe AaHHble O_IM 
OCTYNHEI TakxKe B CyIyYae OAHOM U3 NATH CaMbIX OOJbUIMX BCMBIMNeK, CBASAHHbIX C JIMB- 
HAMM KOCMHYeCKOrO H3IyYeHHA, M ITOT PakT aJI XOPOLWIYIO BOSMO)KHOCTb JIA CpaBHeHHA, 
PesyJIbTaTbI UCCNeAOBAHUA He MOTPeOOBaIH BHECTH M3MeHeHHe B Hall MpeAbIAyUIHe BbIBOJbI. 


DETERMINATION OF ELECTROSTATIC 
POTENTIALS BY SERIES 


By 


R. GdspAr, B. Kouray-GyarMarti and I. TamAssy-LENTEI 
INSTITUTE OF THEORETICAL PHYSICS, KOSSUTH LAJOS UNIVERSITY, DEBRECEN 


(Presented by A. Kénya. — Received 20. III. 1958) 


By using the solutions of eigenvalue problems often occurring in the various fields of 
theoretical physics the method of series, already used in certain cases for solving the Poisson 
equation, has been reformulated. In case the charge distribution can be expressed by the Dirac 
6-function, the potential distribution can be given in the form of a series, the convergence 
of which is sufficiently rapid. For simple cases the formulae can be analytically reduced 
to the known solutions of corresponding problems (e. g. in the case III/1). In other cases (III/2) 
the calculated potential distribution coincides with the potential distribution obtained by 
electrolytic tank measurements. In the case of the cylinder lens of electron optics (III/3) the 
method yields the potential distribution and the corresponding electrode shape for arbitrary 
slit width. 


I. Introduction 


The well-kown task of electrostatics is the determination of the electric 
field of charge distributions, when the electrode arrangements are given in 
advance. For the solution of the problem several methods have been worked 
out [1]. A common feature of most of these methods is that an electrode 
arrangement of particular symmetry is assumed and that for the individual 
arrangements the solutions are given separately in an explicit form. Thus these 
methods are in general too specialized for application to the actual electrode 
arrangement (required by some practical problems). The last possibility 
remaining in such cases is the experimental determination by electrolytic 
tanks which, however, may in cases not having symmetry properties prove 
to be a very complicated undertaking. 

The solution of the fundamental problem of electrostatics in explicit 
form could be immediately given (although the possibility of its practical 
evaluation in slightly more complicated cases seems somewhat doubtful), 
if the distribution of the surface charge density on the metal electrodes were 
known. For a quite general electrode arrangement such an assumption would be 
indeed very audacious. In several cases of practical importance, however, the 
distribution of the surface charge density is exactly or at least approximately 
known. In the latter case when the distribution is approximately known one 
can proceed also in such a manner as to base the final execution of the shape 
of the electrode system on the equipotential surfaces of the field determined 
previously. 


2 Acta Physica IX/4. 
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The basic idea of the method is the following. Let us consider an electrode 
system of which the distribution of the surface charge density is given and 
a closed surface on which the values of the electrostatic potential is prescribed. 
Knowing the latter the Green function of the fundamental equation of electro- 
statics can be determined and hereby the solution produced in the form of 
a series. In many instances a considerable reduction of analytical formulae 
can be achieved by producing the series in finite form. 

The method developed is specialized first for the case of axially symmetric 
fields, then we show on a very simple example, the case of a cylinder capacitor, 
how the method may be applied. Afterwards the fields of three-electrode 
arrangements are determined which are used in the Penning’s vacuum gauge, 
resp. which are differing from it in the placing of the anode and the cathode. 
These results are compared with the distributions measured by an electrolytic 
tank. Finally the potential field of an electrode arrangement important in 
electron optics (the two-cylinder lens of finite slit width) is determined in 
the form of a series. 

It may be finally mentioned that the mathematical method applied 
here has recently been widely used for numerous problems [2]. Thus for 
instance also for the solution of the fundamental electrostatic problem in the 
case of simpler electrode arrangement [3]. 


II. General part. Survey of the method. 


The fundamental problem of electrostatics is the determination of the 
solution of the Poisson equation, 


AD = — Ano, (1) 


i. e. determination of the potential distribution ® for given boundary condi- 
tions, if the space charge density 0, respectively in other cases the surface 
charge density o, the line densities y or the dipole momenta of the surface 
double layers are known. In principle ® can be determined from equation (1) 
when the above quantities are known, practically, however, it depends on 
the charge distribution and the boundary conditions whether the. solution 
can be given. In the present paper the method is described for the case of all 
those potential distributions for which the charge distribution can be written 
down by the Dirac 6-function. (Hence for instance for any point charge 
distribution, for a surface and line charge distribution, provided they have 
suitable symmetry, etc.) In the following after the description of the general 
method we shall apply it to some actual instances. 

The charge density of a single point charge oC in the Poisson 
equation can be taken in the following form 


0 = 0)6(t —%), (2) 
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where Q, is the charge at the point to. Hence equation (1) takes the following 
form 


A® = — Amo, 6 (t — to) » (la) 


The boundary conditions are that the potential shall on a closed or open 
surface take up a value determined in advance. 
The solutions ®; of the eigenvalue equation 


A® = E® (2) 


by which the above boundary conditions are satisfied, belong to the eigen- 
values E;. The Laplace operator is hermitian, and its eigenfunctions ®; form 
an orthonormal complete set of functions. As is well known the Dirac 
6-function can be expanded in a complete set of orthonormalized functions, 
hence 


b(t — ty) = SPF (%) F(t). (4) 


The functions @; satisfy the same boundary conditions as the potential ® 
whichis to be determined, the latter can be expanded in the Pj-s 


Bc) = Yo (1)- (5) 
Substituting (5) and (4) into (la) owing to the linearity of the Laplace operator 


= L I 
i 


Sc, AD; = — 470) ei (to) ®; (t) . (1b) 


Using equation (3) from the comparison of the coefficients 


if 


(6) 


PF (to) 


l 
is obtained. Thus the poteutial is 


$ (tq) (0) 


@D (r) = — 470) > 
xy a, 


(More generally see for instance [2].) 
The method can be generalized without difficulties for the case of many 
point charges. Similarly all problems can be dealt with for which the charge 


2* 
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density can be written as the superposition of terms of the form (2). In this — 


case the determination of the potential can be reduced to the search of solu- — 
tions of (3) satisfying suitable boundary conditions. 


III. Special problems 


In the following some axial symmetrical problems will be dealt with, © 
on the one hand because of their physical importance (calculation of electron- 
optical cylinder lenses etc.) on the other because also from other sides the 
necessity of the solution of similar problems emerged. As a matter of course 
the method is also suitable for electrode arrangements having other adequate — 
symmetries. 

For axially symmetrical arrangements equation (3) can be written in 
the following form 


OD, oo? 

Or? = r or z Oz? aes Se 
r and z are the well-known cylinder coordinates. In the following the solution 
of some special problem is searched. 

1. As a first application such an electrode arrangement is dealt with 
for which calculations can easily be carried out also otherwise. An infinitely 
long metal cylinder of radius R, the axis of which coincides with the z axis 
of the system of coordinates is first considered. The surface charge density 
on the cylinder be o9. It is surrounded by an earthed metal cylinder of radius 
R (cylinder capacitor). In the case of this arrangement the charge density is 


o=0,0(r—R,). 


The potential depends owing to the symmetry properties only on r, and as 
is known 


ese he if Roe he 
; (7) 
® = Ano, log ——, if (O02, 


1 


Considering that the potential does not depend on z, the normalized solution 
of equation (3a) which vanishes at r = R is 


21(0) = rey Jol He >| 


DETERMINATION OF ELECTROSTATIC POTENTIALS 373 


for the eigenvalues 


where J, is the Bessel function of first kind of order zero and the kj-s are 
the roots of this Bessel function. The dash means derivation into the argument. 
The potential can be produced according to the method given in the general 
part in the form 


4 ak ie | (8) 
ki; Jo” (Fi) 


C= 820) > 


As can be easily seen by integration (8) is the expansion of (7)in a series of Bessel 
functions of different argument and order zero. ; 

The fact that the series is convergent can be easily rendered plausible. 
According to the well-known asymptotical formula [4] referring to the Bessel 
functions of pth order 


_, cosy 
Y1/2 xx 


Jp (x) and y=x—(p~ 5) a (x) 


if x—> co. Thus 
k; k, R k; ; 
Pati) Jog (| SS cos|—(R, —T 
| (| ~ see 


On the other hand it can be demonstrated also by (x) that for sufficiently 
great 1 


+ sin ie (Ry + |, 


mee = 
It 


Thus the series is 


ot Se. FE: ee di sin (ee n| | 


i I 


Substituting the highest possible value of cos resp. sin, i. e. 1, and considering 
the asymptotical behaviour of the roots of the Bessel functions 
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kw Pe lee if t— co, 
4 


it can be seen that the series can be majorized by the absolutely convergent 
series }'— (a > 1), which is a sufficient condition for convergence [5]. 
tent 


2. Let us calculate as another special problem the potential field of 
the following electrode arrangement: In a closed earthed cylinder of radius 
Rand height / are placed in planes parallel with the base circle-shaped electrodes 
of radius R, provided with a charge density y as illustrated in Figure 1 [electrode 
arrangement of the Penning’s vacuum gauge]. Rotating the Figure around 
the z axis the electrode arrangement above described is obtained. In the 
case a) two rings of radius R, placed in heights z, and |—z, have been applied 
with the charge density y4 = 7g. Case 6) — where in the middle plane of the 
cylinder one ring is present with a charge density 7,4 — is, as can be seen, 
a special case of a). Case c) is a combination of cases a) and b) where a ring 
having a charge density 7c is placed in the middle plane while in the planes in 
heights z, and /—z, there are rings bearing charge densities y, = yp. 


Fig. 1. Scheme of the electrode arrangement of the Penning type vacuum gauge 


It can be immediately seen that in all the three cases the charge densities 
occuring in the Poisson equation can be expressed by one, two resp. three 
6-functionstand the charge density y. The part depending on r of the solution 
of equation (3a) satisfying the boundary conditions will be also now the 


k. 
system of Bessel functions of order zero, Jo ie | , whereas the part depending 
rt 
n—=as|. 
: l 
Taking into consideration the symmetry of the arrangement the following 
expressions are obtained for the potential distribution : 


on z is produced by the set of function sin 
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sin n= | sin nae dis es R Ake fe | 
ay ore > 32 ry 4 ie \ 
Ta IR® Jo2(k,) a Sa 
R? [E 
sin Eta sin nt 3|J a Jefe 
) = 5 16 my, 2 l Nate oo pene 
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(n is odd in all three cases). 


It should be mentioned, although this is not essential for the method, 
but is of considerable importance from the point of view of the numerical 


calculations, that in th 


e double sum the summation over n can be easily carried 


out. The formulae (9) can be thus brought to the following form : 
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Fig. 2. Relative potential distribution obtained with the method in case of the electrode 

arrangement of Figure la. Along the r axis measurements are given in R units, whereas along 

the z axis in Jj, units. The equipotential lines correspond (starting from the cylinder 

with the value 0% towards the thread corresponding to 100%) to the following relative 

potential values: 2,59% 3 5% 3 7.593 8.75%; 9.37%; 9.66% ; 10%; 11.25%; 11.40%; 
12.5%; 13.75%; 15%; 17.5% 3 20%; 25%; 30%; 40%; 60% 
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Fig. 3. The relative potential distribution measured in the electrolytic tank in the case of the 

electrode arrangement of Figure la. Denotations as in Figure 2. The relative potential values 

are: 2.5%; 5%3 7.5% 3 8.75% 3 9.37% 3 9.68% 3 9.84%; 10%; 11.25%; 12.05%: 
13.75% en Los 1750963 | 20% 5) Zaye 0 UG smAO og O0l4 


The problem of the convergence of the series can be dealt with also here in 
a way analogous to the case 1 by taking into account the asymptotical 
expressions for the functions shx and chx. 

The potential distributions obtained for the case of electrode arran- 
gements dealt with here were compared with the corresponding potential 
distributions measured in an electrolytic tank.* Measurements were carried 


* We are indebted to Mr. E. Kontay pre “‘candidate” fellow for carrying out the 
measurements. 
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Fig. 4. The dependence of the relative value of the potential on z in case of r = 0. The full 
drawn line corresponds to the potential values obtained experimentally and the dotted to 
that obtained by the method 
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Fig. 5. The dependence of the relative value of the potential on 2, in case of r = 6.22, 
Denotations as in Figure 4 


out in the so-called tank with tilted bottom. By this modelling procedure 
the rotational symmetry of the electrode system is used for a simpler realization 
of the problem. Its drawback is, however, that due to the capillar phenomena 
appearing in the tank the accuracy of the method strongly decreases near 
the symmetry axis [6]. The potential distributions obtained by calculation 
and measurement are presented for case a) in Figures 2 and 3. Disregarding 
the surroundings of the z axis, agreement of the calculated and measured 
potential distributions within the limit of errors is found. The explanation 
of the differences observable near the axis may be found in what has been 
said above about the measuring accuracy. In Figures 4 resp. 5 so as to illustrate 


the agreement found the dependence of the relative potential value —— 100: 
0 
on the zcoordinate has been plotted for the values r= 0 resp. r = 0.22 


(V, is the potential of the circle). Along the r axis of the Figures values are 
given in units R along the z axis in units 1/2, corresponding to the denotations 
of Figure 1. The experimental curve shown by the full line tends when further 
away from the axis towards the theoretical curve shown by the dotted line. 
For small values of z the agreement is good also for small values of r. 

3. Now we determine the potential field of the electronoptical two- 
cylinder lens so important in practical physics. The electrode arrangement 
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is the following: Two cylindrical electrodes of radius R, and length 2% — 7 


are placed along the z axis at a distance d from each other as illustrated 
in Figure 6. They are surrounded by an earthed metal cylinder of radius R. 
‘The cylinders are charged so that their surface charge densities are 0, resp. 


Fig. 6. The scheme of an electrode arrangement of the type of an electronoptical 
two-cylinder lens 


Gy. The solution of equation (3a) satisfying the boundary conditions is now 
the complete set of functions 


Pig = 


— J 
RI; We ; 


——_ 
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Pi, = 2 ®,, (r) sin 2 (10) 
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Pi, = 2 ©, (r) cos In is | 
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Hereby the sum of the potentials of rings of surface charge densities o, and 
‘0, becomes 
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The summation over n can be carried out. We consider the effect of the whole 
cylinder surface by integrating over the correspondig values of the z coordinate 
and we obtain the formula 


s 82Rz Dig (r) Pig (Ry) k; | 
on 2: k, PECK : n) Che. (eterna euth OA: 


(11a) 
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The potential of an infinitely long cylinder capacitor dealt with in 1. is 
evidently contained in (11b) when 2 — ©. As can easily be seen 


5 @. 
lim G(r, z),-9 = 80k? Pol) Piolhs) , ig 240, 
seri 0. 


Zo 2 i k2 2 
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resp. 


lim P(r, [4 ae — 82R?z, ee Piotr) Pio(Ra) Ce, if Gg aE 0. 
Oy 


ae ki 


From the formula (11b) the potential distribution of the two-cylinder 
lens used in electron optics is obtained for the case R> R,. 

The result thus obtained is of interest as — in contrast to any other method 
applied to the calculation of the field of the electronoptical two-cylinder 
lens — no stipulation was made during the calculation concerning the width 
d of the slit. Other methods used for the solution of the problem fail if the 
width of the slit is of the order of magnitude of the tube diameter. 

For the first two cases mentioned as examples in III the formula is 
exact, whereas in the case of the electronoptical two-cylinder lens it has to 
be considered as approximative, since for the calculation we started from the 
assumption that the charge distribution is uniform on the cylinder surfaces. 
The accuracy of the approximation can be estimated from the equipotential 
surface running near the cylinder surface. 
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ONPENWEJIEHHE SJIEKTPOCTATHYUECKHX TNOTEHUMAJIOB C TIOMOLMIbIO PAOB 
P. PAWIMAP, B. KOJITAH-QAPMATH u HM. TAMAIUIH-JIEHTEM 


Peswme 


Mol pe@opmyupoBanu MeTOx pxAROB AIA pelleHuaA ypaBHenua Ilyaccona, NObSYACb 
pelleHHAMH 3afay 10 COOCTBeHHBIM 3HAYeCHHAM, YAaCTO BCTPeyalOWUXCA B pasHbIX OOMACTAX 
Teoperuyeckoit dusuKu. Ecnu pacipefenenne 3apaga cooTsercrsyert 6-yHKunu Jupaka, TO 
pelleHHe mosyyuaetca B OpMe OAHOTO, AOBObHO XOpOWIO cxOAAMeroca paga. B mpocTbIx ciy- 
yadX Halll pelleHuA AHAMTHYeECKM TpaHCPOPpMUpYeMb! B XOPOUIO USBeECTHbIe pewleHuaA (HaMp. 
B cyryyae III/1). B apyrux cayyasx (III/2) ppruucnenHoe pacnpefeneHve nOTeHIMasa COBMa- 
ylaeT C MOJYYeHHbIM H3 H3MepeHHii B BIEKTPONHTHMYeCKOM BaHHe. B caryyae 9eKTPOHONTHYe- 
cKOH WHE ApMYecKoH suHSbI, (III/3) Haut MeToy AaeT pacnipemeneHve MOTeHUMasa TIA KAKOH- 
300 WMpHHEI We U COOTBETCTBYIOLIYIO (POPMY BIeEKTPOROB. 


EINIGE ZWEIZENTRENINTEGRALE ZU RECHNUNGEN 
AUF GRUND DER METHODE 
DER KORRELATIONSMASSIGEN MOLEKULBAHN 


Von 


F. BERENCZ 
INSTITUT FUR THEORETISCHE PHYSIK DER UNIVERSITAT, SZEGED 


(Vorgelegt von A. Konya. — Eingegangen 8. IV. 1958) 


Die numerischen Werte der Integrale 
Them = § ¥2 (Yo + Ys + Ya + ¥5)? HL ME LPS Oe ae, 
Tikim = Sv (va + ¥3 + Ya + ¥5) (Yq  Ys— Ya 1 Ws) HME PE TYR IT, 
wo ve =exp[— a (iy + Ha)]> vo = exp [8 01 + oh vs = er [2 (4 — 
v, = exp [— B(r, + %)], ¥5 = exp [— By — »2)] 
und wo i, k, 1, m, n = 0, 1, 2 sein kann, wurden in Tafeln zusammengestellt. 
In einer fritheren Arbeit [1] wurde die Dissoziationsenergie des H,- 


Molekiils mit einer solchen Naherungsfunktion berechnet, welche den folgen- 
den Korrelationsfaktor enthalt : 


W — Ny, (vo + Ys + Ya + Ys) (L + PM2)- 


py = exp [— a (44 + /2)], 

Yo = exp [6 (1 + 72)], 

ps; = exp [6 (71 — %2)]. 

ps = exp [— B(r1 + %)], 

ps = exp [— B(% — »2)]- 
Unter den Integralen in dem Energieausdruck, der zum Minimum gemacht 
werden soll, sind diejenigen in der Literatur noch nicht vorgekommen, in 
welchen der Integrand die gegenseitige Entfernung r,, der beiden Elektronen 


in einer gewissen Potenz enthalt. Diese Zweizentrenintegrale kénnen in die 


folgenden zwei Gruppen eingeteilt werden : 


Tet = § V3 (Ya + s+ Yat Ys)? Hi MEM PE Tie FT, 
J iktm = {y? (Yq + Ys + Pa + Ys) (Yo Ys — Pa T Ys) Mh HS 91 PE The aT, 


wo i, k, l, m, n = 0, 1, 2 sein kann. 
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Bei der Berechnung der Integrale wird die Methode von Kovant und 
seinen Mitarbeitern [2] benutzt, die schon bei Sucrura [3] zu finden ist, Der 
Integrand wird in elliptischen Koordinaten hergeleitet und die gegenseitige 
Entfernung der beiden Elektronen durch den Kosinussatz 


A R? 
pF ret + M3 —- vi “+ ve — 2 My Mg Vy Vy — Oe 


—2 aa 1) (42 — 1) (1 — 2) (1 — 28) cos (7, — %)], 
sowie durch die Neumannsche Reihenentwicklung [4| 


] Di Rane ee : , Dy ‘4 
= SSD, 0: (14,) Pru) P2 (94) P! (02) 08 (Py — 92) 


Ti9 t=0 v=0 


beriicksichtigt, wo 


| ee (rm! 
Dy=2t+1 und D,, = (— 1)"2 (27 + 1) | 9 
(t +)! 
fy, und uw bezeichnen den griésseren, bzw. den kleineren Wert yon jf, und 
My. P? und Q) bedeuten Legendresche Polynome erster und zweiter Art, 
Die unendliche Neumannsche Reihenentwicklune macht bei der Berech- 
: g 
nung der Integrale keine besondere Schwierigkeit, weil die Integranden 
£ 6 ’ £ 
die yj entweder nicht enthalten oder nur im Ausdruck sin gy; und cos qj. In 
diesem Falle kann in der zweiten Summe nur y = 0 oder » = | sein. Mit dem 
oben angegebenen Ausdruck fiir rg bekommt man cin Polynom von sechs 
eg 2 y 
Integrationsvariabeln (44,, 4, 5 Mg, Yar Pg), und die Integration wird 
gewohnlicher Weise sukzessive durchfiihrbar. 
Bei der Durchfiihrung der Integrationen werden die foleenden grund- 
£ g g 
legenden Integrale verwendet : 


co 


A,(a) = (e-“u"du, 


| 


1 


B,(p) = lh en Py dy, 


1-1 
Gr(1, B) =f Px(v;) eM" oh (1 vi) *dy, 
aul 
Wi(ika)— ff Qi (4) Pr (H_) ete) pal ME (ME — 1) (MG 1) dye dis, 


Die numerischen Werte der obigen Grundintegrale wurden von Korani, 
AmeMIYA und Simosg in Tafeln zusammengestellt, 

Die analytischen Ausdriicke der Integrale sind in der Arbeit [1] vu 
finden ; hier folgen die numerischen Werte in Tafeln zusammengestellt, 
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HEKOTOPbIE BUNOJIAPHbIE MHTEFPAJIbI JIS WUCUMCIIEHHH HA OCHOBE 
METOJJA KOPPEJIMPOBAHHbIX MOJIEKYJIAPHbIX OPBHT 
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TaOynMpopanbl HYMepHyueckHe 3HaveHHA MHTerpasoB 


Tham = § ¥i (z+ ¥3 + va + v5)? 4 MEO} OB rh ae, 
Tam= $ V3 (vo + Ys + a+ 5) (Yo Ys — Ya F Ys) od ak vf vB oh de, 
v, = exp [—a(m + H3)], ¥2 = exp [8 (ry — %2)], ¥3 = exp [B (ry — 5) ], 
- ¥4 = exp[— B(r, — »2)], ¥5 = exp [— B (ry — »2)] 
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THE FUNDAMENTAL THEOREM OF CONTINUOUS 
TRANSFORMATIONS IN THE QUANTUM THEORY 


By 
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CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST 


(Presented by K. F. Novobatzky. — Received 18. VII. 1958) 


The unitary operator, the generator of symmetry transformations in the Hilbert- 
space, will be formed on the basis of the field equations together with the commutation law. 
Our method is the reversal of SCHWINGER’s method used in the covariant formulation of the 
quantum theory and eliminates some insufficiencies of the previoas treatments. 


§ 1. The present paper deals with a problem of methodological interest, 
across which the author came in the course of his university lectures. 

The transformations leaving the field equations (Lagrangian) as well 
as the commutation laws invariant play a significant role in the quantum 
theory. Such transformations of the coordinates x; and of the field quantities yp, 


x; Ky ) YAX) >, (*) ot 


are the so-called symmetry transformations. In the Hilbert-space the generator 
of a transformation which does not affect the commutation rules is a unitary 
operator : 


y (x) =U y(x)U%, (2) 


In the course of quantum theoretical applications the explicit form of the 
generator U becomes important. As is well known [1] in the classical theory 
always a conservation law corresponds to every symmetry transformation. 
There exists a close relation between this conservation law and the form of 
the unitary generator U. This operator gives the transition between the two 
state vectors with which observers in different “‘systems of reference”’ describe 


the same physical state: 
wa U boss (3 ) 


It is very remarkable that in case the Lagrangian is known a method can be 
given for the unambiguous formation of the generator of a continuous symmetry 
transformation. This method can be obtained by the aid of the fundamental 
theorem of continuous transformations. 

In the Scuwincer’s covariant formulation of the quantum theory 
this fundamental theorem is regarded as an axiom of the theory and the form 
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of the commutation rule was deduced from it [2]; in addition it is possible 
to deduce also the field equations. However, the reversed process can also 
be considered: the fundamental theorem can be deduced from the field 
equations and the commutation law. These latter can be introduced more 
easily in a correspondence-like way, therefore this kind of treatment seems 
to be methodically more advantageous (although ScHwINGER’s method is 
mathematically more elegant). The deduction of the fundamental theorem 
from the commutation law has already been treated in the special case when 
the symmetry transformation does not affect the space coordinates (e.g. 
gauge transformation, the transformations of the isotopic space) and formerly 
the general case was handled, too, but in a rather indirect and cumbersome 
way [3]. The author, however, has not read any plain direct deduction of the 
fundamental theorem in a covariant manner which would be valid for all 
kinds of continuous symmetry transformations. This paper aims at presenting 
such a deduction which is of general validity. Only then will the equivalence 
(resp. the extent of the equivalence) of the Hamilton principle and the commu- 
tation law with the fundamental theorem become quite clear. 


§ 2. As starting point for the covariant formulation of the theory serves 
the Lagrangian L. For the sake of simplicity let us assume that L is built 
up from the field quantities and their first derivatives. The physical field is 
described (in the classical theory as well as in the Heisenberg picture of the 
quantum theory) by such field quantities for which the integral 


J Ev), 8 ¥(9) dy (3) 


is stacionary (i.e. its first variation is zero) for values y,(x) fixed on the 
boundary of the four-dimensional domain W. This Hamilton principle will be 
regarded as the first axiom of the theory; from this the Lagrangian form of 
the field equation can be obtained : 


L 
Ober ine oL 


i = 0. (4) 
Opn 89; Pu 


When substituting the expression for y, (y) determined from (4) for the 
inner region of W into (3), we get the action integral 


S= Sal L (p(y), 9 (y)) dy, (5) 


which depends only on the extent of W and on the specific value of y, prescribed 
on the boundary of W. 
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Varying the four-dimensional domain W a surface point with coordinate 
x; becomes a surface point with coordinate x; = x; + 6x; The value of the 
field quantity in this boundary surface point be also changed from y, (x) to 
vAx) = v(x) + dp,(x). (By using the changed functions y (y) corresponding 
to the modified boundary conditions the action integral S becomes of course 
stacionary in the interior of the domain.) The variation of the boundary 
conditions modifies also the value of the action integral. The variation of S 
(according to the boundary formula of the variation calculus) can be trans- 
formed into a surface integral : 


H 


Se 
uc 


OL if 
eas Opn + Oj, 6%; | dF, = (a1. Ou + p;Ox;) dF, (6) 
kre I 


iz 
(where the domain of integration H is the boundary surface of W). Let us 
use the following notations : 


; aL 
O,(x) = Loy, — 9; Py 38, y (7) 
k Pu 


is the canonical energy momentum tensor, N, is the normal unit vector of 
the surface element dF; (ic. dF, = Nd F, Ne Ne = + 1). According to 
Pierre WEIss the quantity 


Ny (8) 


will be regarded as the canonical conjugate of the field quantity y,(x) and 
the function 


1 
Pix) = — Oi, Nx (9) 
ic 


as the canonical conjugate of the independent variable x; [4]. (It should be 
noted that 7, (x) and p; (x) are not pure local functions but they depend on 
the direction of the surface element at the point x.) They can be designated 
canonical conjugates as (in the classical theory as well as in the quantum 
theory) canonical equations can be deduced for them. ; 

Let f; (x) be four arbitrarily given coordinate functions and let us form 
the integral 


B= [rior = { Onoysirdte= | 5, EN — Smem fia 00 
FE F F 
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for an arbitrary three-dimensional not-bounded space-like hyperplane F. 
The integrand is a given expression of y,(y), 9; y,(y) and 2,(y). Using (8) 
the normal derivate of y, can be expressed by y, and x, and thus B can be 
regarded as a functional of the values of y, and %, taken on the plane F. 

By varying the values of y, (y) and 2, (y) prescribed on the hyperplane 


we get for the variation of B (after identical transformations) : 


Bl y,7]= ie oR moa | dn.ae+ 


uc OY, : 00; Pu 
1 aL 
0, _—_ ———N, ; OPn — Tn On f, dF + 1] 
7s | ee lets fi OW | vo ( ) 
F 
; 1 OL 
+ {fo (sea — J N,8,f:] 90» — [2.¥. fm aP. 
| ie 86, yy | 
F 


The first integral becomes zero due to (4), the second one is also zero 
(in spite of the fact that it is a four-sum) due to the vanishing of y, in the 
space-like infinity. From the remaining expression we can see that the func- 
tional derivatives are the following : 


OB Ub os CN 


N; 9, fis (12) 


ied = 6. (f-2)—— 
OY X) eee ic 90, Pu 
6B 
= — ; 9; ute 13 
Say 7m (13) 


In the special case when f; = Oj, (12) and (13) lead to the following 
canonical equation 


oP, 


a = GABA) : __ == — 0, wz (x), 14 
Ae a dat,(x) oa io 
where 
Fr P,=~—(OndF; = pidF | (15) 
c 
L Fe a 


is the four-momentum of the system. 


§ 3. A symmetry transformation has to be regarded as continuous 
if 1) it is a differentiable function of the parameter a, 2) it turns into identical 
transformation when a = 0 and 3) the parameter can be chosen so that the 
successive transformations with parameter a, and a, correspond to a trans- 
formation with parameter a, + a). 
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The transformation changes the field quantity components y, in the 
_ given geometrical point P: they combine with each other 


VAP) = Fw plP). (16) 
o,, and thus also y;, are functions of the parameter a. 


(0) = Oxy » 6 ,(y) 6 ,»(@,) = Oy(@q + 44). (17) 


Let us form the following expressions : 


i hone 
AO» = Ca = Tin * (18) 
da a=0 
dy} (x’ 
Ay, (2) -| ne ‘| = Typ ple). (19) 
i" a=0 


I,, is the matrix of the infinitesimal transformation. 
The symmetry transformation can change the coordinates of the point 
P too: x—>x'(a) = sx. Let us deal now with the following expression : 


Ax; = i (20) 
da \q—0 
If we regard the arguments of the field quantities in (16), 
VLA") = rn P(X) » (21) 
ices 
il2") = Fu PSX’) 
and change the notation of the independent variable x/;—> x;, we get: 
V(X) = Fuy Pr(S-**)- (22) 


Thus, comparing the functional forms of the field quantities (i.e. their de- 
pendence on the coordinates as independent variables) instead of comparing 
their values taken at a given geometrical point according to (16) we can see 
that the expression y, (x) will be altered by the transformation due to two 
reasons: the components of the field quantities combine in a given point (0) 
and the coordinates of this point will be changed in the argument (s). Thus 
the derivative of yp, (x) with respect to the transformation parameter consists 
of two parts: 


dy/(x) do py 

A*y,(x) =|——— ed eee 
Ped ) da ia da Ja=0 

= Ay (x) — 3; p(x) + Ax;. 


w,(x) 0; wilx) 


dena ee 
da |, 0 


(23) 
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Let us consider now, following E. NoeTuHer [1], the action integral after 
the transformation as a function of the transformation parameter a: 
: 1 5 / , , / , 2 
OR) L(y'(y’), 9 y'(y’)) dy’. 
w 


As the transformation is a symmetry transformation the action integral has 
to be equal to the non-transformed expression S (0), i.e. 


as —| #0) =i orders Moe: 0y.Ax||dx = 0. (24) 
ip a=0 
Ww 


da tc \ 06; py 


This relation, however, is valid for an arbitrary domain W only when 


On Jk =0, 
where 
4 i oL 
jx (e) = ; Ay, + Oy. 4x). (25) 
C180, Yu 


To every symmetry transformation corresponds a conservation law. The 
differential form of a conservation law is given in (25). This is Noether’s 
theorem. The current density j, (x) is a pure local function independent of the 
transformation parameter and the surface direction. 

Let us choose the four-dimensional domain W in (28) as the four-volume 
between the two hyperplanes Fy and F and assume the normals of the hyper- 
planes as directed into the “future”. Then using the Gauss theorem and the 
fact that the field quantities vanish in the space-like infinity, we get for (24) 


AS = Q(F,) — Q(F) = 0, 
Q= Jie dF, = — J (2% Ay, + p; Ax;) dF (26) 


is independent of the hyperplane, i. e. it is a constant of motion and it can be 
transformed like a contravariant quantity with respect to the transformation 
parameter a. The form of Q can be written down directly when L is known. 
This is the integral form of NorTHER’s theorem. 


§ 4. In quantum theory besides the field equations the commutation 
laws must also be known. Let us consider a hyperplane F. The following 
commutation laws are valid for the field quantities taken at two points x, y 
of the hyperplane : 


{¥(%)> (¥)} = TAS (x — y), {z,(x), my) $= 0, Lyla), y(y)$=0. (27) 
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Here 
{ A, Bh c= AB+ BA, 


where the sign depends on the statistics of the field investigated. The definition 
of the surface function 6(x) is the relation 


I f(y) (y — x) dF(y) =f (x). 


The “simultaneous” commutation rule (27) refers to the hyperplane F 
(due to the quantities 2,,6(x) and to the assumption ~, y€F). Comparing (27) 
and the field equations (4) the commutator jy, (x), Y (z){ at two points 
of arbitrary location can be obtained and its value is already independent 
of F. 

The results of the classical theory obtained in the above two paragraphs 
are valid also in the quantum theory as operator relations if we take care of 
the sequence of operators in the course of differentiations. The most obvious 
way is to regard all the products as ordered products. 


§ 5. As the transformations dealt with are symmetry transformations 
the operators y,'(x) satisfy the same commutation rules as the operators 
y,(x) (the transformation is canonical). Thus the two operators can be related 
to each other by a unitary perator U, namely : 


v(x) = Up,(x)U™. (28) 


Our main task is to determine the explicit form of the generator U. 
For the transformations dealt with here we can write 


U (a)U(a,)=U(a+o),  U0)=1. 


AU= leet (29) 


Differentiating (28) with respect to a and taking the derivative for 
a = 0 we get by taking into account (23) and (29) 


A* p,(x) = [AU, v,(x)]. (30) 


([..-] means a minus commutator.) Evidently, if the operator AU satisfying 
(30), is determined, the operator U can easily be obtained. In the case of a very 
small transformation parameter one can write: 


U(a) ~ U(0) +4 ea Sea AU. 
a 


a=0 
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The relation becomes exact if a— 0. The generator of a transformation with 
a finite parameter a can be obtained from the generator of a transformation 


having as parameter a/n in the following way : 


n 


Care a . 
and if nm is large enough 
ph al Oa PS, FE 9 thus U(a)~|I ee au] 
n n n 


a 
The equality sign applies if——>0, Le. if n—> co. Thus we can write sym- 
n 


bolically 
Ula ae fi + au} = es, (31) 
nN 


noo 


As a preparation for the determination of AU the commutators of Q and 
y,(x) have to be formed : 


[Q. v.x)] = — J L(y) Av(9), vox) ] 2x) — [B, v(x]. (32) 


Here ‘ 
B= J p(y) Ay 4F. (33) 
F » 


As Q is independent of the position of F we have chosen a hyperplane laid 
through the fixed point x. For the evaluation of the first term on the right 
hand side of (32) the algebraic identity 

[AB,C] = A{B,C}—{C, A}B (34) 


can be used and for the second term the general mathematical relation 


[B, y,(x)] = — (39) 


which is valid as a result of (27) for all expressions B of interest. (It must be 
taken into account that only even number fermion operators can occur in B.) 


Thus we get 


[Q. vilx)] = § Kp.) a(9)} Ap (9), — 
— my) Lo y)> B(x) SEF (y) + 02 Fe : 
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From the commutation laws (27) and from the general canonical equations 


(13) (by choosing fi(y) = Ay;) we get 
[Q, px) ] = ih (Ay,(x) — 9; (x) Ax;) = th A* y,(x). (36) 


Comparing (30) and (36) we get for the operator AU: 


AU =——Q=— | (2%, Ay. + p, Ax) 4F (37) 


and the generator of the finite symmetry transformation becomes 


6L 


P ; 
U(a) = ea? =exp | Ay, + p; 4x;) dF =-exp ws {| Aya + 
h he | 89, Yu 
- (38) 


F 
+ LAx,— 


av, Ar dF. 


k Pu 


Thus we have succeeded in obtaining the generator of an arbitrary continuous 
symmetry transformation by the aid of the field equations and the commu- 
tation law. The generator is, according to § 3, a Lorentz invariant: constant 
of motion, which is independent of F’. 


§ 6. As we mentioned already in the introduction, the fundamental 
theorem expressed by (28) and (38) was regarded by J. SCHWINGER as an 
axiom of the quantum theory from which the commutation law can be deduced. 

Indeed: Let us consider such a symmetry transformation, for which 
Ax; = 0. In this case it follows from the expression (37) (which is accepted 
as an axiom) that 


Ay, = A* py, = [AU, (x) ] = 5 [0 PAY)» Plx)) Le dF (y) = 
F 
| (204) Lpely)> val)} — {pul)> (9) $ VolY)) Ered F(y)- 


ek 
hi 


This requirement can be fulfilled for many possible expressions J,, and point 
x and hyperplane F by choosing 


{pol y), yAx)} = 0, {v,(x), m,(y)} = thd, 6(x — y). 


Of course the fundamental theorem does not affect the type of the statistics. 
Conclusions can be drawn from the fundamental theorem also regarding 


A Acta Physica IX/4. 
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the field equation. The theory is invariant against the displacement of the 
origo of the coordinate system, i.e. 

w= %i— 03, YA) = Yul) (39) 
are symmetry transformations. From this follows according to (26) the conser- 
vation of the field momentum P;, the form of which can be obtained directly 


from (15) if the Lagrangian is known. 
Applying (30) to the transformation (39) we get 


ih [P;, pu(x)] = 9; y,(*). (40) 


(40) determines the space and time variations of the field quantities and thus 
leads to the field equations. 
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Peswme 


YuuTapHblii onepaTop, MpousBo_AWHuH mpeoOpasoBaHHA CHMMeTPHH B rHj10epTOBOM 
IpoctTpaHcTBe, CTponTcA Ha Oa3se ypaBHeHHii MONA MU MepecTaHOBOYHEIX COOTHOMeHHH. Haut 
MeTO ABIAeTCA OOpaienvem MeTona IIBuHrepa U OH yCTpaHAeT HEKOTOPHIe HeWOcTaTKH Mmpe- . 
ObIAYWUMX TpaKTOBOK,. 


ZUSAMMENHANG ZWISCHEN DER STRUKTUR 
UND DEN PHYSIKALISCHEN EIGENSCHAFTEN 
DES GLASES. 


Ill. DIE WARMEAUSDEHNUNG DES GLASES 


Von 


I. NArAy-SzABo 


CHEMISCHES ZENTRALFORSCHUNGSINSTITUT DER UNGARISCHEN AKADEMIE DER WISSENSCHAFTEN, 
BUDAPEST 


(Vorgelegt von Z. Gyulai. — Eingegangen: 23. VI. 1958) 


1. Die vorbandenen Messungen von Warmeausdehnungskoeffizienten von Glasern 
bekannter Zusammensetzung werden durch lineare Gleichungen berechnet, die von den bisher 
benutzten sich hauptsachlich darin unterscheiden, dass die netzbildenden Oxyde SiO, Al,O, 
und B,0, keinen Anteil an der Ausdehnung haben, dass ihnen also ein Faktor Null zukom mt. 
Die Warmeausdehnung wird nach dieser Auffassung praktisch nur durch geriistmodifizierende 
Ionen hervorgerufen, in erster Linie durch die Alkalien. 

2. Die Gleichungen enthalten eine additive Konstante, die durch den Typ des Glases 
bestimmt ist. ; 

3. Die Abweichungen zwischen den mit diesen Gleichungen berechneten und den 
gemessenen Ausdehnungskoeffizienten betragen im Mittel etwa 1—3 Prozent, also bedeutend 
weniger als die friiheren, die tibrigens nur auf gewisse Glassorten anwendbar sind. 

4. Eine kurze Diskussion iiber den Zusammenhang zwischen der Warmeausdehnung 
und den Eigenschaften des Glasgeriistes wird hier gegeben. 


Wegen der praktischen Wichtigkeit der Warmeausdehnung des Glases 
wurden viele Messungen auf diesem Gebiet durchgefithrt und unter ihnen 
befindet sich eine ziemliche Anzahl solcher, die an zwei- und dreikomponentigen 
Glasern mit systematisch variierter Zusammensetzung vorgenommen wurden. 
Schon die frihen Arbeiten von WINKELMANN und Scuorr [1] geben eine 
additive Gleichung an, die zur Berechnung der Warmeausdehnung aus der 
chemischen Zusammensetzung dient; ihre Ergebnisse weichen von den 
gemessenen Werten im Mittel um etwa 5%, maximal um 11% ab. ENeLIsH 
und Turner [2] haben genaue Messungen an mehreren Serien ausgefiihrt 
und dabei die von WINKELMANN und Scuorr angegebenen Faktoren sehr 
stark abgedndert. Wieder andere Rechnungsverfahren wurden von GILARD 
und Dusrut [3] und von Brau [4] angegeben, die eine quadratische bzw. 
eine mit vielen Faktoren operierende Gleichung empfehlen. Schon HA. [5] 
hat den Anteil des Siliciumdioxyds an der Warmeausdehnung fiir vernach- 
lassigbar gehalten und entsprechende Faktoren angegeben. R. ScumipT [6] 
rechnet in fast gleicher Weise. Doch gab es bisher keine solchen Faktoren, 
die allgemein anwendbar gewesen waren, ohne von den experimentellen 
Werten allzu grosse Abweichungen zu ergeben. 

Da die Méglichkeit einer genaueren und allgemein verwendbaren 
Gleichung von grossem praktischen und auch theoretischem Wert ist, habe ich 
das vorhandene publizierte Material samt einer Anzahl unpublizierter Mes- 


4* 
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sungen aus der Industrie durchgearbeitet und daraus eine allgemeine Gleichung 
aufgestellt, die fiir den Ausdehnungskoeffizienten (10° a = 108 - 41/1. At) 
von gewoéhnlicher Temperatur bis 90 oder 100° C giiltig ist. Dabei bin ich 
von den einfachsten Systemen ausgehend auf solche mit mehreren Kompo- 
nenten vorgedrungen. 

Quarzglas hat eine sehr kleine Warmeausdehung, zwischen 0—100° 
10-8-48,7 pro C°. Glasiges Bortrioxyd hat dagegen einen ausgesprochen 
grossen a-Wert von 1510-10-8 pro C° (zwischen 0—100°). Die aus diesen 
Oxyden hergestellten gemischten Glaser weisen eine desto héhere Ausdehnung 
auf je mehr Bortrioxyd in ihnen enthalten ist, der Zusammenhang ist aber 
keineswegs linear. 


Tabelle I 
Warmeausdehnung von Si0,—B,0;-Glasern [7] 


Si0.% B,0,% 108a gem. 
0 100 1510 
6,46 93,54 1317 
9,99 90,01 1181 
14,81 05,19 94 Il4 
24,45 75,55 870 
38,03 61,97 719 
45,51 54,49 576 
52,17 47,83 498 
57,24 42,76 475 
100 0 48,7 
i Tabelle 2 
Warmeausdehnung von Na,O—SiO,-Glasern (25—90°) [8] 

Si0,.% Na,O% 10°a gem. 10°a ber. Diff.% 
66,91 33,09 1346 1351 +0,4 
70,38 29,62 1246 1231 —0,7 
74,05 25,95 1138 1103 —3,1 
16,27 23,73 1035 1025 —1,0 
79,13 20,87 917 925 +0,9 
81,34 18,66 849 848 —0,1 
82,83 17,17 755 7185 +4,0 

\ 
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Die Warmeausdehnung von anderen, aus mehreren gerustbildenden 
Oxyden hergestellten Glasern wurde nicht gemessen. 

Bei der Betrachtung der Wairmeausdehnung von einfachen Natron- 
silikatglasern fallt es auf, dass diese eine enge Parallelitat mit dem Natron- 
gehalt zeigt. 

(Die geringen Verunreinigungen — einige Zehntelprozent — wurden 
zum Na,O gerechnet.) 

Bezeichnet man die Prozentzahlen eines Oxyds mit der in runden 
Klammern gesetzten Formel — wie es im folgenden stets gemacht wird — so 
sinden wir, dass auf Grund der Gleichung 


108 a = 35(Na,O) ++ 185 


die gemessenen Werte mit einer maximalen Abweichung von 4,0% berechnet 
werden kénnen. Die durchschnittliche Abweichung ist weniger als 1,5%,. 

Leider haben wir keine Daten fiir K,0-SiO, und andere binare Glaser. 
Dagegen stehen uns eine Anzahl von Messreihen von dreikomponentigen 
Natronglasern zur Verfiigung. — Betrachten wir zunichst jene, die neben 
SiO, noch ein anderes geristbildendes Oxyd enthalten, so sehen wir, dass 
BeO nur die additive Konstante der Gleichung verandert, der Faktor von 
Na,O aber bleibt erhalten. 


Tabelle 3 
Warmeausdehnung von Na,O—BeO—SiO,-Glasern (20—400°) [9] 


$i0,% BeO% Na,0% as “ as Diff.% 
80,0 75a al 12,5 740 | 158 42,4 
75,0 12,5 1255 780 | 758 —2,8 
74,0 11,0 15,0 840 845 40,6 
72,0 12,0 16,0 380 =| ~—s880 +40 
72,0 10,0 18,0 960 950 — te 
16,0 5,0 19,0 1000 985 ongliis 
66,0 14,0 20,0 1000 1020 42,0 
74,0 3,5 22,5 1090 ton |||" sepabe 
69,0 1,5 23,5 1120 Lips,” Bee 
71,0 3,0 26,0 1180 1210 | +2,5 
62,5 11,0 26,5 1220 1228 +0,7 
64,5 7,0 28,6 1280 1298 +1,4 
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Obzwar hier die Temperaturgrenzen sehr verschieden sind, bleibt der 
Koeffizient des Na,O derselbe, und wir erhalten die Gleichung 


10° a = 35 (Na,O) + 320. 


Die maximale Abweichung betriigt 2,8% und die durchschnittliche 1,4%. 

Es ist sehr interessant, dass auch die Wiirmeausdehnung von Borosilikat- 
glisern analog berechnen kann, dass also B,O, keinen starken Einfluss dar- 
auf ausiibt. 


Tabelle 4 
Wiirmeausdehnung yon Na,Q—B,O,—SiO,-Glhisern (25—90°) [10] 


Si0,% ByO4% Na,0% 

10,75 18,71 9,89 498 496 —0,4 
67,18 21,81 10,26 497 504 +1,4 
61,94 25,82 11,33 521 547 +-5,0 
74,91 (12,45 11,36 578 548 —5,2 
71,51 8,28 18,86 817 810 —0,9 
61,28 18,84 19,04 805 816 —1,3 
68,39 11,29 19,04 813 816 —0,4 
74,22 4,46 19,92 840 847 +-0,8 
64,72 14,45 20,09 837 953 +1,9 
50,04 28,83 20,44 814 866 +5,0 


(Der geringe CaO-Gehalt wurde zum Na,O gerechnet) 


So lassen sich bis 30% B,O, enthaltende Gliser bei maximalem Fehler yon 
5,2% berechnen, wobei der durchschnittliche Fehler 1,93% betriigt. 

Eine andere Messreihe gibt die Warmeausdehnung von Natronborosilikat- 
glisern zwischen anderen Temperaturgrenzen, daher muss die additive 
Konstante der Gleichung etwas modifiziert werden, Wir erhalten mit der 
Gleichung 


108 a = 35(Na,O) + 200 


eine maximale Abweichung von 5,3% (durchschnittlich 2,5). Man muss 
beachten, dass der NagO-Gehalt hier bis zu 32% reicht. 
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Tabelle 5 
Warmeausdehnung von Na,O—B,0,—SiO,-Glasern (25—150°) [11] 


ee ———————— OOO 
Si0,% B,0,% Na,0% es Diff.% 
gem. ber 

63,81 4,33 31,86 1333 1314 —1,4 
61,57 8,28 30,15 1247 1254 +0,2 
59,53 11,33 29,14 1181 1219 +-3,2 
53,66 18,05 28,29 1151 1189 +3,3 
55,15 17,60 21,20 1108 1153 +4,0 
55,74 18,29 25,97 1052 1108 +5,3 
65,49 10,12 24,39 1054 1052 —0,2 
61,27 14,57 24,16 1009 1041 +3,5 
55,72 30,17 24,11 1007 1043 +3,6 
51,00 24,86 24,14 1004 1044 +4,0 
16,99 4,68 18,33 882 841 —4,7 
73,38 Cai 1.9 833 826 —0,8 
70,05 12,79 17,16 7188 800 +1,5 
67,55 16,29 16,16 740 165 +3,4 
65,65 19,33 15,02 7121 126 +0,7 
62,04 22,80 15,16 123 130 +1,0 


Im Falle von Aluminiumoxyd kann man ebenso verfahren : 


Tabelle 6 
Warmeausdehnung von Na,O—AI,0,—Si0,-Glasern [12] 


10°a 

Si0.% Al,0,% Na,O% a ~ os Diff.% 

75,12 6,54 18,38 853 862 ut} 
10,76 10,58 18,56 870 877 40,8 
66,17 15,62 18,20 860 856 105 
62,25 19,79 18,01 863 850 25% 
79,21 6,62 14,36 730 722 ae | 
74,12 10,69 14,81 723 738 42,1 
69,99 15,57 14,52 727 729 +0,3 


(Der geringe CaO-Gehalt wurde zu Na,O, Fe,0; zu Al,O; gerechnet.) 
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Mit der Gleichung 


10% = 35(Na,O) + 220 


erhalten wir eine vorziigliche Ubereinstimmung; der maximale Fehler 
betragt 2,1% und der durchschnittliche 1,0%. Bei einer anderen Messreihe 
(13) erhalt man ebenfalls ziemlich gute Ubereinstimmung — allerdings mit 
einer etwas modifizierten additiven Konstante — bis zu cinem Na,O-Gehalt 
von 21%, dariiber hinaus werden die Abweichungen grdésser. 


Glaser mit zwei geriistmodifizierenden Oxyden 


Wir haben einige wenige Daten fir die Warmeausdehung von Lithium- 
aluminiumsilikatglasern. 


Tabelle 7 
Warmeausdehnung von Li,O—AI,0,;—SiO,-Glasern (30—500°) [14] 
10°a 
Si0,% Al,O3% Li,O% Diff.% 
ber. gem. 
49,6 42,14 8,26 760 — — 
66,3 28,1 5,52 666 662 —0,6 
74,9 21,0 4,15 525 525 +0 
79,8 16,9 3,32 436 442 +1,4 
83,1 14,1 2510 393 387 —1,5 


Bis zu einem Li,O-Gehalt von 6% kann man diese mit der Gleichung 
108a = 100(Li,O) + 110 


berechnen, wobei sich eine maximale Differenz von 1,5% und eine durch- 
schnittliche von 0,9% ergibt. — Aus diesen Daten sieht man aber auch, 
dass sich Li,O den Alkalien dhnlich verhalt, d. h. eine grosse Warmeaus- 
dehnung verursacht, es gehdrt also keineswegs zu den geriistbildenden Oxyden, 
obzwar Li* in Viererkoordination im Li,SiO, auftritt [15]. 

Betrachten wir die Ausdehnung von MgO enthaltenden Glasern, so 
sehen wir, dass MgO die Ausdehnung verringert. 
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Tabelle 8 
Warmeausdehnung von Na,O—MgO—Si0,-Glasern (25—90°) [16] 
a 
$i0,% Mg0% Na,0% ri Dift.% 
ber gem 
74,07 1,10 24,23 1104 1099 —0,5 
75,00 2,49 22,12 1005 1013 +0,8 
75,19 4,20 19,83 895 920 +2,8 
77,09 6,10 16,05 784 t13 —1,4 
76,86 7,46 14,55 710 708 —0,3 
78,28 9,30 11,76 594 598 +0,7 


Wir beniitzen fiir a eine Gleichung 
108 = 35(Na,O) — 8(MgO) + 260 


und erhalten damit eine maximale Abweichung von 2,8% und eine durch- 
schnittliche von 1,3%. 

Die wichtigen Natronkalksilikatglaser zeigen, dass CaO einen positiven 
Beitrag zur Warmeausdehnung liefert. 


Tabelle 9 
Warmeausdehnung von Na,O—CaO—SiO,-Glasern (0O—75°) [17] 


ee 


Si0,% Ca0% Na,0% ae ae - Diff.% 
75,94 12,04 1200, 744 755 415 
75,25 9,37 15,38 844 850 +0,7 
74,70 6,91 18,39 916 927 +1,2 
74,15 4,80 19,91 998 960 88 
74,65 2,69 22,66 1054 1034 —1,9 
“76,00 12,26 11,74 723 749 13,6 
75,80 10,21 13,99 196 807 anf °3 
81,19 8,07 10,52 658 664 40,9 
74,07 10,01 15,45 858 855 BOA 
70,27 14,08 15,49 898 897 01 
72,87 10,06 16,96 895 910 41,7 
70,64 14,41 15,00 874 884 cs ej 


Die Gleichung 
; 10% — 35(Na,O, + 10(CaO) + 215 
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gestattet eine Berechnung der Werte von @ mit einer maximalen Abweichung 
von 3,8%, wobei die durchschnittliche Abweichung 1,5% betragt. 
Die Ergebnisse einer anderen Messreihe finden sich in der folgenden 


‘Tabelle. 


Tabelle 9/a 
Warmeausdehnung von Na,O—CaO—SiO,—Glasern (25—90°) [18] 
10°a 
Si0,% Na,0% Ca0% Diff.%, 
gem. ber 
73,92 23,80 1,50 1106 1073 —3,0 
74,08 23,00 2,61 1065 1056 —0,8 
74,07 21,50 3,81 1021 1015 —0,6 
73,78 20,87 4,50 988 997 +0,9 
74,41 17,20 7,45 911 902 : —1,0 
74,99 16,00 8,16 870 867 —0,3 
74,94 14,88 9,36 844 840 —0,5 
74,59 14,22 10,38 810 826 +2,0 
74,93 13,02 11,68 769 198 +3,8 
66,71 _ 12,72 18,17 882 853 —3,3 
69,73 11,22 17,38 801 192 —1,1 


Hier wurde die additive Konstante zu 225 angenommen; die berech- 
neten Werte zeigen eine maximale Abweichung von 3,8% und eine mittlere 
von 1,6%. 


Barium hat eine mit dem Kalzium vergleichbare positive Wirkung. 


Tabelle 10 
Warmeausdehnung von Na,O—BaO—Si0O,-Clasern (25—90°) [19] 


108a 
Si0,% Ba0% Na,O% Diff.% 
gem. | ber 
72,86 3,03 23,30 1102 1099 —0,3 
71,46 5,98 20,95 1068 1077 +0,8 
70,83 8,59 21,11 1048 1033 —1,4 
68,72 11,07 19,49 1034 1053 +1,8 
68,33 14,16 17,39 1001 988 —1,3 
66,33 17,28 15,89 950 961 aiple! 
64,94 19,38 14,98 956 938 —1,9 
63,18 22,37 12,52 888 877 © —1,2 
62,67 24,25 11,72 884 864 —2,2 
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Die Rechnung wurde mit der Gleichung 
10% — 35(Na,0) + 8(BaO) + 260 


durchgefiihrt ; der maximale Fehler ist 2,2% und der durchschnittliche 1,3%. 
Bleioxyd wirkt noch weniger als Bariumoxyd. 


Tabelle 11 
Warmeausdehnung von Na,O—PbO—Si0,-Glasern [20] 


EE EEEEEEIEEE EEE SEN 


10%a 


$i0,% PbO% Na,0% Diff.% 
gem ber 

51,21 41,83 5,61 705 715 +1,4 
52,61 39,24 6,90 729 748 +2,6 
53,58 37,45 7,88 761 173 +1,6 
54,10 36,60 8,27 781 7183 +0,3 
54,84 33,96 10,02 844 831 —1,5 
55,87 31,57 11,35 880 864 —1,8 
58,52 28,01 12,40 903 884 —2,2 
60,30 24,33 13,83 934 915 —2,1 
61,67 22,94 14,06 929 916 —1,4 
65,95 16,35 16,34 966 964 —0,2 


Hier wurde mit der Gleichung 


10° = 35(Na,0) + 6(PbO) + 280 


gerechnet, die maximale Abweichung betragt 2,6%, die durchschnittliche 1,5%. 
Untersuchen wir zinkoxydhaltige Natronglaser, so ergibt sich, das 


ZnO keine Wirkung auf die Warmeausdehnung ausibt. 


Tabelle 12 
Warmeausdehnung von Na,O—ZnO—Si0,-Glasern (25—90°) [21] 


EEE 


108 


Si0,% Na,0% Zn0% Diff.% 
gem. | ber. 

74,09 24,12 1,29 1081 1090 +0,8 
73,48 21,95 3,01 1016 1018 +0,2 
73,92 20,69 4,55 959 974 +1,6 
713,36 19,52 6,12 917 932 +1,6 
75,06 17,12 6,70 842 848 0,7 
72,11 17,28 9,24 875 854. —2,4 
12,46 15,46 11,13 179 790 +1,4 
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Die Gleichung ist 
108a = 35(Na,O) + 250, 


und die Rechnung zeigt eine maximale Abweichung von 2,4%, wahrend die 
durchschnittliche Differenz 1,2% betragt. 

Eine andere Serie solcher Glaser wurde zwischen 20—100° gemessen ; 
hier muss die additive Konstante etwas modifiziert werden. 


Tabelle 13 
Warmeausdehnung von Na,OQ—ZnO—SiO,-Glasern (20—100°) [22] 
10% 
Si0,% Na,0% Zn0% Diff.% 
gem. ber. 
59,7 32,9 5,8 1451 1440 —0,8 
59,9 27,6 11,9 1257 1255 —0,2 
59,1 21,6 17,4 1085 1046 —3,6 
o9s1 16,5 23,8 873 867 —0,7 
58,8 10,9 29,7 632 . 672 +3,2 


Hier haben wir die Gleichung 
108a = 35(Na,O) + 290, 


welche eine maximale Abweichung von 3,6% und eine durchschnittliche von 


1,7% ergibt. 
Das vierwertige Titan hat keinen Einfluss auf die Warmeausdehnung, 
wie dies aus Tabelle 14 ersichtlich ist. 


Tabelle 14 
Warmeausdehnung von Na,O—TiO,—SiO,-Glasern (25—90°) [23] 
108a 
Si0,% Na0,% Ti0,% Diff.% 
gem. ber. 
713,42 23,68 1,94 . 1035 1019 —1,5 
72,88 23,16 3,01 990 1000 +1,0 
72,82 21,82 4,95 903 954. 616 
73,30 18,78 6,88 874 846 —3,2 
72,61 16,31 10,03 807 761 —5,6 
72,41 11,90 14,91 619 606 —2,1 
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In diesem Fall kann dieselbe Gleichung beniitzt werden, die fiir einfache 
Natronsilikatglaser gilt; die maximale Abweichung betragt 5,6% und die 
durchschnittliche 3,3%. 

Bei zirkoniumdioxydhaltigen Glasern muss man eine geringe negative 
Korrektur in der Gleichung anwenden : 


108a = 35(Na,0O) — 6(ZrO,) + 255 ; 
man erhalt auf diese Weise eine maximale Differenz von 2,8% und eine 
durehschnittliche von 1,2%,. 


Tabelle 15 
Warmeausdehnung von Na,O—Zr0O,—SiO,-Glasern (25—90°) [24] 


a UE EEE 


108a 
Si0.% Na,O% ZrO,.% Diff.% 
gem. ber 

13,17 24,70 0,95 yi06 «| 1104 40,7 
74,14 22,60 2,67 1028 1030 +0,2 
72,80 22,15 3,54 | 1006 ~=——s«*1009 40,3 
72,88 20,69 aaieeat| 961 a a 08 
72,96 20,19 5,39 935 | 928 —0,8 
71,89 19,32 6a7-< -| Yr +0,4 
71,97 18,90 8,25 844 867 42,7 
72,10 16,89 10,33 808 785 || 0 SB 
71,01 22,45 5435 b aes’ 2 i 1010 —0,5 
65,59 21,40 11,13 935 | 936 — | 40,1 
61,10 21,75 15,15 910 | 925 | 41,6 
56,38 21,09 20,59 859 870 +11 
75,00 oe 5,80 s71.— | 875 10,5 
69,32 18,42 11,73 801. 810 41,1 
65,08 18,78 1480 | . 845. | 822 | 27 


Leider haben wir keine Daten fiir Kaliglaser, die eine dritte Komponente 
enthalten. Dagegen gibt es Daten fiir vier- und finfkomponentige Glaser. 
Diese zeigen, dass die Faktoren, die oben fir die dreikomponentigen Glaser 
angegeben wurden, ohne weiteres fiir mehrkomponentige Glaser giiltig bleiben. 
Natiirlich gelten sie nur bis zu gewissen Grenzen ; sie kénnen z. B. auf ein 
80% PbO enthaltendes, natronfreies Glas nicht mehr angewandt werden. 
Im folgenden fiihren wir die zur Verfiigung stehenden Daten von vier- und 
fiinfkomponentigen Glasern an. Die Ausdehnung eines MgO-und CaO-haltigen 
Natronglases kann durch die Gleichung 


10% — 35(Na,0) — 8(MgO) + 10(CaO) + 220 
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ausgedriickt werden, die eine maximale Differenz von 3,1% und eine durch- 
schnittliche von 1,8% liefert. ; 


Tabelle 16 
Warmeausdehnung von Na,O—MgO—CaO—SiO,-Glasern (25—90°) [25] 


108a 
Si0,.% Na,0% Mg0% Ca0% Diff.% 
gem. ber. 
714,16 14,84 1,64 7,52 781 802 42,6 
74,74 14,98 2,98 6,43 779 789 +1,3 
75,58 14,48 3,66 5,48 115 751 =a 
16,32 14,58 4,10 3,82 746 735 —1,5 
76,00 14,98 4,85 3,14 739 7137 —0,3 


In eisenhaltigen Glasern kommen immer FeO und Fe,03 nebeneinander 
vor; solche Natronglaser sehen wir in der folgenden Tabelle. 


Tabelle 17 
Warmeausdehnung von Na,OQ—FeO—Fe,0,—SiO,-Glasern [26] 


10%a 
Si0,% Na,0% Fe0% | Fe,03% ce | = Diff.% 
72,18 23,80 0,63 2,21 1050 1071 +2,6 
71,33 21,36 0,84 4,84 990 996 +0,2 
69,02 22,36 1,05 6,52 999 1038 +3,9 
70,00 17,38 1,05 9,95 862 878 +2,2 
69,25 17,20 1,89 10,16 833 872 +3,9 
66,63 15,34 1,78 15,42 839 828 —1,3 
65,64 14,46 4,20 15,03 769 796 +3,5 
63,72 13,66 3,88. 17,19 7199 T77 —2,8 
63,69 11,54 3,36 20,50 139 718 —2,8 
62,97 10,64 3,99 21,90 673 691 - +2,6 


Man kann die gefundenen Ausdehnungskoeffizienten durch die Gleichung 
108a = 35(Na,0) + 4(Fe,0,) + 230 
ausdriicken, wobei der maximale Fehler 3,9% und der durchschnittliche 


2,6% betragt. Ferrooxyd tbt also praktisch keinen Einfluss auf die Warme- 
ausdehnung aus, 
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Magnesiumoxyd und Zirkoniumdioxyd enthaltende Glaser kénnen auch 


mit den oben gefundenen Faktoren berechnet werden. 


Si0,% Na,0% Mg0% 
T2477 20,42 3,24 
712,42 18,50 4,96 
%a,to 18,40 3,46 
712,36 19,11 1,83 
71,34 18,82 0,23 
74,58 20,00 2,56 


Die Gleichung ist 


108a = 35(Na,0) — 8(MgO) — 6(ZrO,) + 255, 


Tabelle 18 
Warmeausdehnung von Na,O—MgO—Zr0,—Si0,—Glasern (25—90°) [24] 


720% ~ 


108a 


Diff.% 


+0,4 
94: 
—0,8 
+2,6 
E18 
Lis 


die maximale Abweichung betragt 2,6% und die durchschnittliche 1,6%.- 
Fiinfkomponentige Glaser finden sich in Tabelle 19. 


Tabelle 19 
Warmeausdehnung von Na,O—K,O0—CaO—B,0;—SiO,-Glasern (25-—90°) [27] 


— x ————— al anal 


$i0,% B,03% Na,0% K,0% 
75,82 ay 6,86 7,90 
15,38 0,66 6,84 8,02 
73,38 2,05 6,14 9,38 
69,06 5,44 1,54 8,22 
68,20 7,90 7,00 7,56 
66,50 9,58 7,04 7,40 
64,58 10,78 7,50 7,42 
62,42 13,65 6,26 8,06 
56,76 19,43 7,38 1,14 
53,26 22,54 6,74 6,98 
49,50 25,70 7,00 7,50 
41,98 33,79 6,52 7,38 


Ca0% 


8,56 
8,52 
8,40 
8,64 
8,40 
8,72 
8,60 
8,90 
8,54 
9,10 
9,08 
8,56 


108a 


Diff.% 


—3,0 
—19 
1,2 
+0,8 
En | 
Shs 
43,4 
Selig’! 
+2,6 
ery 
42.3 
265 
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Die Rechnung kann mit Hilfe der Gleichung 
108a = 35(Na,O) + 10(K,0) + 10(CaO) + 215 


erfolgen, solange der Anteil des Bortrioxyds nicht tiber 2,5% liegt; ist er 
grésser, so wird die additive Konstante 190. Man erhalt eine durchschnittliche 
Abweichung von 1,9% und eine maximale von 3,4%, bis zu etwa 30% B,O3 ; 
dariiber hinaus ‘werden die Abweichungen grdésser. 

Es stehen auch Messungen der Ausdehnungskoeffizienten von industriel- 
len Glasern zur Verfigung. Man muss zu diesen bemerken, dass die Tempera- 
turgrenzen oft nicht geniigend sicher bekannt sind, und daher nehmen wir 
im allgemeinen die Grenzen 20—100° an. Zwischen anderen Grenzen wird 
man naturgemdss andere additiven Konstanten beniitzen. 

Von WINKELMANN und Scuortt [1] wurden bereits zahlreiche industrielle 
Glaser untersucht, deren Zusammensetzungen sie auch bestimmten. Aus 
ihren Messungen haben sie Faktoren zur Berechnung von @ abgeleitet, die 
aber keine sehr gute Annaherung erlauben ; von spdteren Autoren wurden 
diese vielfach modifiziert. 

Wir beniitzen die verallgemeinerte Gleichung 


108a = 35(Na,O) + 30(K,0) — 8(MgO) + 10(BaO) + 6(PbO) + 10(Fe,03) — 
— 6(ZrO,) + A, 


wo fiir die additive Konstante A folgende Werte gelten: 


bei Bleiglisern (>5% PbO) 280, 

bei Ba-Glasern (>50 BaO) 220, 

bei Zn-Glisern (>5% ZnO) 250 und 

bei weniger als 5% obiger Oxyde enthaltenden Glasern 200. 


Zuerst ziehen wir PbO, dann BaO und zuletzt ZnO in Betracht ; wenn also 
ein Glas z. B. 8% PbO und 6% BaO enthialt, so wird die Konstante 280 ; bei 
4% PbO und 7% ZnO 250 usw. 

Wir sehen, dass man mit den fir drei- und vierkomponentigen Glasern 
gefundenen Faktoren eine bessere Ubereinstimmung als mit den alten Faktoren 
von WINKELMANN und Scuort erhalt; mit den neuen Faktoren ergibt sich 
eine maximale Differenz von 4,8% und im Mittel 2,4%. Nur bei einem Glas, 
das mehr als 30% B,O, enthalt, ergibt sich eine Differenz von 6,1%. 

Eine andere Serie wurde von PETERS und CRAGOE gemessen, hier sind 
aber die Temperaturgrenzen sehr verschieden, namlich von etwa 20° bis 
402—513°. Wir beniitzen hier gréssere additive Konstanten und zwar fir 
gewohnliche Glaser 400, fir Bléi- und Borosilikatglaser (mit weniger als 6% 
B,0,) 380 und fiir mehr als 6% B,O, enthaltende Glaser 300. Die Faktoren 
der Oxyde bleiben dieselben. 
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Tabelle 20 
Warmeausdehnung der Glaser von WINKELMANN und ScHort {1] 

ne 
| | 10% se 

Si0.% | B,0;% | Al:0;% Na,0% | K,0% | Ca0% Ba0y% | Zn0% | PbO% |———-———| # 
S | Ml | ; cent: ee: (=) 

51,3 | 14 454 = = = 25, 5 — | 457 1+-470 | 2,8 
32,8) 31 1 3 as == a 25 523 | 555 | +6,1 
72 12 11 as — = = —" | §90:| 385 |—0,8 
45,2 = 0,5 0,2 7,5 = Be eee 46,4 | 787 | 790 | +0,4 
54,3 1,5 4 3 8 — ae a= 33 793 | 823 | +3,8 
48,8 3 = 1,0 7,5 sas 29 10,37) =. |9-493-48 770 boaz,9 
68,3 | 10 ae 10 ve 955 = aa 2 =) 797 |) 835 taea,s 
28,4 = = Ft he a 69 803 | 769 | —4,2 
67,5 25 |" 14 = a 1 — | 803 | 810 |+0,9 
69,1 25 =| eee 16 = = = 883 | 900 |+1,9 
51,7 — = 1,5 9,5 = 20 q 10 900 | 878 |—2,4 
68,2 a = 16,5 | 2 13,1 | 903 | 935 | +3,5 
68,1 3,5 a 5h. 16 — = 1 = 917 | 905 | —1,3 
73,2 = a 18,5 | — 8 967 | 928 | —4,2 
65,5 2,5 = 5 15 aS 9,6 2 — | 963] 941 |—1,9 
64,3 1,5 a Sie 20 11 oe = — | 973 | 1015 | +4,3 
2a = es a ae 3 = a — | 1000 | 970 |—3,0 
a 2,5 | 6°) 1s) + 2s =. | 95 | 1017 | 985 {3,0 
69,7 = —|—- 25 5 — — — | 1017 | 1000 |—1,7 
64,3 | — 25) . 9 15 9 a = — | 1047 | 1055 | +0,8 
58,3) — 4 10 14 sae == 8 6 | 1080 | 1086 | +0,6 
436 saa ae & |) = | bese ] 1098 | 1094 | 10,1 
57 = 12 | pane} 13 = — 5 — | 1123 | 1095 |—2,7 


(Der geringe Arsengehalt einiger Glaser wurde nicht beachtet.) 


Bei dem zehnten Glas der Tabelle (mit 54,0% SiO.) ist der gemessene 
Wert offenbar falsch, da das vorangehende Glas, dessen Zusammensetzung 
kaum davon abweicht, eine um mehr als 20% gréssere Ausdehnung (gemessen) 
hat, welche gut mit dem berechneten Wert iibereinstimmt. Von diesem Glas 
abgesehen erhalten wir eine maximale Abweichung von 3,5% und eine durch- 
schnittliche von 1,4%. Der geringe As,0,- und Fe,0,-Gehalt einiger Glaser 
wurde ausser acht gelassen. 

Juletzt teile ich die Ausdehunungskoeffizienten einiger Glaser aus der 
Industrie mit, die zwischen 20—300° gemessen wurden; die additive Kons- 
tante betragt bei gewohnlichen Glasern 300, bei hochtonerdehaltigen Glasern 
280, bei PbO-Glasern (itber 5% PbO) 360 und bei mehr als 10% B,O, ent- 
haltenden Glasern 180. 


5 Acta Physica 1X/4. 
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Tabelle 21 
Warmeausdehnung der Glaser von Peters und Cracor (20—402 bis 513°) [28] 


11,7) == 9 13,4.}= 6,1 0,3 12)5 ens = — | 990] 995 |+0,7 
72,0 | nod 2qimeO.3 =| 102 | Se). =f. Wesel eo raenore 
72:0 || oa 13.7 ie = 12,4 1010 | 1004 |—0,6 
72,5 | — | 13,8 | 0,2 — 11,5 |; — — — | 990 | 1004 | +1,4 
1345 164 04 = ica. = — |) 940 }¢ 923s 
443 es 3,5 | 5,0 = 30s = ae 44,0 | 970 | 946 |—2,5 
58,8. 1.7 1,7] 8,3 = = 14,3 | 2,5 12,7 | 880 | 908 | +3,5 
47,6 | -4,0 2,0 | 6,0 = — 29,2 | 9,9 — | 900] 922 |+2,4 
53,9) = AtO a! 7,6 2 2,0 eee — | 35,2| 880 | 874 |—0,7 
54,0; — | 1,0 | 6,0 = 20" te = 36,7 | 700 | 837 |+19,6 
68,5 | 3,5 | 12,0 | 5,0 = = 9,7 | 1,0 — | 1020 | 1028 | +0,8 
67,0 1) 35506 12,0) 5.6 = = 10,6 | 1,5 — | 1040 | 1035 |—0,5 
66,5| 7,8 98) 5,9 = as 7,8 | 2,0 — | 900| 898 |—0,2 
74,0 | — eT 7,0 sl ae 3,1 ie oe = — | 1070 | 1055 |—1,4 
[S35 Nie TS Ae ee 3,0 5,54. = — | 1030 | 1055 | +2,4 
714,01, = | 16.0408 = 7 alee = — | 1020 | 1034 | +1,4 
Tabelle 22 


Die Warmeausdehnung einiger industrieller Glaser (20—300°) 


Si0,% | B,O,% | Al,0,% Na,0O% K,0% 

13,00 s14,0N tn dT Diy = — aes 5,7 | 360] 368 | +2,2 
80,0 | 13 2 4 = — — a — | 330] 320 1—3,0 
74,6) 18 1,0 4,2 Lids 0,3 = == |) 370.) S8L7}ee3.0 
Gee || ba 1,7 1,4 6,6 — = = — 413 | 427 | +3,4 
58,5.| 3 29,4 Woe 0,8 | 8,9 6,3 = =— | 3701 367 \==0.8 
51,3", 1301) 25,891) — Be | eS) 8,3 543 == || <4754) 416 jre0,2 
67,5 | 22 2 6,5 2 i = zee — | 460 | 467 | +1,8 
70,5-) —-15) 1,0 te e100 1,0] 3,9 54 2,0 — | 890| 934 | +4,9 
55.6. toe ane 4.04% 98.016 = = — | 32,4] 920] 934 | 41,5 
62,09 — 0,60] 6,7 8,26| 2 == = — | 21,75] 960 | 973 | +1,4 
57,448 == ee 8 3,9 64 ae — | 29,3] 900] 900 |-L0 
53,9 |) = 1,2 5,3 75 = —— al "36 28,5 | 990] 978 |—1,2 
70,7; — | 1,9] 15,7] — | 39 | %6 | — | — | 950] 896 |—5,7 


* Dieses Glas enthalt 4,6% P,O,, das auf die Warmeausdehnung Geen Einfluss ausibt. 
(Der geringe As,O,;- bzw. Sb,O;-Gehalt wurde ausser acht gelassen.) 
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Auch bei diesen Glasern betragt die maximale Abweichung nicht mehr 
als 5,7% und die durchschnittliche Abweichung ist 2,2%. 


Die Deutung der Warmeausdehnung 


Aus den mitgeteilten Berechnungen, die etwa 230 verschiedene Glaser 
erfassen, lassen sich folgende Schliisse ziehen : 

1. Man kann die Warmeausdehnung verschiedenster Glaser durch 
Gleichungen vom Typ 


108 = a(Na,O) + b(K,O) + c(MgO) + .-. +4 


mit guter Annaherung berechnen, wo die in Klammer gesetzten Formeln die 
Prozentzahlen der betreffenden Oxyde, a, b, c usw. konstante Faktoren und 
A eine additive Konstante bedeuten, die vom chemischen Typ des Glases 
und von den Temperaturgrenzen der Messung abhangt. 

2. Die Einwirkung der geriistbildenden Oxyde (Si0,, B,O3, BeO, Al,03, 
P,O,) aussert sich nur in der additiven Konstante A der Gleichungen. 

3. Von den geriistmodifizierenden Oxyden tibt Li,O die grésste Wirkung 
aus, dann folgen Na,O und K,0. Die zweiwertigen Ionen sind von geringerer 
Wirkung. Drei- und vierwertige Ionen tiben nur ausnahmsweise eine Wirkung 
aus, die positiv oder negativ sein kann, aber in beiden Fallen gering bleibt. 

Bekanntlich ist die Bindung zwischen dem Zentralion der glasbildenden 
Oxyde und dem Sauerstoffion sehr stark". Die Abstande Si-O etc. werden 
auch bei erhéhter Temperatur kaum vergréssert und wegen der unregelmassigen 
Zusammenkniipfung der SiO,-etc.- Tetraeder kénnen keine »kooperativen« 
Drehungen vorkommen, die eine bedeutende Warmeausdehnung hervorrufen 
wiirden. Daher wire die Warmeausdehnung des Glasgeriistes an sich (ohne 
die geriistmodifizierenden Kationen) sehr gering und fiir unsere Zwecke ver- 
nachlassigbar. 

Dagegen werden die geristmodifizierenden Kationen (Alkalien, Erdal- 
kalien usw.) eine Warmebewegung ausfihren, die wegen ihrer schwachen 
Bindung sehr intensiv ist ; je leichter das Ion und je schwicher seine Bindung 
ist, desto intensivere Schwingungen wird es ausfiihren. Es ist zu erwarten, 
dass die intensivere Warmebewegung eine Verlangerung des Abstandes M-O 
(die die Schwachung der Bindung bedeutet) hervorrufen wird. Man findet 
im aligemeinen, dass die Zusammenwirkung von Ionengewicht und Tonenradius 
die Einwirkung eines Ions auf die Warmeausdehnung bestimmt. Die mehr- 


* Die Bindungsstirke allein liefert aber keine Erklarung fiir die Glasbindung ; auch 
die Bindungen S—O und Cl—O sind sehr stark, es gibt aber keine Sulfat- oder Perchlorat- 
glaser. 


5* 
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wertigen Kationen iiben wegen der starkeren Anziehung zwischen dem Kation 


und dem O2--Ion eine weit geringere Wirkung aus, so ist z. B. die von Titan 


zu vernachlassigen, die von Zirkonium sogar negativ. 


Nach der Theorie von DEBYE wird die Warmeausdehnung durch die 


Anharmonizitat der Schwingungen verursacht. 


Zusammenfassend kann man sagen, dass die neuen Gleichungen es 


gestatten, die Berechnung der Warmeausdehnung mit einer die bisherige 
ibertreffenden Genauigkeit fiir Glaser im Zusammenhang mit ihrer chemischen 


Zusammensetzung auszufihren. Dariiber hinaus wird die verschiedenartige 
Rolle der geriistbildenden und geristmodifizierenden Ionen bzw. Oxyde im 


Glas durch diese Gleichungen geklart. 


Bo) SN SAM aN c 
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CBA3b ME)KOY CTPYKTYPOM HW ®H3H4UECKHMU CBOMCTBAMH CTERKJIA 


Il]. Tepmuyeckoe pacuimpenue creKla 
MW. HAPAH—CABO 


Peswme 


1. PesynpraTbl cylecTBy!Olnx usMepeHHit KOs puWeHTa TepMHYeCKOrO pPacluHMpeHHA 
cTeKON C H3BeCTHBIM COCTAaBOM OOpadaTHIBAIOTCA C MOMOLKbIO JIMHeMHbIX YpaBHeHHH ; 9TH 
YpaBHeHUA OTIMYAIOTCA OT APyrUX USBECTHDIX ypaBHeHuii CyeCTBeHHO TeM, YTO OOpasyrtoulHe 
pemerky oKcngpi SiO, u BO, He MpuHUMaloT yuacTHe B paclinpeHHH, T. €. HM COOTBeTCTBYyeT 
bakTop, paBHbIit Hys10. TepMuyeckoe pacuinpeHhe B TaKOM TOHATHH MpOuCXOAMT NpakTHyeckKH 
TONbKO U3-3a HAIMA CKeTeTOMOAMUUMpYIOUWX MOHOB, TylaBHbIM oOpasoM lLeJIOUHBIX. 

2. B ypaBHeHMAx MMeeTCA AAAMTHBHAA NOCTOAHHAA, ONpereseHHant THOM cTeKuJa. 

3. PasMyuHA M@KAY WSMepeHHBIMH UM BbIYHCICHHbIMH Ha OCHOBAHMM OTUX ypaBHeHnuit 
KOappuuMeHTaMH pacuiMpeHuA COCTABIAIOT B CpeAHeM OKOJO 1—3 mnpolenta, T. e. 3HauH- 
TeNbHO MeHbUIe YEM MEKLY BLIYMCCHHBIMM C TOMOMIbIO APYUX USBECTHDIX ypaBHeHHii, KOTO- 
pble BIPOYeM O_LIH IPHMeHHMb! TOAbKO K ONPeseJEHHDIM cOpTaM CTeKO.JI. 

4, KpaTko AUCKYTMpyeTcA CBASb Me)K/y TePMHYCCKHM pacmupeHvem uM CcBOHCTBAaMH 
cKeleTa cTeKsIa. 


INTENSITY FORMULAE FOR 777 <7 BAND 


By 


I. KovAcs and O. Scart 
DEPARTMENT OF ATOMIC PHYSICS, TECHNICAL UNIVERSITY, BUDAPEST 


(Received: 1. VIII. 1958) 


Explicit expressions are given concerning the intensity distribution occurring in the 
branches of bands "JI(a)++72, 7JI (b)++7Z. The intensity distribution calculated on the 
basis of the established formulae is compared with measurements carried out on the 7JI 3 1Z 
bands of MnH and relatively good agreement is found. 


1. §. 

The problem of intensity distribution occurring in the rotational 
spectra of multiplet bands has already been dealt with by many researchers, 
from the theoretical [1] as well as from the experimental point of view [2]. 
In general the theoretical investigations relate to a wider field than the ex- 
perimental data, providing hereby the experimental researcher with some 
guidance in case of an analysis of a new kind [3]. The reverse rarely occurs, 
when namely the analysis of the band and the intensity distribution are 
known from the experimental side, but the appropriate theoretical formulae 
are missing. An example for such a case is Nevin’s work [4], which contains 
the analysis of a 7JJ — 72’ band in the spectrum of MnH as well as the esti- 
mation of the intensity of the observed spectrum lines. The purpose of the 
present paper is to give the lacking theoretical intensity formulae and to 


compare these with the experiment. 
2. §. 
As is known, in case of the thermal equilibrium the intensity of 
the lines of emission bands can be given by the following expression : 


Tagivie *, (1) 


where g’ is constant inside each band, whereas the other symbols have the 
usual meaning. The task of the theory is the calculation of the i factors for all 
branches occurring in the rotational transitions. For this the corresponding 


expressions for the amplitudes 
2, (Ha Za’) = § ¥3 (“Ho) Pa ("Zar) de (2) 


are used, the absolute values of which may be found in a paper by Kronie [5]. 
It is, however, known, that the ¥ terms exist only in Hunp’s case b ), therefore 
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concerning the 72 term the eigenfunctions of case b) of the following form 
are introduced : | 


—3 
Pri(XK)= > Sox (2) Pq (20); (3) 
=+3 


2 
hereby the amplitudes become 
(Hg? Ex) = § PEM) 2%, ("Zx) des (4) 


the threefold square of which summed over the magnetic quantum numbers 
give the i factors referring to the transitions */](a) <> 72 (b). The transforma- 
tion matrix elements Sp (2) occurring in (3) for the 72’ terms were already 
earlier published by us [6]. Part of the i factors which can be obtained on 
the basis of (4) occur in the third column of Table I. According to detailed 
calculations in the above case 147 branches can exist, from among which the 


1 
. Fa! P . 
i factors of the branches “P54, Po4,°Qeqs Qoa» Rear Rog ate proportional to ie 


the intensity of. the branches “P,,, Ps, "Po, °Qags Our °Qisr Ras Rn Fas 
is zero, whereas the i factors of the other not enumerated branches are directly 
proportional to J. As regards branches with an intensity differing from zero, 
the rule holds that the intensity of the Q branches to good approximation is 
twice the intensity of the corresponding P resp. R branches. So as to save 
space, however, from among the 147 branches the i factors of those 55 bran- 
ches only are given the intensity of which in case of a transition 7//(b)~*2(b) 
does not differ from zero. 

The 7/7 terms can in general be rendered well by the formulae of Hunp’s 
case a) only in the range of the lower rotational quantum numbers. With 
increasing rotational quantum numbers namely starts the transition towards 
the case b) and the difficulty in describing the conditions consists in that no 
expression is known concerning the ‘// energies valid with a satisfactory accu- 
racy for any value of the binding constant Y = A/B. Thus we have to content 
ourselves with the knowledge of the energies of the relatively simple case b), 
respectively with the amplitudes produced by the use of the transformation 
matrix elements calculated with their aid 


(Wx 2) = SPF CM) 2%, (2) de, (5) 


where 


Ys (Ux) = Sox (I) Yo (a) (6 


and the elements of the transformation of 7/7 state are the following 
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jaan a (J—3)(J—2)(J DI. 
AJ +38 8(J-+3)(2J-+1) (27 aS +5) 


ee +]; 3(J—2)(J—1)(J+4) 
3,J+3 4(J-+-3)(2-+1)(2I +3)(2J+5) | 


S = +| 15(J—1)J(J+4) 
EY 8(2J+1)(2J+3)(2J+5) 


3 i | 5J(J+2)(J+4) 
eure” 2(2J-+1)(2J+3)(2I-+5) | 


P +] 15(J+I)J+2)T+4) 
a 8(2J +1)(2J +3)(2J-+5) 


: =|, 3J(J+2)(I+4)_ 
2S ee 4(2J-+1)(2J +3)(2J+5) | 


(J=y JT) 


i We 
Sane +| TO haan 


8(J-+2)(J+3)(2J-+1)(2J+ a 


F -/ 3(J—3)(J—2)(J— 1(J+4) 
aaa 


: | (J—2)(I—N2I+9)? 


- |; 5(J—1)(J+6) 
as. 8(J J+2)(2F-+1)(2I+3) 


peo 
Bie V2.7 +1) 2I+3) 
Vax BU(T41) _ - 


8(2J-+1)(2I-+3) | 


fos 
nT ad | 2 1)" 


3(J—1)(J+2)_, 
Soya | ee ‘ 


So, +2 a 
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Pa +] 15(J—3)(J—2)(J—I(J+3)(T+4) 
ee 8(J-+1)(J+2)(2J—1)(2J+1)(2I+5) ” 


Py ee +] 5(J—2)(J—1)(J+3)(J+7)? 
ae 4(J-+1) (J+2) (2J—1) (2J+1) (25+5) ” 


2 --|/ (J—1)(J?—13J—50)2 
age 8(J-+1) (J +2) (2J—1) (2J-+1) (2J-+5) ° 


hatin | 3(J?+2J—5)? 

LJ+1 2(J-+1) (2I—1)(2F-+1)(2F+5)’ 
4 pits | IAT 

0,J+1 8(2J—1) (2J+1) (25-45) ’ 


; +] 5(J+1)8 
aS A(2J—1) (2961) (25-+5)’ 


: -+/ 15(J—-W(J+W(F+2)_, 
-2, 41 8(2J—1) (2J+1) (2J+5) ; 


Sas | Sees ee, 
vie 4J(J+1)(2J—1)(2J+3) ” 


< --| 30J—2)(J+3) 
a J(F+V(2I—1)(2I-+3) ’ 


rae +} 3(J—-32(J44)2 
a 4J(J+1)(2J—1)(25-+3) ° 


S5= +] ee 
J J(J+1)(2J—1)(2.J-+3) 


g --| 3(J—1)(J+2) 
a 4(2J—1)(2F-+-3)° 


Si 0 


~ 5J(J+1) 
a 
ae | ee ae 


INTENSITY FORMULAE FOR 7/7 «- 7 BAND 427 


> Ae, (J—2) (J+2) (J+3) (J+4) . 
Bos 8(J—1)J(2J —3)(2J+1)(25+3) ” 


S,j1= -| 5(J—6)?(J—2)(J+2)(J+3) 
i 4 (J—1) J(2J—3)(2J+1)(2J+3) : 


s --| (J+2)(J2+15J—36)? 
2,J-1 8 (J—1) J(2J—3) (2J +1) (2J+3) H 


3(J?—6)? 
Siya=t \’, J(2J—3)(2I+1)(2 +3)’ 


Soj31= -| (J—6)? (J+1) 
ae 8 (2J—3) (2J-+1) (2J+3) | 


Ss ae | 5J* 
4f-1— 4 (2J—3) (2J+1)(2J+3) ’ 


3 -+| 15(J—1)J(J+2) 
—2,J-1 8(2.J—3) (2J +1) (2J+3) 


Ss --|); 3(J— 3)(0+2)(T+ 3044) 
ih 8(J—2) (J—1) (2 —1) (2F+1) © 


S -+| (J+2)(J+3)(2J—7) 
Ss 4 (J—2)(J—1) (2J—1) (2J+1) © 


s oll 5(J—5)(J+2) 
aah 8(J—1)(2J—1)(2J-+1) 


S Lf | 15 ; 
eee Hgef sisal) 


f  5S(J+1) 
Sua=t] 4 B(2I—1)(2J-+1) ’ 


ees 
—1,J/-2—_ 4(2J +1) > 


ce | 3(J—1)(S+2)_ 
ATE 8QJ—1)QS+1) | 
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J—2)(2F—3)(2J—1(2J-+1) * 


Syj-3= + Va (J+)J+2)(I+3)T+4) 


s --| 3 (J—3)(J+II+2T+3)_. 
a A( J —2)(2J —3)(2J—1)(2J +1) P 


lee | 15(J—3)(J+1)(J+2) 
2,J—3 = 71 8(2J —3)(2J —1)(2J+1) 


“a -} 5 Jaye) 
1,J—3 2(2.J—8)(2J— ag) 


% =i 15(J—3)(J-NJ 
0,J—3 323-3) QI Wiel 


é -—|/ 3(J—3)(J—1)(J +1) 
pe A(2JF2e3)(2I— Igoe lye 


ee | (J—3)(J+1)(J+2) 
2, J—3 8(2J —3)(2J —1)(2J +1) 


From (5) the i factors relative to the transitions 7/7(b) + 72(b) can be calculated. 
Those differing from zero are to be found in the fourth column of Table I. 
Apart from the selection rule AJ = 0, +1 valid for case a) also the condition 
AK = 0, +1 is characteristic for the latter. It can be stated in general that if 
the 7/7 term is belonging to the case 6), then the i factors of the main branches 
(AJ — AK = 0) are proportional to J, among the satellite branches those, for 
which AJ — AK = +1, are proportional to 1/J, whereas those, for which 
AJ — AK = +2, are proportional to 1/J*. In the main branches the intensity 
of the Q branches is here also approximately twice that of the corresponding 
P respectively R branches, but in the satellite branches, if there exist corre- 
sponding branches, the situation is just the opposite. 
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Table I 


Intensity factors for 7/7 bands 


i 


_—_—$—_————————————————————— 


Branches i-factors 


"ie as =, TH 7171(a) ey 
Boos | aeeeey,| | oe 
Q(J) QJ) es i, ag Su J ay a Be Aly 
RW) ge SGT ae Te ae = = ree 
ce 
a) fru | eM | et 
*Pait) pea} ona Nar z D — See ries 3) 
rou |omun| Seana” | Meats 
ee ee: ad Pye Des 7) gat x3) 
ran | awn | Saabtiaeige | SoMa 
Mele | {ees | Geis 
mo | porn | Papeete | Conan 
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Brinch ee 
“a ats 7570 711(a) 7 11(b) 
mi .| sae: 
?Q2(J) 20,.(J) 5(J—3)4J—1XT +2)? | 5(J—2)°(2 + 12+ 3) 
4J(J + 1)(2J— 3)(2F + 3) \((J—I)IVJ+1)(2J — 3)(2J— 1) 
Haid | Pat lena senna). soe 
PO) | RU) | gare ier) | O-Gs ep 
Kasra or a2T= NOT) Jaypasy 
ae RU+) | gat narenerey | Re 
°P,3(J) RI—1) | 5 — sas 5 cue ake +3) 
Qu) | 0d) SGT =-SHFES) Ce 
aT ates auauee aes Ras 3) pees ae +1) 
Pai | PMID | ere F A | ITF DATED 
?Q,(J) 70,,(J) ay aye eps s 1) sue {ped = 3) 
wa fein | Meu | megane 
PJ) R(J—1) 4 e AATEC 
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Branches i-factors 
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i-factors 


edndiaaa (esas lO aa 
aun | ean | OSaeaisor | ebatconasay 
wo | rors) Samemaee | ate 
°P,(J) °Re(J— 1) Ta GED 
"OD | Oak) | ae 
ne Pld +1) lice Fayay FIED OE DG pe eee esr 
th 103)  PU=IMI=WI—MI+ 9} __ 34+ HeT+1) 
WTF DATE SQI+S) | WU+IT+3IGI+S) 
war | oharsn Wemsemurrouts) mun 
on wig iy | ae Ses HE Te 
RJ) FAS + D. |e yoreiyesyases | le ar 


In Table I the7/7 term was assumed to be normal. In case of inverted 
terms 2 = 4 corresponds not to the state K = J+ 3, but to K= J—3 
and for the transition 7J/(a)—>‘2(b) the first indices 1,2, ...7 in the denota- 
tion of the branches should be replaced by the denotation 7, 6,...1. (For 
73'(b) > “II (a) the second.) 


3. §. Comparison with the experiment 


Two ‘/[->7& bands were analysed by NEvrn in the spectrum of MnH 
for wave lengths A = 5677 A and A= 6237 A, which arise from the transitions 
(0,0) and (0,1) [4]. For the comparison of the theoretical values with the ex- 
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periment the intensity values which were estimated with the eye and which 
are written up beside the spectrum lines of the (0,0) band were used. The 
total intensity distribution of the rotational spectrum lines is given by formula 
(1), the exponent of which contains the effective arc temperature. This has 
been determined from experimental data by means of the method published 
by Notan and Jenxrns [2]. Computing the arc temperature from the branches 
belonging to the individual term components owing to the dispersion of the 
measuring data the following values are obtained : 


777, : 3706 K° ; 71/,: 3812 Kee Wig: 8733 Kn TT, : 3869 K°; 
7]T,: 3863 K°; 7J1_,:3863K°; *7_,:3781 KR. 


The exponential factor was computed with their arithmetic mean i. e. 
3803 K°, and the intensity values belonging to the individual lines divided 
by it. The circles in the Figure give separately for every branch observed by 
Nevin [4] the dependence of the experimental i factors on K. By the con- 
tinuous line the values of the theoretical i factors computed from Table I are 
given in case 7J](b)>72 against the rotational quantum numbers. The pro- 
portionality factor given here has been chosen so that the observed and the 
computed intensity values of the Q, branch overlap as well as possible. 

The dispersion of the experimental values is rather considerable which 
can be attributed to the fact that the employed experimental data do not 
arise from quantitative intensity measurements, but were estimated by 
Nevin during the analysis with the naked eye only and characterized by 
whole numbers from 0—50. 

It should be noted that there exist also rotational lines the wave length 
of which coincides with the wave length of the line of some other branch, 
moreover even three and fourfold coincidences might occur. The intensities of 
these of course add up and in the experimental data for each term of such 
coinciding line pair or group always the joint intensity occurs. If these lines 
had always been taken into account with the given intensity values, then in 
our Figures numerous line intensities protruding to a high extent would have 
appeared and finally would have led to the falsification of the real situation. 
In order to avoid this the experimental intensity values for such line ensembles 
were divided up between the terms of the group in the proportion of the inten- 
sities expected from the theoretical calculations. Hereby several projecting 
points could be eliminated (101 double, 13 triple, 2 quadruple groups). 

Detailed investigation of the course of terms shows that the term 7/1 
can be considered from about K = 15—20 toa good approximation as case b), 
that means that in case of K > 20 the conditions are correctly described by 
the i factors of case b). In case of K > 20 the theoretical and experimental 7 
factors of the main branches are in good agreement and here — under the 
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Fig. 1 
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Fig. 2 
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Fig. 3 
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Fig. 4 
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Fig. 5 
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Fig. 6 
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Fig. 7 
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Or 
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usually occurring conditions — the intensity of the satellite branches is accord- 
ing to the theory already below the limit of measurability and indeed in this 
region observations do not exist. In case of K < 20 two effects mix: the 
first is the transition towards case a), the consequence of which is the breaking 


[ ty 
oO ‘5 Pos 


24 Q, K 


down of the selection rule 4K = 0, +1 and hereby the appearance of further 
satellite branches differing from those permitted in case 6), whereas the other 
effect is the strong perturbation appearing in the 7/7 term for low quantum 
numbers. The latter results in deviations from the theoretical intensity values 
of case a), which can be particularly well observed on the main branches 
P,, R, as well as on some satellite branches. The exact interpretation of these 
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deviations is possible only after detailed investigation of the occurring pertur- 
bations, if at the same time quantitative measurement of the intensity values 
are available. Considering what has been said above the agreement 
of the theoretical and experimental results can be considered as fairly good. 
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®OPMYJIbI AHTEHCMBHOCTEM CEMTETHbIX TOJIOC 
; VM. KOBAY u O. CKAPH 


Peswme 


JlaHbi ABHBIe BbIPAKeHHA fA pacMpemeeHHA HWHTCHCMBHOCTeH B BeTBAX MOJIOC 
TIT (a) +75, *11(b) +7. PacmpeqenenvA BbIYMCIeHbI 10 (POpMYsIaM, CPaBHEHbI C pesyJIbTa- 
TaMH WsMepeHuit Ha momocax 7/7 7X B cmekTpe MoH, w HaligeHO yOBJIETBOPHTeIbHOe 
corsacue. 


APPLICATION OF ONE-CENTER WAVE FUNCTIONS 
TO TETRAHEDRAL SYMMETRIC HYDRID MOLECULES 
II. NUMERICAL COMPUTATIONS FOR METHANE 


By 


E. Kapuy 
RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 


(Presented by A. Konya. — Received 1. IX. 1958) 


Two different types of one-center wave functions are used to calculate several physical 
constants of the CH, molecule. In spite of the great simplifications fairly good results are 
obtained for energy, bond length and vibrational frequency ete. The method, however, cannot 
predict a correct binding energy. 

The sources of the inadequacies and the possibilities of improvement are investigated. 


1. One-center MO method with single Slater orbitals 


According to the MO method the electronic ground term 1A, of CH, 
can be represented by a simple electron configuration : (la,)?(2a,)*(1f2)*. 
To a first approximation, single Slater orbitals Is, 2s, 2p are used for the 
molecular orbits la,, 2a,, Lf, resp. (see [1] 6.) : ; 


en 
a e v= la,, sin J cos y = 1 fg, 
[65 
—— re’ § sin P sin p = 1 foo, (1) 
oe —6ér 
at 2d4, cos? == | fon. 


The y and the 6-s in the exponent are considered as variational para- 
meters. The orbital exponents of 2a, and 1f, might be varied also separately. 
Computations carried out, however, for atoms of similar atomic number have 
shown that from the point of view of energy only an irrelevant improvement 
is obtained (some thousandth a. u.), whereas the work is considerably in- 
creased. It is proved also by calculations carried out for atoms that on the 
one hand the energy obtained with Slater orbitals is to a slight extent closer 
to the empirical value than that obtained with hydrogen-like orbitals, on the 
other hand the use of Morse-Young-Haurwitz orbitals yield some thousandth 
a. u. improvement whereas the application of the Hartree-Fock SCF method 
makes the result better by maximally some tenth a. u., with considerably 
more work. 
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From the five orbitals which are provided by the a and # spin functions 
respectively, the following wave function is built up: 


ry Ay — det | 1sa, 2sa, 2p,a, 2p,a, 2p,a | 1s8, 258, 2p,8, 2p,B, 2p |.(2) 


1 
yD Vio! 


Since 2s and Is are not orthogonal, the first order density matrix consists 
of 14 terms. It means a great simplification that its diagonal part (i. e. e(1 | 1)= 
= o(1)) is spherically symmetric, namely in (2) all the three 2p functions 
occur twice. By the formation of (1/1) the angular parts drop out because 


sin? } cos g + sin? # sin? y + cos? ? = 1. 


The Hamiltonian of CH, is the following 


1 10 10 6 HY), 4 1 10 il 1 ra 
H= +2 312) SS a4 316). (3) 
2 a1 = 1 Fi; 1 p= Tip l=i<j Vij R 2 


The calculation can be easily carried out according to what has been said in 


[1]8. No particular difficulties are met with in the integration, — occurring 


T12 
in the integrand is expanded in the spherical harmonics [2] : 


® 1 
s eB Pecos) Ty = tp: 


Ty 


Pe eri 
= Sl Pileesa)\G, ars > Ty 


Tz 1=0 \Te 
P, (cos #) = P, (cos 8,) P, (cos 3)+- 
(l— m)! 
mal (1 +m)! 


Pi" (cos 3,) Pi" (cos By) cos m (Pi — 2). (4) 


Finally, the analytical energy expression obtained is a function of three para- 
meters : 


E= E(y,0,R). 


The numerical calculation has been carried ont so that the values of 
y and 6 minimizing the energy were determined for R = 2,00 a. u. Afterwards 
by fixing the y, the energy minimum was determined by variation of 6 for 
different values of R. Since in the proximity of the equilibrium nuclear distance 
(Ry ~ 2a. u.) the density of 1s electrons may be practically considered as 
zero, for a slight variation of R the value of y at the energy minimum already 
does not alter considerably. The results are given in the following Table toge- 
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ther with calculation to be found in the literature as well as with the empirical 
values: 


E Ro %mol 
BuckincHam, Massey, oe 
Trsss [3] —40,37 a. u. 2,16 “a. a: —33,2 - 10-6 
Bernat [4] —39,33 a. u. 1,975 a. u. -- 
Present work —39,39,a. u. 1,993 a. u. —26,7 - 10-8 
Empirical —40,54 a. u.* 2,067 a. u. [6] | —12,2- 10-6 [6] 


* See Appendix 


Knowing the values y = 5,69 and 6 = 1,34 corresponding to the energy 
minimum, the diamagnetic susceptibility [5] of the molecule (%mo1) can be 
computed, and this can be compared with the empirical value. (See the above 
Table.) 

The computed value, however, has to be corrected by the so called high- 
frequency paramagnetism. This is the consequence of the deviation from 
spherical symmetry and its value is always positive. Since the wave function 
of our model is at the same time also an eigenfunction of the total angular 
momentum operator of the electrons (and belongs to the 0 eigenvalue of it) 
it cannot account for the high-frequency paramagnetism. Its value is for the 
CH, +9,3-10-® [7], which has to be subtracted from the computed value. 

Also the so-called “vertical ionization energy” can be easily computed. 
It means the energy which has to be expended in order to remove an electron 
from a given orbital leaving the positions of the nuclei and the other orbitals 
unchanged. 


computed 23,1 eV 11,2 eV 


empirical [8] 20~ eV 13,0 eV 


Finally knowing the function E(R), the totally symmetrical normal 
frequency of CH, can be computed : 


@E 

; 1 dR? 
y* — —— |f/ —__, 

2c 4M 


(c is the velocity of light, whereas M is the mass of the proton.) 
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The result is the following : 


computed ; 3400 em-!, 
empirical [9] : 2914 cm7, 


* 


From the comparison of the computed and empirical data the following may 
be concluded : 

a) The deviation of the computed energy value from the empirical 
value is in absolute value not high (2,8%), but no account is given by the 
method for the stability of the molecule. In a similar approximation we obtain 
for the 3P state of the C atom about —37,6 a. u. (for instance Tusis [10] 
obtained —37,629 a.u. with Morse- Young-Haurwitz orbitals), hence 0,2 a.u. 
is obtained for the binding energy, whereas the empirical value is: 
—0,670 a.u.* Neither variation of the radial parts nor application of the 
Hartree-Fock method would help, namely according to calculations carried 
out for atoms of similar atomic numbers, in the best case an improvement 
of 1—2 tenth a. u. could be attained. Hence the calculations of BUCKINGHAM, 
Massey and Traps have to contain an error somewhere, as is confirmed also 
by [11]. The apparently satisfactory result of HaRTMANN [12] may be ascribed 
to the fact that the hydrogen-like 2s orbitals were not orthogonalized to the 
1s orbitals which were neglected by him. Considering only the valence electrons 
an energy E” = 7,05 a. u. is obtained by our method. Hence HARTMANN’S 
result of E” = —7,70 a. u. is due to the lack of the orthogonality. (See [1] 9.) 

b) The computed value of the equilibrium nuclear distance can be 
considered as satisfactory considering the simplicity of calculation. 

c) The computed value of the diamagnetic susceptibility is large even — 
after considering the high-frequency paramagnetism. Hereby it is proved 
that the calculated electron density is too diffuse, i. e. in regions farther from 
the center it exceeds the real electron density. 

d) The agreement of the “‘vertical ionization energies” with experience 
can be considered also fairly satisfactory. It should be, however, noted that 
their values are very sensitive to slight variations of the parameter 6. If, 
for instance, 6 is increased from 1,30 to 1,35, then Igg, decreases by 5 per- 
cent and J,;, by 13 percent. 

e) The wave number of the totally symmetrical vibration is about 17 
percent higher than the empirical value. By the one-center wave function 
namely the real situation is well approximated only if R-— 0. (In this case 
our model turns into the corresponding united atom: Ne.) Increasing R the 
approximation becomes ever worse since the wave function of CH, goes over 
into that one of C4- + 4H* and not into that of C + 4H. 


* See Appendix. 
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Summarizing the conclusions drawn above : the method in this approxi- 
mation gives relatively good results for some properties of the CH, molecule 
but it has to be sufficiently modified to give better values for the binding 
energy. 


2. Possible improvements 


As it was seen in [1] there are two different ways for improving the 
approximation. 

a) If we intend to keep to the MO method, then on the one hand the 
used orbitals have to be modified, namely so that beside of s and p we use 
also the functions d and f, on the other hand the configurational interaction 
has to be taken into account as well. According to Carrer [11] the energy 
of CH, improves by about 0,2 a. u. when taking the d orbitals into account. 

The drawback of this method is that considerably more calculation is 
required because the diagonal part of the first order density matrix is no 
longer spherically symmetric and also the number of the variational para- 
meters increases. 

b) The other possibility is given by the VB method. The orbitals of the 
four hydrogens are for instance expanded in the Slater orbitals. In general 
this calculation would be a lengthy one. If, however, in the expansion only 
terms of character s and p are kept, and the four hydrogen orbitals thus 
obtained are orthogonalized to one another, the diagonal part of the first order 
density matrix remains also further spherically symmetric which means a 
considerable simplification. This method will be followed. 


3. One-center VB method in “spherically symmetric density” approximation 


Again Slater orbitals are used, the center of which is the nucleus of the 
3 

C atom. The two 1s electrons of C are placed on orbital : Ye". The four 
| 7 


protons are situated, according to Figure | at the four corners of the tetra- 
hedron at a distance R from the nucleus of the atom C. The (x, y, 2) coordinates 
of the proton are in turn : 


1| + mat x ae a et: - oar sou “ale 


The four valence electrons of the C atom are situated on four hybrid 
orbitals: g; (i = 1, 2, 3, 4), the radial part of which is common, whereas the 
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angular parts are such combinations of those of the orbitals py, py, Pz which 
are equivalent and are directed towards the corners of the tetrahedron [13] : 


1: I+ /3 (+ sin 0 cos y + sin # sin y + cos ¥), 
2: 1+ 3(—sind cosy + sind sing — cos 9), 
= 5 
3: 1+ /3(—sin?cosp—sin¥sing + cos 8), ©) 
4A; 


1+ y3(+ sin 9 oss y — sin } sin y — cos #). 


Fig. 1 


If the orbitals q(t = 1, 2, 3, 4) of the four hydrogen atoms are chosen so 
that the corresponding angular parts are identical with those of (5), then the 
four orbitals are orthogonal to one another, whereas the diagonal part of the 
first order density matrix is spherically symmetric. The common radial part 

1/65 
of the hydrogen orbitals is taken in the form : Ey ee Te 
rt 

Since the radial parts can be factored out, the eight orbitals are ortho- 
gonal to one another with the exception of those pointing into the same 
corner of the tetrahedron : 


J Pi Pp dv = Six,» 
J Pip. dv =, (i,6 =1, 2,3, 4) 
$9: 9,40 = A biz» 
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where 
555% 
miele 
Re te | 


Afterwards from the two ls orbitals and the eight free valence orbitals 
such determinants are formed which belong to the 0 eigenvalue of S,. From 
these, according to [1] 4., such combination is formed in which orbitals directed 
towards the same corner of the tetrahedron are forming singlet pairs. 

This belongs as we have seen in [1] 7. at the same time to the irreducible 
representation A, of the point group T,. This combination consisting of 16 
determinants which correspond essentially to the so-called “‘Perfect Pairing” 
approximation is the following : 


LAr = (p, G2 Ys Pal Pi Pa Ps Pa) + (Pi Pa Ps Pa| Pr P23 Ps) 1 
L (1.45 Pa Pa| Pi P2 Pa PA) + (Pr Pa Ps Ps | FL Pa Ps Pa) + 
Ab (Py G2 Pa P| Pi PRPS Pa) + (PL P2 Ps Pa | Pa Pa Ps Pa) + 
(91.05 Pal Ps P2Ps Ps) + (PE P2 Ps Pa| Pa P2 Ps Pa) + (6) 
b (4, VP, P4| Pi Pa Ps Pa) + (Pr P2 Ps Pa| Pi Pa Ps Pa) + 
L (Po Po Pu! PL G2 Ps Pa) + (Pi 2 Pa Pa | Pa Pa Ps Pa) + 
L(G, PsP) | Pr. P2 Pa Pa) + (Pi Pa Ps Pa! Pr P2 Ps Pa) + 
Lb (P5920 41 Pi Pa Ps Pa) + (P1P2 Ps Pa | Pr Pa Ps Pa) - 


The two ls orbitals are not indicated, whereas the first four orbitals 
are always provided with a and the second four always with f spin functions. 

The energy expression is computed according to [1] 6. Since the 
orbital gj; is not orthogonal to the orbitals gy; and gy; (more exactly to the s 
components of these) therefore the determinants Dx, will have 26 elements 
differing from zero, this means that the 9x,-s consist also of 26 terms. If ortho- 
gonality would exist then the ox ,-s would have 10 terms only by which the 
calculation would be simplified to a considerable extent. This may be attained 
by assuming the gj-s as well as the j-s orthogonal to @is (though in reality 
they are not), i. €. for the calculation of the determinants Dx, the elements 
{ Qs dv and (¢; gis dv (it = I, 2, 3, 4) are taken for zero, and the repulsive 
potential derived by GompAs is added to the operator (3) and the energy 
is computed by this so-called “modified Hamilton operator”. In our case 


the potential = 


10 1 
G(r;) = NV )82? yé Tj eave : 
j=1 Ar; | 
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should be added to the H operator, but care should be taken that this acts 
only upon the valence orbitals and also only on the 2s components of them, 
hence it behaves like a projection operator ([1] 9.). 

Applying the repulsive potential, on the one hand, the theorem is no 
longer valid according to which the energy value obtained by the variational 
method is always above the empirical value, on the other hand, the wave 
function changes also. This can be studied on the most simple model, i. e. 


ys 
on the Li atom. Taking the Slater orbital | Ye-’7 as the 1s orbital, and the 
rt 
OF ; 
Slater orbital a Mean. as 2s orbital: 
Xt 


a) Taking into account that 2s is not orthogonal to 1s we obtain [15] : 


E y 6 


—1,4179 a. u. | 2,688 | 0,630 
b) Assuming that 2s is orthogonal to 1s and applying the potential G 


ce: Ee 


—T,4360 a. u. | 2,690 | 0,745 


we obtain: 


We see that the calculation carried out with the potential G produces 
a slightly lower value but which in this approximation does not decrease below 
the experimental value: E,; = —7,4837 a. u. [6]. 

The increase of the parameter 6 indicates that the maximum of the radial 
density of the electrons has got nearer to the nucleus. In the proximity of the 
nucleus the electron densities obtained by the two methods differ from each 
other to a greater extent, but since we are interested in the region far from 
the nucleus only (in the valence shell) this does not cause any difficulties. 

If CH, is dealt with exactly in the way as desribed in 1.) but assuming 
the orthogonality of 2s to 1s and using the potential G the following results 
are obtained : 


E | Ry | Taoll | yt y 6 


—39,46 a. u. 


1,930 a. u. | —250-10- 3750 cm-! | 5,696 | 1,38 
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For the calculation of the energy expression corresponding to the trial func- 
tions (6) the terms in which the diagonal part of the first order density matrix 
occur can be easily computed due to the spherical symmetry. The Coulomb 
and exchange interaction of the electrons of the valence orbitals consists of 
integrals of the form : 


J P(1) P(1) Pil2) Px(2) dr, dry. 
112 
These contain each 44 — 256 terms, because the number of the angular terms 
of the orbitals g; is 4. In order to simplify these integrals by decreasing the 
number of the terms the coordinate system is changed. First the x and y axes 
are turned round the z axis counter-clockwise by 135°, then round the 
new x’ axis the z axis (as a matter of course together with the y axis) is 
turned by 54°44’ so as to point towards the hydrogen atom 1 (see Figure 2). 
The matrix of the coordinate transformation corresponding to this 
rotation is the following : 


(VSreeate pe 1 
3 2 13 
y2 hey ee 
“we. doe V8 
y2 1 
eee |e, 


The s orbitals are invariant against rotations, whereas the orbitals px, 


0 + 


Pys Pz are transformed in the same way as the coordinates x, y, 2. The angular 
parts in (5) can be expressed by the orbitals pi, pj, p: of the new system of 
coordinates as follows : 


1: {1+ 3cosd}, 

2 {1 + /6 sin 9 cos p — 2 sin sin p — cos 95, 
3: {1+ 2)2sindsiny — cos 9}, 

4 {1 — 6sin 9 cosy — /2 sin sin p — cos DF. 


(8) 


Owing to the symmetry of CH, all the four angular parts are equivalent. 
Hence for the calculation of the integrals of form 


| Gill) Pu(1) PA2) Pel?) ae dz, 


The 
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it is best to use the first and third term of (8). Thus the integral consists al- 
together of 36 terms instead of 256, as it was the case in the former system 
of coordinates. Among the 136 different ex, there are also equivalent ones, 
which give after integration identical results. All the Coulomb and exchange 


ut 
inteerals containing —— can be reduced to 28 types of basic integrals. 
g ; g 2 yp g 
12 


(ES 


Fig. 2 


The four-parameter function of the energy expression is: 
E=E(y,6,0',R). 


y and R are not varied but fixed at a probable value : y = 5,70 and R = 2,00. 

a) Equating in the energy expression 6’ with 6 we get back to the pre- 
ceding calculation with the difference that now y and R are not varied. Varying 
6 we obtain : 


E 


Xmol 


—39,459 a. u. | —25,8 -10-® 


The radial density D(r) = for? sin 9d9 dy is illustrated in Figure 3 by 


curve ‘a’. 


APPLICATION OF ONE-CENTER WAVE FUNCTIONS 455 
b) Varying 6 and 6’ separately the following result is obtained : 


E } ta ar ; 


—39,527 a. u. | —28,6-10-§ | 1,02 | 1,72 


The energy has become lower by 0,068 a. u. relative to the preceding 
value, whereas the diamagnetic susceptibility has increased, which is due to 
the flattening of the radial density. (See curve “b” of Figure 3.) 


Fig. 3 


Probably for the same reason also the equilibrium nuclear distance has 
increased to a slight extent and got nearer to the empirical value. 

c) Calculating the energy alone with the aid of the first term of (6) 
no improvement can be obtained varying 6 and 6’ separately, which proves 
that the lowering of the energy is mainly caused by terms of the form 


(3 ¢:(1) p:(1) H ¢;(2) y;(2) dt, dr,. 


Conclusions 


The difference between the calculated and the empirical values of the 
energy, considering even the result of (3) is more than 2,5 percent. The cont- 
ribution of the inner shell to this deviation is about 7 percent only, the valence 
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shell has to account for the remaining 93 percent. Further improvement 
might be attained by not confining ourselves to the combination (6), but 
taking into account also the two combinations which can be constructed from 
the further 13 singlets of the given 8 free orbitals. Hereby, however, our work 
would be increased to a great extent and at best would yield an energy impro- 
vement of about 0,1—0,15 a. u. only. No greater improvement may be ex- 
pected from the altering of the radial part. The main source of the deviation 
as it can be easily shown, is that bad approximation is obtained by the given 
combination of the orbitals of types s and p for the 1s orbitals of the H atoms. 
Let an atom H be at a distance R = 2,00 a. u. from the center on the 2 axis. 
To approximate this orbital we have in-3. used the function 


ees: 
ae re’ (1+ 3cos#). 


The Hamilton operator of the atom H is 


1 A 1 
2 \R?2 + r? — 2Rrcos 8 


Calculating the energy expression and minimizing the energy we obtain 
E,, = — 0,26603 a.u.; 6’ = 0,72. (10) 


The deviation from the empirical value (—0,50000 a. u.) is 47 percent. 

We have seen that neither the method described in 1. nor that in 3. 
gives negative binding energy for CH,. The situation, however, will be different 
if consistently energy values calculated with the same method are used in the 
calculation of the binding energy (Eg = Ecu, — Ec — 4Eq). 

The ground state 3P of the atom C can be described by a single deter- 
minant 


1 
syyP Ver det [ise IsB, 2sa, 288, 2poa, 2p.al. 


Let us use similarly to CH, the following orbitals : 


= cos 3 == 2Do> 
6> 
[35 reo 
Bie. cs 1 
AN —= sin} eti? — 
aaa oF as /2 sin Vv e 2p, 
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sw? is at the same time eigenfunction of the operators Dee Soe 

The calculation is carried out as in 3., namely assuming the orbital 
2s orthogonal to ls and using the potential G. With the variation of y and 
6 we obtain : 


E, es 


Calculated —37,811 a. u. 5,738 | 1,676 


=| = 


Empirical | —37,87 a. u.* 


* See Appendix 


Using the energy value of (9), (10) and (11) we obtain for the binding 
energy —0,612 a. u., whereas the empirical value is —0,670 a. u. Hence a 
relatively better value is obtained by this method for the binding energy than 
for the energy of the H atoms. 

If our aim is to decrease the deviation of the calculated energy of CH, 
from the measured value, there remains nothing else but to give up the “‘spheri- 
cally symmetric density” approximation and to consider possibly also func- 
tions d and f. Thus the convergence will be probably more rapid than if only 
the radial parts were enlarged. It is advisable to examine the suitability of 
the function in question separately for the H atoms before the calculations 
are carried out fot the CH,. 

The calculation carried out in 3. can be applied apart from CH, also 
to SiH, and GeH,. : 

Then, however, it is advisable to omit the electrons of the inner shells 
from the trial function; the interaction of the inner shells and the valence 
shell should be taken into account by some approximative method. Here the 
difference between the empirical and the computed values will be even higher 
than for the CH, because, on the one hand, the Slater orbitals are already less 
good, for higher atomic numbers, on the other hand, because of the interaction 
of the valence electrons with the many inner electrons no such big separation 
of 6 and 6’ is allowed as for the CH,. 

Instead of the simple Slater orbitals the linear combination of several 
such orbitals should be used and it is also advisable to vary the power 
exponents of r as well. 

I should like to express my grateful thanks to Prof. P. GompAs for 
his help and his valuable advice. 


458 E. KAPUY 


Appendix 


The calculation of the energy of CH, and C as well as of the binding f 
energy of CH, from empirical data. 


The binding energy of CH, at 0° Kelvin: C(?P) 4- 4H(??S) > CH,(+A,) 


The sublimation energy of graphite: —170,0 Keal/mol 

The dissociation energy of two H,[6] : —206,4 Kcal/mol 

The heat of formation of CH, [16]: — 16,0 Keal/mol 
—392,4 Keal/mol = —17,02 eV 

—17,02 eV 

The zero point vibration energy of CH, [9]: — 1,18 eV 
The binding energy of CH,: ............ —18,20 eV = —0,670 a. u. 


The sublimation energy of C is uncertain. In the literature from 125 
Keal up to 180 Keal numerous values occur. By recent measurements a value 
about 170 Keal is rendered probable. 

The energy of the valence electrons of CH,: 4H* + C**(1S) + 8e~ > 
> CH, (Ay) 

The ionisation energies of the C atom [6] : Pere eV 


—24,80 ,, 

—47,90 ,, 

—64,50 ,, 

—148,47 eV 
The binding energy of CH,: .......... — 18,20 ,, 

—166,67 eV = —6,128 a. u. 
The ionisation energy of the four H atoms: ......... —2,000 ,, ., 
The energy of the valence electrons of CH,: ........ —8,128 a. u. 


The energy of the valence electrons of the C atom: C*+(1S) + 4e——>C(P) 
—148,5 eV = —5,459 a. u. 
The total energy of CH, and C is obtained by adding to the energy of 


the valence electrons the ionisation energy (with opposite sign) of the two 
electrons of the C*+ ion: 


—392,0eV [6] 
—489,6 ,, [from the Schrédinger equation of cst] 
—881,6 eV = —32,41 a. u. 


Hence the total energy of CH,: —40,54 a. u. 


whereas that of the C atom: —37,87 a. u. 
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UPHMEHEHHE OJIHOLLEHTPOBOM BOJIHOBOH PYHKUMM K MOJIEKYJIAM 
TUOPHOOB C TETPASTIPHUEC KOM CHMMETPHEM 


II, Hymepuyeckne BbIuHCMeHHA JIA MeTaHa 
3. KANYH 


Peswme 


Jia BHIYHCHeHHA HECKONbKUX PUSHYECKUX NOCTOAHHBIX MOJCKYJIbI CH, mpumenserca 
ONHOWeHTPOBaA BONHOBaA PyHKUWA ABYX TuMoB. HecmoTpA Ha OonbuIMe yOpPOUleHHA, AA 
QHEprHi, JJIMHbI CBASH, KOMeOATebHOH YACTOTHI MT. A. MOTYYAIOTCA JIOBOJIbHO XOPOWUIHe pesyJIb- 
Tarp. HO YCTOMYMBOCTS MOJIEKYJIEI HesIb3A OObACHUTH HAaHHBIM MCTOAOM. 

PaccmaTpHBawTcA MpHYHHbI pacxOKAeHHA WM BOSMO>KHOCTH Tanbeeiuiero pasBHTHA 
mMeToj{a. 


STATISTISCHE BEHANDLUNGSWEISE 
DES N,-MOLEKULS 


Von 


P. GompAs 
PHYSIKALISCHES INSTITUT DER UNIVERSITAT FUR TECHNISCHE WISSENSCHAFTEN, BUDAPEST 


(Eingegangen: 18. I. 1959) 


Im Anschluss an eine vorangehende Arbeit! wird gezeigt, dass man im Rahmen des 
statistischen Atommodells bei Beriicksichtigung des Weizsackerschen kinetischen Energie- 
anteils in der Wechselwirkungsenergie der beiden N-Atome die Bindung des N,-Molekiils 
erklaren kann. Bei Voraussetzung einer einfachen Superposition der Elektronenwolken der 
Atome ergibt sich fiir den Kernabstand 6, = 1,39 A und fiir die Bindungsenergie D = 10,9 eV. 
Wahrend die Bindungsenergie mit der empirischen sehr gut iibereinstimmt, ist der Kernab- 
stand im Verhaltnis zum empirischen um cca 30% zu gross. Diese Diskrepanz diirfte sich 
jedoch in den héheren Naherungen verringern. 


1. Einleitung und Zusammenfassung 


In einer vorangehenden kurzen Mitteilung! wurde gezeigt, dass man im 
Rahmen der statistischen Theorie der Atome fiir homéopolare Molekile, so 
inshesondere fiir das N,-Molekiil, eine Bindung erhalt, sofern man in der 
Wechselwirkungsenergie die Weizsickersche Inhomogenitatskorrektion der 
kinetischen Energie beriicksichtigt. Die dort erhaltenen Resultate kénnen nur 
als vorlaufig betrachtet werden, denn es wurde erstens fiir die Elektronen- 
dichte der freien N-Atome — aus der wir durch einfache Superposition die 
Elektronendichte des Molekiils aufgebaut haben — nur eine grobe Naherung 
angesetzt und zweitens wurde zur Berechnung der Wechselwirkungsenergie 
der beiden N-Atome ein Naherungsausdruck herangezogen. Es ergab sich so 
far die Bindungsenergie des N,-Molekiils rund 20 eV, die rund um das Doppelte 
grésser ist als die experimentelle [man vgl. (21)]. Uns kam es dort nicht so 
sehr auf den genauen Wert der Bindungsenergie, sondern hauptsachlich darauf 
an zu zeigen, dass man bei Beriicksichtigung der Weizsaickerschen Energie 
fiir das N,-Molekil eine Bindung erhalt, die voraussichtlich auch von den 
genaueren Berechnungen bestatigt wird. Dass dies tatsachlich zutrifft, soll 
hier gezeigt werden. 

Die Elektronendichte des N,-Molekiills wird auch hier als einfache Super- 
position der Elektronendichten der beiden freien N-Atome angesetzt ; fiir die 
Elektronenverteilung der freien N-Atome wird jedoch nicht mehr eine Niahe- 


1P, Gomis, ZS. f. Phys. 152, 397, 1958. 
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rungsverteilung sondern die exakte Verteilung zugrunde gelegt. Weiterhin 
wird die Wechselwirkungsenergie der beiden N-Atome nicht mit dem in der 
vorangehenden Arbeit gebrauchten Naherungsausdruck sondern auf numeri- 
schem Wege exakt berechnet. 

Die Berechnung der Wechselwirkungsenergie wird fiir mehrere Kern- 
abstande durchgefiihrt ; das Minimum der Wechselwirkungsenergie entspricht 
der stabilen Gleichgewichtslage. Demnach lasst sich aus der Wechselwirkungs- 
energie als Funktion des Kernabstandes der Kernabstand in der Gleich- 
gewichtslage, sowie die Bindungsenergie, d. h. der Betrag der Wechselwir- 
kungsenergie in der Gleichgewichtslage sofort feststellen. Die so erhaltene 
Bindungsenergie stimmt mit der experimentellen sehr gut iberein, der Kern- 
abstand ergibt sich jedoch um cca 30% als zu gross. Diese Abweichung diirfte 
hauptsachlich darauf gurackzufiihren sein, dass wir die Elektronendichte des 
Molekiils hier grob als einfache Superposition der Elektronendichten der 
freien Atome ansetzten. Ein besserer Ansatz fir die Elektronendichte wird 
den Kernabstand aller Wahrscheinlichkeit nach verkleinern, wahrend sich 
im Wert der Bindungsenergie nicht viel andern diirfte, da die Energie in bezug 
auf die zugrunde gelegte Dichteverteilung der Elektronen nicht sehr empfind- 
lich ist. 


2. Die Elektronendichte im freien N-Atom 


Da wir die Elektronendichte im N,-Molekiil als einfache Superposition 
der Elektronendichten in den beiden freien N-Atomen ansetzen, mussen wir 
in erster Linie die Elektronendichte @ des freien N-Atoms festlegen. Diese 
bestimmen wir aus der mit der vollen Weizsackerschen Korrektion erweiterten 
Grundgleichung des statistischen Atoms, die folgendermassen lautet 


bo, Ap — my yh + ays VY Feo 0 (1) 


und die man, da die Elektronendichte und das Potential nur von der Ent- 
fernung r vom Kern abhangen, in folgender Form 


At; 


emt era 
e+ vo ay haere £0 het ay 
Tr 


schreiben kann. Hier ist 

eS gi? ) (3) 
y’, yp” die erste, baw. zweite Ableitung von y nach r und V das Gesamtpotential 
des Atoms 


wh Zou EAA: dv' = Zeg(r) , (4) 
r jt — tl 


V 


: 
E 


STATISTISCHE BEHANDLUNGSWEISE DES N,-MOLEKULS 463 


wo Z die Ordnungszahl, Zeg(r) die effektive Kernladung am Ort r, 1 bzw. r’ 
Ortsvektoren, e die positive Elementarladung und dv’ das Volumenelement 
bezeichnet ; V, bedeutet eine Konstante, die aus der Normierungsbedingung 


: fydv=N (5) 
festgelegt ist, in der N die Bedeutung der Elektronenzahl hat ; %;, x, und %, 
sind die folgenden Konstanten 


1 3 . 3 /3)\18 
%——ea, *,.= 3n2)28 e24@,, %q =-—|— 2 é 
jatar He = Te (Bare ag Ale (6) 


wo ay den ersten Bohrschen Wasserstoffradius bezeichnet. 
Die Lésung der Gleichung (1), baw. (2) hat mit den fir das freie Atom 
geltenden Randbedingungen 


y (0) = const. , (7) 
pleah= 0, (8) 
yp’ (co) = 0 (9) 


zu erfolgen. 

Die Lésung fir das freie N-Atom wurde auf numerischem Wege mit 
demselben Verfahren festgestellt, das wir in einer friiheren Arbeit? fiir andere 
Atome schon benutzten. Die Lésung, genauer die Funktion y(r) = ry(r), 
sowie die radiale Elektronendichte D = 4ay* ist tabellarisch im Anhang 
dargestellt. 


3. Berechnung der Wechselwirkungsenergie 


Wie schon gesagt, setzen wir die Elektronendichte » des N,-Molekiils. 
als einfache Superposition der Elektronendichte Q,, bzw. 0, der beiden freien 
N-Atome an. Wir setzen also 


¥=0, + O2- (10) 


Fur diesen Fall kann man die Wechselwirkungsenergie der beiden N-Atome, 
d. h. die Energiednderung, die bei der Annaherung der beiden neutralen 
N-Atome zufolge der Uberdeckung der Elektronenwolken entsteht, einfach 
berechnen?. Diese besteht aus mehreren Anteilen, die wir einzeln in Betracht 
ziehen wollen. Die Indices 1 und 2 weisen durchweg auf die beiden Atome 


hin. 


2P, Gompds, Acta Phys. Hung. 5, 483, 1956. 

3H. Jensen, ZS. f. Phys. 77, 722, 1932; P. Gomsas, ZS. f. Phys. 152, 397, 1958. Man 
vgl. auch P. Gomsds, Die statistische Theorie des Atoms und ihre Anwendungen, 
S. 143 ff., Springer, Wien, 1949. 
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Wir beginnen mit der elektrostatischen Wechselwirkungsenergie. Diese 
besteht aus zwei Teilen. Der eine Teil entsteht daraus, dass jeder der beiden 
Kerne in die Elektronenwolke des anderen Atoms eindringt und dort unter 
die Wirkung eines nicht-Coulombschen Potentials V von der effektiven Kern- 
ladung Zeg kommt. Hieraus resultiert die Energie 


u, = 2ZeV (0) . (11) 


Der andere Teil der potentiellen Energie resultiert daraus, dass bei der. 
Uberdeckung der Elektronenwolken die Abstossungsenergie der Elektronen- 
wolken nicht mehr Z2e2/6 ist, sondern vermindert wird, denn die tiberlagerten 
Teile der Elektronenwolken tragen zur Abstossung nicht bei. Daraus ergibt 
sich die Energie 


w= —ZeV (6) ——¢| Vieede — > e| Vaerde, (12) 
die man aus Symmetriegriinden auch in der einfacheren Form 


u, == — ZeV(6) —e{ Vi o,dv (13) 


schreiben kann. 

Der kinetische Anteil der Wechselwirkungsenergie besteht ebenfalls aus 
zwei Teilen, aus dem Fermischen und aus dem Weizsickerschen Anteil. Der 
Fermische Anteil gestaltet sich folgendermassen 


uy, = Xx J [(@r + @2)°® — Qi? — of? ] dv. (14) 


Fiir den Weizsackerschen Anteil ergibt sich 


eile te on | ee fant 


0, ++ Q2 Qi 
$m { Leeda ay — af Agrad oa)” y+ (15) 
0, + C2 @ 
Oy ais Qs 


Da e, und ge, kugelsymmetrisch sind, ist grad 9; = 9@;/r; (« = 1, 2), wor 
die Entfernung vom Kern i bezeichnet. 

Zu diesen Energieanteilen hat man noch die aus dem Elektronenaus- 
tausch resultierende Wechselwirkungsenergie zu addieren, fiir die man 


Wa = — Xa { [(01 + G2) — of* — 03°] dv (16) 
erbalt. 
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Fir die gesamte Wechselwirkungsenergie der beiden N-Atome ergibt 
sich also in dieser Naherung 


U= Up t+ uy + U; + Ua- (17) 


Zu dieser kame noch die Korrelationsenergie hinzu; diese ist jedoch klein 
und kann in dieser Naherung vernachlissigt werden. 


4, Resultate. 
Kernabstand und Bindungsenergie des N,-Molekiils 


Zur Bestimmung des Kernabstandes und der Bindungsenergie in der 
stabilen Gleichgewichtslage hat man die Wechselwirkungsenergie u als Funk- 
tion des Kernabstandes 6 zu berechnen und das Minimum dieser Funktion 
festzustellen. Wenn man von der Nullpunktsschwingung der Kerne absieht, 
so ist der Kernabstand beim Minimum dieser Funktion der Kernabstand des 
Molekiils in der stabilen Gleichgewichtslage und der Betrag des Minimums 
von wu die Bindungsenergie des Molekiils in der stabilen Gleichgewichtslage. 
Die Berechnungen wurden fiir die in der Tabelle 1 angegebenen Kernabstande 
durchgefiihrt, die Resultate sind in derselben Tabelle angegeben. 


Tabelle 1 


Die Wechselwirkungsenergie zweier N-Atome, sowie ihre Anteile fiir verschiedene Werte des 
Kernabstandes. Der Kernabstand in a)- und die Energien in e®/ay-Einheiten 


Os es 

5 2,25 2,43 2,55 2,67 2,70 2,85 . 3,09 

Un 1,52 1,09 | 0,878 0,705 0,669 0,506 | 0,319 
ue —1,82 ——1,38, | —1,14 —0,936 —0,894 —0,702 —0,474 
Uk 1,10; 0,874 0,752 0,658 | 0,632 0,530 0,398 
Uj —0,872 —0,736 —0,682 | —0,638 —0,622 —0,556 —0,470 
ua —0,286 | —0,230 —0,205 —0,188 —0,181 —0,159 —0,130 
u —0,35, —0,38, —0,39, —0,399 —0,396 —0,381 —0,357 


Mit den in der Tabelle angegebenen Werten von u ergibt sich durch 
eine graphische Interpolation, dass das Minimum yon wu bei 


3, = 2,020, = 1,39 A (18) 
liegt und den Wert uy = —0,400¢e2/a, hat. Der Betrag dieses Wertes 
2 
D-=|u,|=0,400— = 10,9 eV (19) 


a 


ist die Bindungsenergie des Molekiils. 


8 Acta Physica IX/4. 
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Die entsprechenden empirischen Werte* sind 


6) =1,094A (20) 
und 


D =9,762 eV, (21) 


mit denen wir unsere Resultate (18) und (19) vergleichen kénnen. 


5. Diskussion der Resultate 


Die von uns eingeschlagene Naherung beruht auf einer einfachen Super- 
position der Elektronenwolken der beiden N-Atome. Dies kann man nur als 
eine grobe erste Naherung betrachten. Wesentlich ist, dass man schon in 
dieser Naherung eine Bindung erhalt. Dies ist auf die Beriicksichtigung der 
Weizsackerschen Energie u, im Ausdruck der Bindungsenergie zuriickzufihren; 
ohne dieser wire die Wechselwirkungsenergie der beiden N-Atome durchweg 
positiv, d. h. es kime keine Bindung zustande, die beiden N-Atome wiirden 
sich abstossen. 

Die von uns berechnete Bindungsenergie (19) stimmt mit dem experi- 
mentellen Wert sehr gut iiberein. In Anbetracht der zugrunde liegenden groben 
Naherung diirfte diese auffallend gute Ubereinstimmung zum Teil auf Zufall 
beruhen. Weniger gut ist die Ubereinstimmung beim Kernabstand und zwar 
erweist sich der theoretische Wert um cca 30% als zu gross. Bei einer genaueren 
Approximation der Elektronendichte des Molekiils wird sich der theoretische 
Kernabstand aller Wahrscheinlichkeit nach verkleinern, d. h. die Uberein- 
stimmung mit dem empirischen Wert verbessern. Fir die Bindungsenergie 
ist in den héheren Naherungen keine gréssere Anderung zu erwarten, da die 
Energie in bezug auf die zugrunde gelegte Dichteverteilung der Elektronen 
ziemlich unempfindlich ist ; die gute Ubereinstimmung der hier berechneten 
‘Bindungsenergie mit der empirischen dirfte demnach erhalten bleiben. 

Zusammenfassend lasst sich also feststellen, dass die auf den Resultaten 
der vorangehenden kurzen Mitteilung beruhende Erwartung, dass man bei 
Beriicksichtigung der Weizsickerschen Energiekorrektion fiir das N,-Molekil 
eine Bindung erhalt, durch die genaueren Berechnungen der vorliegenden 
Arbeit bestatigt wird. Unser weiteres Ziel ist nun die héheren Naherungen 
herzuleiten, denn die erzielten Resultate berechtigen zur Hoffnung, dass sich 
auf diesen Grundlagen eine brauchbare erste Naherung fir die Bindung von 
Molekiilen entwickeln lasst. 


4 Beziiglich des Kernabstandes vgl. man. Lanpott-BOrnsTEIN, Zahlenwerte u. 
Funktionen, 6. Aufl., Atom- u. Molekular-Physik, 3. Teil, Molekeln II, S. 10 u. 11, Springer, 
Berlin-Géttingen-Heidelberg, 1951; beziiglich der Dissoziationsenergie vgl. man A. G.GAyDON, 
Dissociation Energies, 2. Aufl., S. 152 f. u. 228, Chapman u. Hall, London, 1953. 
Die von verschiedenen Autoren auf empirischem Wege festgestellten Werte der Dissozia- 
tionsenergie weisen von einander gréssere Abweichungen auf. Der im Text angegebene Wert 
scheint der zur Zeit genaueste empirische Wert zu sein. 
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Anhang 
Lésung der Grundgleichung (1) fir N(Z = 7) 
Die Funktion y =ry und die radiale Dichteverteilung der Elektronen D=4zy?. Die 
Funktion y in 1/a}!= und D in 1/a)-Einheiten. (Der Parameter V, betragt V,—0,16907 e/a, 


und die in der in Fussnote 2 angefiihrten Arbeit definierten Parameter a und y haben die Werte: 
a =1,5163/ai/? und y = 0,5815/a).) 


r ¥ D 
0 0 0 
0,002 0,01151 0,001665 
0,004 0,02554 0,008197 
0,006 0,03924 0,01935 
0,008 0,05258 0,03475 
0,010 0,06557 0,054.02 
0,012 0,07823 0,07691 
0,016 0,10260 0,13229 
0,020 0,12574 0,19869 
0,028 0,16863 0,35734 
0,036 0,20743 0,54069 
0,044. 0,24259 0,73953 
0,052 0,27453 0,94709 
0,060 0,30360 1,1583 
0,076 0,35430 1,5775 
0,092 0,39668 ~ 1,9774 
0,108 0,43228 2,3483 
0,124 0,46228 2,6854 
0,140 0,48764 2,9882 
0,156 0,51009 3,2697 
0,172 0,52826 3,5068 
0,188 0,54365 3,7141 
0,204 0,55665 3,8938 
0,220 0,56760 4,0485 
0,252 0,584.46 4,2926 
0,284 0,59596 4,4632 
0,316 0,60335 4,5745 
0,348 0,60757 4,6388 
0,380 0,60930 4,6653 
0,412 0,60908 4,6619 
0,444 0,60731 4,6349 
0,476 0,60431 4,5891 
0,508 0,60034. 4,5291 
0,540 0,59559 4,4577 
0,572 0,59021 4,3775 
0,636 0,57810 4,1997 
0,700 0,56477 4,0083 
0,764 0,55074 3,8115 
0,828 0,53635 3,6150 
0,892 0,52184 3,4221 
0,956 0,50738 3,2350 
1,020 0,49308 3,0553 
1,084 0,47902 2,8835 


8* 
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fe x D 
1,212 0,45182 2,5653 
1,340 0,42598 2,2803 
1,468 0,40155 2,0262 
1,596 0.37851 1,8004 
1,724 0,35681 1,5998 
1,852 0,33637 1,4218 
1,980 0,31711 1,2637 
2,108 0,29895 1,1276 
2,236 0,28181 0,99799 
2,364 0,26562 0,88661 
2,492 0,25032 0,78741 
2,620 0,23585 0,69901 
2,876 0,20920 0,54997 
3,132 0,18532 0,43158 
3,388 0,16391 0,33761 
3,644 0,14474 0,26327 
3,900 0,12759 0,20457 
4,156 0,11228 0,15842 
4,412 0.098648 0,12229 
4,668 0,086526 0,094081 
4,924 0,075775 0,072155 
5,180 0,066262 0,055175 
5,436 0,057864 0,042075 
5,692 0,050466 0,032004 
5,948 0,043961 0,024286 
6,204 0,038253 0,018388 
6,460 0,033253 0,013896 
6,716 0,028881 0,010482 
6,972 0,025064 0,0078942 
7,228 0,021735 0,0059365 
1,484 0,018836 0,0044584 
7,740 0,016313 0,0033440 
7,996 0,014121 0,0025057 
8,252 0,012217 0,0018757 
8,508 0,010566 0,0014029 
8,764 0,0091341 0,0010484 
9,020 0,0078934 0,00078296 
9,276 0,0068190 0,00058433 
9,532 0,0058890 0,00043580 
9,788 0,0050844 0,00032485 
10,044 0,0043886 0,00024203 
10,300 0,0037870 0,00018021 
10,556 0,0032671 0,00013413 
10,812 0,0028178 0,000099777 
11,068 0,0024296 0,000074179 
11,324 0,0020942 0,000055112 
11,580 0,0018044 0,000040915 
11,836 0,0015549 0,000030382 
12,092 0,0013399 0,000022560 
12,348 0,0011545 0,000016750 
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CTATHCTHYECKAH TPAKTOBKA MOJIEKYJIbI N, 
I1., POMBAUL 


Peswme 


B caasu c OfHOl us MpeqbIyuMx paboT AOKasbIBaeTCA, YTO CTaTHCTHYeCKOH Teopuelt 
ATOMA MO)KHO MCTOJIKOBaTb CBA3b MOseKYysIbI No, CCI B IHEP B8ANMOMeHCTBHA OOOUX ATOMOB 
N mpHHumaetca BO BHUMaHHe HM NoMmpaBKa Belinsekkepa. IIpu mpocroi cymepnosuyun 9y1eK- 
TPOHHOFO OOsaKa O60Ux aTOMoB N AIA paccTOMHUA MexKLY AQpaMM nostyyaersA Jy = 1,39 Ay a 
Waa sHepruu cps3sH D = 10,9 eV. SHeprun CBASH OYeHb XOPOIO corsmacyeTcaA C SKCIepH- 
MeHTAJIBHbIM 3HaYeHHeM SHEP, HO paccTOAHHe MEXKAY AGpamMu MpuimMepHO Ha 30% OosbUIe. 
B ppiciiero Nopagka NpHOnMwKeHHAX IA paccTOAHUA MOKLY ALPaMH MO*KHO OPKHTATb 3Ha- 
yeHHA, Topasqo yulle cormacyroulHecad C 9KCMePHMeHTAJIbHBIMH JaHHBIMH. 


KPATKHE COOBLIEHHA — BRIEF REPORTS — KURZE 
MITTEILUNGEN 


UBER DAS SICHTBARMACHEN DER VERSETZUNGEN 
AN DEN GRENZEN DER SUBKORNER DER Fe—Cr- 
LEGIERUNGEN MITTELS BOMBARDIERUNG DURCH 


Von 
Atots MASIN, 
FORSCHUNGSINSTITUT FUR VERKEHRSWESEN, PRAG, TSCHECHOSLOWAKEI 


VuApDIMiR HAVEL, 
FORSCHUNGSINSTITUT FUR EISENMETALLURGIE, PRAG, TSCHECHOSLOWAKEI 


(Eingegangen: 14, II. 1958) 


In der letzten Zeit wurde bewicsen, dass zwischen der Verteilung der 
Atzfiguren auf der Oberflache der Metall- oder Ionen-Kristalle, die noch de- 
formiert sind, und den Punkten, in denen die Versetzungen an die Ober- 
flache treten, ein enger Zusammenhang besteht. Ein Beispiel dafiir sind die 
Ergebnisse der Arbeiten [1—8], in denen sowohl Versetzungen an den Gren- 
zen der Korner, Subkérner und den Gleitlinien, als auch die Art der Versetzun- 
gen festgestellt wurde. ; 

Gegenwartig ist einstweilen noch nicht ganz klar, unter welchen Be- 
dingungen diese Versetzungen geatzt werden. Wie Forty und Franx [9] 
und Wyon und Marcatn [6] bei reinem Aluminium gefunden haben, treten 
hier Versetzungen nur in dem Fall auf, wenn an ihm Verunreinigungen heften 
bleiben. Das [10] gelang es, durch Anwendung von infrarotem Licht auf 
Kristallen von Silizium mit Kupferbeimischung zu beweisen, dass die Atz- 
griblein an den Stellen erscheinen, wo die Versetzungen an die Kristallober- 
flache hervortreten und bei denen fadenihnliche Prazipitate von Kupfer 
ausgeschieden wurden. Ahnlich kaun man bei Legierungen von Al-Mg (3% Mg), 
Al-Zn (6—12% Zn) und Al-Mn (0,56% Mn) [6] Reihen von Atzfiguren, welche 
den Versetzungen in den Gleitlinien entsprechen, erst nach Altern durch 
Verformung feststellen. Bei reinem Kupfer und bei hochreinem Aluminium 
gelang es dagegen nicht, die Versetzungen anzuatzen [11,6]. Es scheint also, 
das Anitzen der Versetzungen durch die Anwesenheit der Verunreinigungen 
bei diesen Versetzungen bedingt wird. 

In der vorliegenden Arbeit méchten wir das Sichtbarmachen der Ver- 
setzungen an den Grenzen der Subksrner einer geharteten Fe-Cr Legierung 
mittels Bombardierung durch Ionen beschreiben. Die experimentellen Arbeiten 
wurden auf einer Eisenlegierung mit 24% Cr, 0,14% C, 0,65% Si, 0,04% Mn 
durchgefiihrt. Die Proben hatten die Form von Walzen mit einem Durch- 
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messer von 8 mm und einer Héhe von 6 mm und wurden bei einer Temperatur 
von 1100° Gin Wasser gehartet. Die Oberflache der Stirnseite der Probe wurde 
vor dem Bombardieren durch Ionen metallographisch geschliffen und mecha- 
nisch poliert. ; 

Das Bombardieren durch Ionen wurde in einer Vakuum-Vorrichtung 
durchgefiihrt, die aus einer Glasréhre, welche an beiden Enden eingeschliffen 
wurde, bestand. In den Einschliff an dem einen Ende wurde ein Messing- 
halter mit der Probe gelegt und in den entgegengesetzten Kinschliff die Anode, 
welche durch eine Aluminiumfolie gebildet wurde. Der Halter, welcher die 
Form des Kernes des Einschliffes hatte, wurde durch zirkulierendes Wasser 
gekiihlt, sodass die Probe waihrend des Bombardierens ununterbrochen ge- 


Abb. 1. Detail der angeatzten Spuren, entstanden durch Bombardierung durch Ionen 
(Urspriingliche Vergrésserung 1320 x) 


kiihlt wurde. Die Probe wurde in ihm derart befestigt, dass sie die Stirn des 
Halters um 0,15 mm iiberhéhte und, um das Bombardieren durch Tonen nur 
auf ihre Oberfliche zu konzentrieren, wurde die Stirn des Halters mit einer 
diinnen elektrischen Isolationsmasse bedeckt. Das Bombardieren durch Ionen 
wurde bei einer Spannung von 1700—1900 V Gleichstrom und einer Strominten- 
sitit von 3 mA durchgefiihrt. Die Atzzeit bewegte sich zwischen 80—130 
Minuten. 

Nach einem zweistiindigen Bombardieren der Oberfléche durch Ionen 
erschienen innerhalb der einzelnen Kérner Ketten von Spuren, die an die 
Spuren der Versetzungen z. B. an den Grenzen der Subkérner oder an den 
Gleitlinien am Germanium, Siliziumeisen, Aluminium u. a. erinnern [1—8]. 
Ihre Ausbildungsform ist aus den Abbildungen 1 und 2 ersichtlich. 

Die Ketten der Spuren umgrenzen meistenteils kleme Gebiete — die 
Subkérner innerhalb der Kérner. 

Da die Grenzen der Subkérner, wie bekannt [5], durch Versetzungen 
gebildet werden und da die durch Bombardierung der Ionen entstandenen 
Spuren mit den Spuren der Versetzungen an anderen Metallen identisch sind, 
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kénnen sie auch hier den Versetzungen zusprechen, die an der Oberflache 
zum Vorschein kommen. 

Aus den Abbildungen 2 und 3 wird ersichtlich, dass die Versetzungen 
nur in den Gebieten sichtbar gemacht werden, wo keine grossen Karbidbestand- 


Abb. 2. Umgebung von karbidischen Abb. 3. Umgebung von karbidischen 
Bestandteilen ohne sichtbargemachte Bestandteilen ohne sichtbargemachte 
d Versetzungen Versetzungen 
(Urspr. Vergrésserung 550 x) (Urspr. Vergrésserung 250 x) 


teile ausgeschieden werden, trotzdem in der Umgebung dieser Bestandteile 
auch Versetzungen existieren mussen. 

Dieses Ergebnis folgt als selbstverstandlich aus der Annahme, dass 
das Sichtbarmachen der Versetzungen von der Anwesenheit von Verunreini- 
gungsatomen — in unserem Fall des Kohlenstoffes — an diesen Versetzungen 
abhangig ist, wie aus [6, 9, 10, 11] folgt. Wie aus dem Gleichgewichtsdiagramm 
der angewandten Legierung folgt, ist bei der Temperatur von 1100° C, bei 
der das Harten der Proben durchgefithrt wurde, die Lésbarkeit des Kohlen- 
stoffes grésser, als bei normaler Temperatur. Beim Harten wird deswegen 
also ein Teil des Kohlenstoffes wegen der sich verringernden Lésbarkeit in 
Form von Karbiden ausscheiden und der iibrige Teil des Kohlenstoffes in der 
festen Liésung festgehalten. Das wahrend des Hartens entstehende Karbid 
verbraucht dabei zu seiner Bildung den Kohlenstoff der ihm umgebenden, 
angrenzenden Gebiete und, da die grosse Geschwindigkeit des Temperatur- 
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sinkens beim Harten nicht mehr erlaubt, den entstandenen Konzentrations- 
unterschied durch Diffusionsvorgang auszugleichen, werden diese Stellen 
fast ohne Kohlenstoff sein. Wenn also die Bedingung far das Sichtbarmachen 
der Versetzungen die Anwesenheit der Kohlenstoffatome an ihnen ist, ob 
im freien Zustand oder am Anfang des Ausscheidungsstadiums feiner Prazipi- 
tate. dann miissen die Versetzungen in den Kornflachen ohne grosse karbidische 
Teilchen, wo der Kohlenstoff — eventuell schon in der Form von submikrosko- 
pischen Karbiden — bei den Versetzungen anwesend ist, angeatzt werden, 
dagegen in den Gebieten um die karbidischen Teilchen herum, wo der Kohlen- 
stoff verbraucht wurde, werden sie nicht sichtbar gemacht. Das ist in volligem 
Einklang mit den Abbildungen 2, 3. 

Aus der Lage und dem Aussehen der Schatten einzelner Versetzungs- 
spuren, die den Schatten grosser karbidischer Teilchen gleichen, (siehe Abbil- 
dung 2) ist ersichtlich, dass einzelne Versetzungen an die Oberflache hervortreten 
— Hiigelchen bilden — im Gegensatz zum Germanium, Aluminium [1, 
4—6] u.a., wo durch das Atzen Griblein entstanden sind. Dies bezeugt, 
dass entweder die Anwesenheit der Kohlenstoffatome um diese Versetzungen 
herum die Vergrésserung des Widerstandes dieser Stellen gegen die Zerstérung 
bei der Bombardierung durch Ionen zur Folge hat, oder dass es sich um sehr 
feine Prazipitate, welche bei diesen Versetzungen ausgeschieden wurden, 
handelt. 

Der Méglichkeit, dass Versetzungen beim Atzen nicht Griblein sondern 
Hiigelchen bilden miissen, begegnen wir auch in der Arbeit von CoyLEy und 
Situ [12], welche die Struktur der Grenzen des Stahls mit niedrigem Kohlen- 
stoffgehalt mittels eines Elektromikroskops studierten. Sie haben dabei 
festgestellt, dass die Grenze durch einen ganzen Kamm gebildet wird, der aus 
kleinen Hiigelchen besteht. Diese Higelchen erklaren sie dann als Versetzungs- 
kanten, die die Grenze bilden, zu der die Kohlenstoffatome diffundieren. 
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It is known that the computed value of the diamagnetic susceptibility 
is very sensitive to the wave function chosen for the calculation. Recently 
the exact eigenfunction of some states of the HeH?2*+ ion was determined for 
many different nuclear distances by Bares and Carson [1]. The Iso ground 
state of HeH2* can be considered as the simplest model of a perturbed system. 

If the high-frequency paramagnetism [2] is to be calculated with the 
aid of perturbation calculations, then the eigenfunctions of all the excited 
states of HeH2* are needed. These, however, are not at our disposal. Therefore 
it is advisable to apply the variation method, which has been derived by 
Titu1Eu [3] for the calculation of the magnetic susceptibility of systems 
having zero resultant electronic angular and spin momentum. (In our case 


h 
the spin momentum is equal £0. , however, this is disregarded, because we 


are interested only in the diamagnetic susceptibility.) 
According to T1LL1EU the %;; component of the susceptibility tensor is: 


e 
1, Jv be bij ai x] Yo dt — oe. fv [gi Ly + gj Li) Wy dt + 


e 
4mc2 


er { pl(ve,) (V8) vod - (1) 
m. 


Here by indices i, j=1.. 2, 3 the coordinates x, y, z are denoted (for instance 
a( 9 r) 
z » 1 =X, Xp = ¥, Xy = 2), whereas Wp 1S 


=— 9 i ——= L,. = 
Xiu Xxx a : az ay 


the wave function of the ground state of the system. The pure imaginary 
functions g,(i = x, y, z) are the solutions of the following differential equations : 


i 


h 
Wo Agi + 


2 e F 
!’ (vy) (Vg) =—=—Lito, (=*%,¥,2)- (2) 
2m m 2mc 


Instead of the solution of the differential equation (1) such functions 
g; = iG; are chosen, which contain the variational parameters Cj, C,,... Cr 
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and which conform to the symmetry required by equation (2). After that the 
components 7¥;; are calculated with the functions G; (i =x, y, 2) and the 
C,-s are determined so that the 4;;-s be maxima. (The susceptibility can 
namely be expressed with the aid of the energy: > = Xij Di Hj =2E(0)—2E(g), 
i=l i=1 

here is the magnetic field strength. E($) and E(0) the energy of the system 
in a magnetic field of field strength § and without field, resp.). 

He H** has C.,, symmetry. The center of the coordinate system be in 
the nucleus He?*, and the z axis be directed towards the nucleus H+. From 
Ly, = 0 follow G, = 0 and 


e2 


4mc? 


y oe is 


[ve [x? + y*] yodt. 


Since the problem is cylindrically symmetric : 


e2 
Xxx = Ky = dene 


2ie 
Jr [y? + 27] podt — | ¥ G,, L, yo dt — 


h2 
= “| vol VG,, |? wodt , 
™m 


and the off-diagonal elements are equal to zero. 
For the G,-s the following expressions were chosen : 
a) one-parameter expression : Gy = Uy. 
b) two-parameter expression: GY = C,y + Cyyz. 


In both cases the calculation of the integrals is equivalent to the deter- 
mination of the mean values z, z2, x2, y. These, however, can be readily found 
in the literature for the ground state of HeH?* [4]. 

In the following Table the average molar susceptibilities 


DOU ES Aga es N 
3 


Xmol 


are to be found (N is Avogadro’s number), namely separately the so-called 
Langevin term rae Q 


Lee 
ato ae 


e Wor? Wod 
r T 
al : i 
the high-frequency term Wo 


AieN 2 Nh? 
a= 3 Ve Gale Ved? aaa | vol vex? yoae 
m 


mc 


and the sum of both: 


Me HF 
%mo1 = X%moi + Xmo1 


EE 
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in electromagnetic units. (The quantities calculated with the one-parameter 


function G®, and the two-parameter function Gg are denoted by 722, 7, 
and. Xmol”> Xmot ZeSP-) 
Table 
0 OTE 
eee | ct | ee | Be 
0,0 —0,263 +0,000 —0,263 +0,000 —0,263 
0,5 —0,399 +0,015 —0,384 +0,016 —0,383 
1,0 —0,551 +0,025 —0,526 +0,031 —0,520 
2,0 —0,620 +0,006 —0,614 +0,009 —0,611 
3,0 —0,600 +0,001 —0,599 +0,002 —0,598 
4,0 —0,595 +0,000 —0,595 +0,000 —0,595 
5,0 —0,593 +0,000 —0,593 +0,000 —0,593 
co —0,593 +0,000 —0,593 +0,000 —0,593 


If therefore the nucleus H+ approaches He* from the infinite, then 
first of all the term 7%,, begins to increase (from R = 4), later also ro 
increases (from R = 2) and from R = 1,5 (about the threefold Bohr radius 
of He*) %n.) is already smaller than the susceptibility of He*. For R= 0, 
of course, 7¥,,., agrees with the susceptibility of Li’. 

It is well known that the susceptibility of some diamagnetic substances 
(for instance water) increases suddenly at the melting point and then increases 
slowly with increasing temperature (in-absolute value). This can be inter- 
preted according to what has been said before in the following way : 

Owing to the increasing disorder and the thermal expansion the distance 
between the groups perturbing each other increases, yi* decreases and thus 


Amol Mereases. 
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